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PREFACE 


The material in this text was originally organized for 
presentation in one of those “out-of-hour courses” in Bell 
Telephone Laboratories through which its members make 
more widely available to each other, their specialized technical 
information. Since then the material has undergone revision 
for subsequent presentations in that series of courses and 
also for presentation at Massachusetts Institute of Technology 
by invitation of its Electrical Engineering Department. 

Wave filters and transmission networks for a large 
variety of purposes, are widely used in the telephone plant of 
the Bell System, and the present material was prepared in the 
atmosphere of a laboratory, concerned with the development 
and design of such equipment. The text should, therefore, 
not be regarded as original in its subject matter but rather as 
synthesizing contributions of a large number of scientists, 
largely within the Bell System. 

In the development of wave-filters, contributors to the 
formation of a comprehensive theoretical treatment have 
been G. A. Campbell, O. J. Zobel, and K. S. Johnson in this 
country; and in Europe, K. W. Wagner. In the develop¬ 
ment of the fundamental theory underlying transmission net¬ 
works, O. B. Blackwell, G. A. Campbell and A. E. Kennedy 
are among the more important contributors. To the original 
work of these men the author acknowledges his indebtedness; 
and in connection with the analysis of transient waves by 
Fourier integral methods to the work of G. A. Campbell, 
H. Nyquist, and R. V. L. Hartley. 

The author also desires to express his appreciation to 
Carl L. Frederick and C. H. Dagnall, members of the technical 
staff of Bell Telephone Laboratories, who have very largely 
carried out the final editing in preparation for publication. 

T. E. Shea 


Bell Telephone Laboratories, Inc. 
New York Citv, N. Y. 
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CHAPTER I 


Introduction 

THE PLACE OF TRANSMISSION NETWORKS IN SYSTEMS 
OF ELECTRICAL COMMUNICATION 

The past thirty years have witnessed many important 
developments in electrical communication. Looking back, it 
appears almost as though the various dynamic sciences, which 
had rapidly grown in scope under the influence of Maxwell, 
Helmholtz and others, having been for a time pent up, were 
fairly bursting in their eagerness to spill over into the com¬ 
munication field, innumerable facts capable of being put to 
great practical use. The writings of Heaviside are clear evi¬ 
dence of the transition, pointing to many useful relationships 
while making important advances in electrodynamics itself. 

Subsequently, striking applications of the new knowledge 
as typified by inventions and discoveries—went constantly 
hand in hand with a codification or systematization of the 
knowledge found useful. Thus, parallelling the origination of 
the loading coil by Pupin, the thermionic vacuum tube by De 
Forest, and the wave filter by Campbell, has been the systema¬ 
tizing work of Kennedy, Campbell, Blackwell, Carson, and 
others. It is with the latter process, out of which has grown 
what is often called “ telephone transmission theory,” that we 
are here concerned. In particular, one of the most important 
and striking branches of “telephone transmission theory” is 
that which relates to the properties of electrical networks used 
for transmission purposes, called “transmission networks.” 

There is not space available here to enter into a complete 
discussion of the uses to which transmission networks are put , 1 
and for purposes of illustration we may confine ourselves to 

1 For a bibliography of applications of transmission networks, reference may be 
made to Appendix A. 
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certain aspects of long distance telephony. This choice of 
illustration will serve perhaps better than any other to bring 
out the physical and economic attractions which the networks 
can have for engineers. 



Fig. i.—Some of the More Important Repeatered Open Wire Circuits in This 

Country. 


Long distance circuits are of various kinds. There are 
open wire , 2 cable and radio facilities. These impose very dif¬ 
ferent requirements on apparatus used in transmission. From 
an electrical standpoint, they may provide telegraph, normal 
telephone (both side circuit and phantom circuit ), 3 superim- 

2 Open wire facilities are those whose circuits employ wires separately strung over¬ 
head on pole lines, in contrast to cable facilities which use wires from among those pro¬ 
vided by a cable. The electrical characteristics of the two types of circuits are generally 
quite different. 

3 Normal telephone transmission is that which uses directly the ordinary frequencies 
of speech and music. In carrier current transmission, a modulation is employed in 
order to permit using a different range of frequencies for transmission purposes. See 
section 4 of this chapter. 

A phantom circuit is one which straddles two pairs of wires, one pair acting as a 
conductor in either direction. In this case, each pair is also used for transmission in 
which one wire of the pair works in one direction and one in the other. Each of the 
pairs is said to comprise a side circuit and to afford side circuit transmission. 
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posed carrier current (telephone and telegraph), telephoto¬ 
graph, and radiotelephone transmission. 

In Fig. 1 there are shown the routes of some of the more 
important repeatered 4 open-wire circuits of this country. 
Each route on the map represents not one circuit only but 
generally a large number of circuits, depending on traffic con¬ 
ditions. In Fig. 2 is a similar diagram of the routes of the 
long distance carrier telephone and telegraph facilities which 
are superimposed on open-wire lines. Circuits such as these 
together with long distance cables form the trunk lines, ver¬ 
itably the “backbone circuits,” which tie together from a 
transmission standpoint the lines of the entire Bell System. 
At the present time such long distance circuit mileage is about 
half open wire and half cable, with the percentage in cable 
rapidly growing. In terms of circuit length, carrier circuits 
constitute about one-quarter of the total length of open-wire 
circuits. As examples, the route through Omaha, Denver, 
and Salt Lake City is on the “ Central Transcontinental 
Route” and that through Dallas, El Paso, and Phoenix is on 
the “Southern Transcontinental Route.” The economic im¬ 
portance of such circuits is evident. 

The length of trunk line circuits, together with the high 
standards of transmission they require, and the desirability 
of employing them intensively by multiplexing messages, 
means careful consideration of the fundamental factors in¬ 
fluencing transmission and of the numerous functional objec¬ 
tives which component apparatus must attain. This is par¬ 
ticularly so if the service provided is to have universal stand¬ 
ards, regularity of operation, and low costs of maintenance 
and operation. 

Taking, at a repeater station on one of the routes plotted 
in Figs. 1 and 2, one side circuit of a pair of intensively occu¬ 
pied phantomed circuits, and schematically outlining its pos¬ 
sible transmission channels as in Fig. 3, something may be 
seen of the orderly functional arrangements of apparatus 

4 A repeatered circuit is one which contains repeaters providing amplification for 
the purpose of overcoming line losses. 
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Fig. 2.—Routes of the Long Distance Carrier Telephone and Telegraph Facilities which are Superimposed on 

Open Wire Lines and Cables. 





Fig. 3. —The Possible Transmission Channels at a Repeater Station. 
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required. It is not to be supposed that all long circuits 
provide this number of kinds of message facilities. But on 
the other hand, they must be considered as potentially cap¬ 
able of being so occupied. 

When a portion of the circuit of Fig. 3 is shown in more 
detailed form, as in Fig. 4, the unworkable complexity which 
each long circuit would have without exact design principles 
based on a functional analysis of parts of the circuit is appar¬ 
ent. Indeed, it is thought that the large progress which has 



Fig. 4.—A Portion of Fig. 3 Shown in More Detailed Form. 


been made in the intensive development of transmission net¬ 
works has itself been largely due to certain methods of ap¬ 
proach—certain points of view appearing to have physical 
significance being made starting points of mathematical 
methods of wide generality. As a result, it has been possible 
to use fundamental methods, once developed, over and over 
again, work done with one object in view being found to have 
value in many other places. 

With this situation in mind, it seems desirable, before tak¬ 
ing up the more theoretical work of later chapters, to consider 
in some detail just what the manifold functions of typical 
networks may be and to illustrate them concretely as applied 
to a typical system. The illustration will be that of a three- 
channel (i.e., three-conversation) carrier telephone system. 
The functions necessarily divide themselves according as they 
have to do (1) with the primary purposes of employing the 
networks and (2) with the conditions to be met by networks 
as integral parts of systems, working harmoniously with other 
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apparatus. As a prerequisite to such a discussion we must 
start with a survey of the ideals of signal transmission, and as 
a logical closure will need to indicate the directions in which 
physical limitations are to be found in the construction of net¬ 
works to have prescribed characteristics. 

The remainder of this chapter will therefore be devoted to: 
(i) signals and their transmission, (2) primary functions of 
transmission networks, (3) secondary functions imposed on 
networks by the necessity of coordinating parts of systems, 
(4) a specific illustration of their use in a three-channel car¬ 
rier telephone system, and (5) engineering limitations on net¬ 
work design and construction. 

Only the more important types of transmission networks 
will be mentioned under (2). These are: wave filters, equal¬ 
izers, telephone transformers, line balancing (i.e., simulating) 
networks, and artificial lines. Under (4) the use of but the 
first two of these types will be shown. 


§ 1. Signals and their; Transmission 

Signals, whether of systems of telephony (carrying speech 
and music), telegraphy, or telephotography, have qualities of 
wave composition which differentiate them from other electri¬ 
cal waves. These qualities determine largely the performance 
required of networks which aid in their transmission, and thus 
provide much of the physical basis of transmission network 
theory. It is obvious from the purpose and circumstances of 
signals that they are essentially of a temporary character. 
They are used at a particular time to convey information and 
they cease as soon as their message has been transmitted. We 
may consider as pertinent examples of this: articulate speech, 
music, and telegraph signals. 

Consequently, even the most elementary of signals, such 
as a “single-frequency tone,” maintains an approximate 
steady state merely for a limited period. Such elementary 
signals can be used to convey only a very small number of 
different ideas. For the free interchange of ideas through sig- 
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nals we must employ either a complex code of artificial groups 
of signal elements to represent the characters of a written lan¬ 
guage, or the much more complex signal elements (vowels, 
consonants, and notes) required in spoken language and 
music. 5 In the case of telegraphic signals, because of eco¬ 
nomic considerations, the duration of and time between pulses 
is made so short that the transient state predominates, so 
that the distinguishing characteristics are largely transient in 
character. In the case of speech and music, owing to changes 
in expression many of the distinguishing characteristics are 
also transient in character. To put this in another way, the 
envelopes of the waves which modulate with time the character¬ 
istic frequencies which the sounds, if sustained, would tend to 
possess, have an important bearing on the meaning conveyed 
by the signal. Preservation of these envelopes is a matter of 
transient state transmission. But transient states, as we 
shall see in Chapter XI, really involve the transmission of 
steady-state frequencies grouped as continuous bands along 
the frequency scale. Preservation of the entire content of a sig¬ 
nal therefore involves consideration of the transient properties of 
networks , i.e., involves their steady-state properties over a some¬ 
what wide frequency range. 

The character of telephonic signals, as we have seen, are 
not steady-state waves nor are they completely transient in 
character. A truly steady-state wave must have existed for an 
indefinitely great time in the past, sufficiently great at least 
to permit effects due to its building-up to disappear, and, 
throughout the time interval in which the designer is interested 
in the wave, it must bid fair to maintain its uniform ampli¬ 
tudes of oscillations, so that the effects of wave decay need 
not be considered. On the other hand the waves are not 

6 The signals corresponding to pictures resolved for transmission purposes are 
somewhat similar in form to telephone signals, but the waves have less abrupt and more 
continual changes, and are less recurrent in form. On the other hand, depending on 
the speed at which they are sent, they may require the use of a frequency range greater 
even than that of speech or music. 

In connection with this section see “Transmission of Information” by R. V. L. 
Hartley in the Bell System Tech. Journal, July, 1928. 
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completely transient in character because they show evidence 
of a definite steady-state attempting to persist—growing 
out of an initial transient period, perhaps never completely 
dominating the wave, perhaps being slowly modulated in 
character—and then being destroyed in a final decay period of 
the wave. This “body” of the wave, between initial and 
final transient periods, is approximately what is obtained in a 
sustained tone, as in the case of a sustained vowel. In the 
body of such waves the frequencies which tend to dominate 
the character of the wave are called “characteristic fre¬ 
quencies.” They show usually a harmonic relationship to 
some (possibly obscure) fundamental frequency. 

The initial and final decay periods of a sound would 
clearly arise from the exigencies of time—from the temporary 
character of sounds and the sequential arrangement of sylla¬ 
bles in speech and notes in music. They are, however, at¬ 
tended by psychological peculiarities which have a bearing not 
only on the superficial meaning of the signals but on the recog¬ 
nition of identity of the speaker (naturalness includes this) and 
on shades or variations of meaning to express ideas pointedly. 
These peculiarities lead to considerable differences in wave 
form among examples of the same nominal sound. 

It has become natural, for example, for human beings 
when speaking (and similar phenomena can be observed in 
music and other types of sound) to impart to many words, 
particuarly those implying or describing action, a vocal 
character which brings quickly to mind the action intended. 
In other words, there is a dual transmission—of the formal 
word, and of a subtle and perhaps unconscious psychologi¬ 
cal appeal which modifies the word. 

Take for example, a reference to “the crackling of logs in 
a fireplace,” or “ the hissing of steam,” “ the drawl of speech,” 
“the trudging of feet,” “the tearing of paper,” or “the chat¬ 
tering of teeth.” In each case the speaker puts himself in the 
place of the thing acting or acted upon and mimics the action 
by his voice. Words need not even be directly expressive of 
action in order to have this character. “Short” and “long” 
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are, respectively, crisp and leisurely and could hardly, even by 
common consent, be interchanged in meaning without corres¬ 
ponding changes in manner of utterance. Similarly with 
synonyms, “put” is less formal and more sudden than 
“place.” Even where action seems remote, “new” is strik¬ 
ing and arrests the attention, but “old” is static and unin¬ 
truding, while “down” and “up” have falling and rising 
inflections, respectively. Indeed much of the effectiveness 
of oratory or other purposive speaking has to do with such 
supplementary gestures as these. This aspect of speech is 
mentioned here because we must remember that speech is 
not less subtle and complex than human thought itself, and 
that the relationships of the transient and sustained periods 
of a sound form the basis of expression of subtleties of mean¬ 
ing. 

In spite of this and of the variations which exist between 
voices of different persons, it is found possible to evaluate 
experimentally the relative importance of different frequency 
ranges in the transmission of sounds and to determine what 
imperfections of signal waves are permissible, in the aggregate, 
in transmission. This is usually done by removing, with 
electrical wave filters, various frequency ranges from a trans¬ 
mission system capable of transmitting the entire audible 
frequency range. Not only is the importance for the inter¬ 
pretation of speech sounds determined but also the impor¬ 
tance for conveying the more subtle and psychological 
aspects of both speech and music determined. 

The imperfections which may creep into the transmission 
of signals may be classified under three headings: improper 
signal volume , distortion of signal content, and interference by 
waves foreign to the signals. That is, if waves are received 
of appropriate intensity, if the important frequency ranges 
are uniformly transmitted, and if nothing but the desired 
waves are received, the ideals of transmission will have been 
realized. Waves may be so strong as to cause physiological 
difficulties in reception, or so weak as not to be recognized. 
This means that efficiency of transmission is an important 
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factor although, when amplifiers are used, partly an economic 
one. Signal distortion is of two kinds: amplitude distortion 
and phase distortion. Amplitude distortion arises from the 
transmission of different frequencies with unequal efficiencies 
and is highly important in all types of signals but its aggre¬ 
gate importance depends on the importance of the frequency 
components that are efficiently transmitted. Phase distor¬ 
tion results from different frequencies traveling with different 
velocities such that their relative arrival times differ from 
their relative starting times. It is ordinarily less important 
in the transmission of speech than in other kinds, but the 
accumulation of phase distortion which may occur on long 
telephone circuits gives rise to undesirable transient effects. 
Interference may be of two kinds: It may arise from the intro¬ 
duction of energy into the communication circuit from out¬ 
side, through electrostatic or electromagnetic coupling, or it 
may result from the imperfect separation of several simul¬ 
taneously transmitted signals or from the generation of ex¬ 
traneous frequency components through modulation. 

These three types of imperfections should be kept in mind 
in considering the functions of different types of transmission 
networks. 

§ 2. Principal Functions of Transmission Networks 

The principal functions of the more important types of 
networks may be described as follows: 6 

Wave Filters 

It is characteristic of telephonic signals that their trans¬ 
mission requires the use of a continuous band of frequencies 
whose width may be perhaps 2000 cycles as a minimum and 
6000 cycles as a maximum (both approximate). Where, as 
an example, due to economic factors it is desireable to transmit 
simultaneously two or more telephonic frequency bands, 
whether this be done entirely conductively along wires, or 

6 With a view mainly to the needs of telephony. 
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partly by radiation through space, discriminating means are 
required to make the transmission of a particular communi¬ 
cation channel efficient to that band, or those bands, of fre¬ 
quencies which are desired, while rendering the circuit highly 
inefficient at other frequencies. To put this in another way, 
means are required which will pass freely desired bands of 
frequencies, while highly attenuating or extinguishing neigh¬ 
boring undesired bands of frequencies. This is the essential 
function which the wave filter serves. The frequencies 
attenuated may, however, be either true signals or unintelligi¬ 
ble noises and as a rule comprise both. On the other hand, 
should disturbing frequencies lie within the frequency band 
of the desired'signals in the same circuit, the two groups can¬ 
not be separated by filtering action. 

Equalizers 

In any telephonic signal which is to be transmitted effi¬ 
ciently, proper audition requires that all component frequen¬ 
cies be treated alike, insofar as efficiency of transmission is 
concerned, in order that some frequencies may not be unduly 
emphasized to the detriment of others. This uniformity of 
efficiency of a band of frequencies is required, of course, 
primarily as a characteristic of the overall system traversed 
by the signal. Some parts of a transmission system are inher¬ 
ently not capable of closely uniform transmission. Wave 
filters, for example, tend to discriminate against frequencies 
near the edges of their transmission bands due to dissipation 
of energy in the effective resistances of their elements and to 
reflection losses at their terminal junctions. Unloaded tele¬ 
phone lines have an attenuation which rises gradually with 
frequency because of the nature of the capacity 7 effects pre¬ 
sent. The equalizer cannot restore the loss of effectiveness 
which occurs to some frequency components due to such dis¬ 
tortion. Amplification of power requires such generative 
devices as vacuum tubes. What the equalizer can do is to 

7 The terms capacity and capacitance will be used interchangeably throughout this 
book. 
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attenuate efficiently transmitted frequencies in such a manner 
and to such an extent that all desired frequencies suffer or 
prosper in transmission alike. 

Telephone Transformers 

The telephone transformer is a rather different device, in 
its electrical structure, from the power transformer. Two 
chief differences in operating requirements exist. The imped¬ 
ance of the terminal apparatus of power transmission circuits 
is generally low in comparison with the characteristic imped¬ 
ance 8 of the lines and the lines are electrically short, this 
explaining why “stepping up” voltages on power transmis¬ 
sion systems usually leads to increased efficiency. In tele¬ 
phone circuits, on the other hand, the impedance of the 
terminal apparatus is comparable in magnitude to the charac¬ 
teristic impedance of the lines, and the lines are electrically 
long. Efficiency of transmission is under the latter conditions 
governed largely by “matching of impedances” at junction 
points in a circuit. Consequently the effectiveness of tele¬ 
phone transformers in properly transforming the impedances of 
a circuit is of primary importance. Secondly, because of the 
relatively high frequencies employed in telephone work and 
because a rather wide band of frequencies needs to be trans¬ 
mitted, inherent internal impedances of a transformer which 
may usually be neglected in power work require that the tele¬ 
phone transformer be considered definitely as a network in 
which inductances enter, due to mutual and leakage fluxes, 
and in which winding capacities play a prominent part in 
determining the transformation ratio and limiting frequencies 
of transmission, and in which both series and shunt disposed 
resistances which vary widely with frequency contribute to 
dissipation and change of transformation ratio. In the case 
of transformers working into the very high input impedances 
of vacuum tubes or providing band transmission at high fre- 

8 The characteristic impedance of a line is one to which the impedance of connect¬ 
ing apparatus should be approximately matched for maximum power output conditions. 
It is principally determined by the distributed inductance and capacity of the line. 
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quencies, we may say that the frequency range of transmission 
and the transformation ratio of telephone transformers are as 
completely dependent on the magnitude of inductance and 
capacity elements as are the characteristics of wave filters. 

Line Balancing Networks 

The two-way voice repeater circuit has essentially the form 
of an alternating current bridge, in which a balanced condition 
depends both on the similarity of certain transformer (hybrid 
coil) windings and upon the equality of impedance of the two 
halves of the repeater output circuit. In the case of the 21- 
type (two way, one amplifier) repeater, the two halves are the 
telephone lines joined by the repeater. In the case of the more 
stable-22-type (two way, two amplifier) repeater, an output 
circuit exists at each end of the repeater and each telephone 
line is matched in impedance against a “dummy” line, or bal¬ 
ancing network. The function of this network is solely to pre¬ 
sent the same impedance to the repeater over a range of fre¬ 
quencies as is presented by the line, i.e., to simulate the 
impedance of the line. No through transmission is required of 
it. The design of such networks involves a choice of configur¬ 
ations of resistances, capacities, and inductances which bear a 
close physical relationship to such impedance elements of the 
line as dominate its total impedance, and a determination of 
impedance values of the network elements in accordance 
with network theory. 

Artificial Lines 

The function of artificial lines is to exhibit some transmis¬ 
sion property or properties of a real line, at one frequency or 
over a range of frequencies, so that there may be compactly 
constructed a network which will serve for certain purposes 
involving wave propagation, in place of a real continuous 
line. The artificial line is generally a network of lumped, 
discrete impedance elements whose constants are computed 
from network theory. One of the most common forms of 
artificial line is the variable attenuator , which is used as a basis 
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of comparison in attenuation and transmission loss measure¬ 
ments. It is usually constructed of resistances so that over 
a wide range of frequencies it displays uniform attenuation. 
It is usually formed of network sections arranged in decade 
steps, so that transmission losses (say in decibels) may be 
adjusted as quickly as, in the case of a variable resistance, 
total resistance might be adjusted (in ohms). Other forms of 
artificial line, however, display over a range of frequencies the 
varying attenuation (and perhaps phase) properties of real 
lines and circuits and involve properly disposed inductance, 
capacity, and resistance units. In contrast to the equalizer, 
they simulate, rather than compensate for, frequency-trans- 
mission characteristics. 

§ 3. Secondary Functions of Transmission Networks 

The functions of transmission networks outlined in sec¬ 
tion 1 show the ordinary reasons for their employment in 
communication systems. When so employed, however, since 
they must fit into the transmission scheme of systems and 
work harmoniously with other apparatus, they may be faced 
with numerous additional requirements. Occasionally, the 
latter duties may even provide the more difficult design re¬ 
quirements. The more important of these possible secondary 
requirements follow: 

Efficient Transmission 

This requirement applies particularly to transformers, 
wave filters, and equalizers. Each of these types of appara¬ 
tus could fulfill its principal duties while consuming an undue 
portion of the strength of signals entrusted to it. Under some 
conditions, amplification of signals by the use of vacuum tubes 
could offset this consumption from a transmission standpoint 
at an economic sacrifice and the problem would then be one of 
economic balance; but in other cases the use of amplification 
would be objectionable because accompanied by such factors 
as amplification of noise, impoverishment of circuit balance 
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and loss of circuit flexibility. Or, the requirements for loca¬ 
tion of apparatus might limit the use of amplification. Effi¬ 
cient transmission is secured by proportioning materials so as 
to limit dissipation of energy. 

Low Distortion 

It is not possible, of course, to secure entirely uniform 
transmission of all signal frequencies and indeed refinements 
of transmission beyond a certain point have in this direction 
economic limits. To the extent, however, that distortion 
exists, the quality of signals is impaired. When distortion is 
excessive, equalizers often provide a desirable way of reduc¬ 
ing it, but do so at a sacrifice in overall circuit efficiency. 
Reduction of dissipation ordinarily reduces distortion but 
aside from this and equalization, reliance must be placed on a 
choice of network configurations such as to minimize reflec¬ 
tion losses at terminal junction points. 

Impedance Balance 

There are a number of kinds of impedance balance com¬ 
monly found in communication circuits. All of them are 
akin to balances in alternating current bridge circuits. They 
need to be maintained over bands of frequencies. Balancing 
arrangements offer a kind of selectivity which differs from 
filter selectivity in that, in general, it keeps apart throughout 
systems two trains of waves arising from different sources and 
drawn off' to different destinations, instead of separating on a 
basis of frequency difference waves which have mingled in a 
common circuit. An example is the balance necessary in a 
side-circuit, and therefore imposed on transformers or filters 
located in the latter, in order that currents travelling a super¬ 
imposed phantom circuit may not interfere with side-circuit 
transmission. A second kind of balance is the repeater bal¬ 
ance, mentioned in section 2, which may lead to requirements 
on, say, filters located in the output circuits. Here the separ¬ 
ation is between incoming and outgoing speech signals using 
the same frequency range. In other cases, circuit balance is 
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relied upon to prevent interference currents set up between 
circuit wires and ground from entering the circuit of the for¬ 
mer. To obtain a high degree of balance apparatus located 
in a balanced circuit must be quite symmetrical in its circuit 
impedances with respect to the associated circuit from which 
it is protected by balancing. 

Stoppage of Longitudinal Currents 
Longitudinal currents are those which travel both sides 
of a circuit in the same direction in parallel paths and return 
by some other path, generally a ground circuit. They are 
objectionable because (1) they tend to enter the transmission 
circuit whose sides they travel, in this case called a transverse 
circuit, through irregularities of balance in the latter and to 
unite with transverse currents, and (2) in many cases they 
correspond to objectionable voltages of considerable strength, 
(as in the case of telephone lines exposed to power lines). 
They may be eliminated in two ways: (1) by providing for 
them a short-circuit path to ground in the longitudinal circuit 
and (2) by causing virtually an open-circuit gap to occur in 
the longitudinal circuit, each of the methods being so em¬ 
ployed as not to affect transmission in the transverse circuit. 
Transformers are required in either or both of the methods. 

Transmission in Closely Associated Circuits 
When the same wires are used to provide both side circuit 
and phantom circuit transmission, it is a requirement of 
apparatus (such as transformers and filters) inserted in side 
circuits that they shall not impair transmission in the phantom 
circuit, and vice versa. This means that apparatus in one cir¬ 
cuit must not insert impedance in another circuit and requires 
close coupling between those impedance elements of networks 
which are located in series with the line wires. 

Stability of Characteristics with Current Variations 
If the inductances, resistances or capacitances of a network 
are subject to variations in value with varying current strength, 
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as is the case, for example, with the inductance and resistance 
of coils using unstable core materials, two detrimental results 
are possible. First, the frequency characteristics of the net¬ 
work will be distorted as the current varies from its mean 
value. Second, a kind of modulation will occur, resulting in 
the generation of new frequencies whose presence will interfere 
with interpretation of signal waves traversing the network. 
Stability of characteristics is, obviously, to be secured by the 
use of materials whose permeability, resistance, and dielectric 
constant do not vary with current strength. 

Low External Coupling 

It is desirable that electrostatic and electromagnetic 
coupling between a network and parts of its own or other cir¬ 
cuits be kept low—that is, that the network be self-contained 
electrically and receive and supply energy only through its 
normal input and output terminals. When coupling exists to 
some other circuit, (i) energy introduced from the latter cir¬ 
cuit may interfere with signals or (2) energy derived from the 
network may cause interference in the circuit to which it is 
coupled. When coupling exists to other parts of the circuit 
in which the network is located, (1) impedance balances may 
be upset, (2) large attenuations, as of a filter, may be nullified 
by bypass circuits, and (3) circulating currents of considerable 
strength may be set up when vacuum tubes are involved in the 
circuit. Electrostatic and electromagnetic shielding permit 
control of external coupling. 

Low Reflection Coeflicient 

Where networks connect directly or through other trans¬ 
mitting networks to a line, it is desirable that the impedance 
offered by the network to line currents be such that wave 
reflections are not set up in the line by impedance mismatches 
at its ends. Reflections result not only in undesirable tran¬ 
sient waves in the circuit in which they originate but cause in¬ 
terference into other circuits and complicate line transposition 
problems. There is thus usually prescribed for the network 
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an impedance characteristic, to lie within certain limits 
through the range of signal transmission. 

Modulator Circuit Impedances 

When networks connect to vacuum tube modulator (or 
demodulator) circuits, they are required to have certain types 
of impedance characteristics even in the non-transmitting 
range of the networks, in order that modulation may be as 
complete as possible and yet undistorted. In certain modu¬ 
lator circuits the networks must present a high and, in other 
cases a low, impedance to the modulator if certain frequencies 
which the tubes tend to supply are to be eliminated. 

Parallel or Series Operation 

It is a requirement particularly of groups of wave filters 
selecting signals for a number of communication channels that 
the impedance of each in the transmitting ranges of the others 
be such as not to interfere with the operation of the latter. In 
the case of filters operated in parallel, this means a high shunt¬ 
ing impedance; in the case of filters operated in series, a low 
series impedance. It is possible to meet this requirement be¬ 
cause in general numerous configurations of filter elements 
can be arranged which will meet given transmission require¬ 
ments but allow wide latitude of choice of impedance charac¬ 
teristics. 

A number of considerations should be noted with respect 
to the above requirements. First, in any given circuit condi¬ 
tions, the requirements can be expressed in numerical measure 
so that networks can be designed to meet them quantitatively 
and measured accordingly when constructed. Secondly, the 
various requirements which might be imposed on a network by 
circuit conditions, tend for the most part to be conflicting, 
since they restrict choices of design, and must be evaluated 
and balanced from an economic standpoint. Finally, the 
ability of a network to meet the above requirements is subject 
to physical limitations which will be discussed in section 5 of 
this chapter. 
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§ 4. Illustration of the use of Transmission Networks in a Communi¬ 
cation System—Filters and Equalizers Required in a Typical 
Three-Channel Carrier Telephone System 

As an example of the way in which a number of functional 
requirements may be simultaneously imposed in practice on 
networks used in communication systems, let us consider the 
more important of the filters and equalizers which enter into 
the scheme of operation of a typical three-channel carrier tele¬ 
phone system. The example chosen is that of a “Type C 
carrier system, designed for use over relatively long distances 
and employing the so-called 10 “suppressed carrier, single 
sideband” method of transmission. It represents, of course, 
but one set of possible circuit conditions and the numerical 
constants or characteristic curves which give the required per¬ 
formance of the networks would be greatly influenced by such 
factors as: grade of transmission desired, gauge of wire avail¬ 
able, economical distance between repeater stations, and in¬ 
terference conditions. Hence the example should be consid¬ 
ered to illustrate principles rather than to define practice 
closely. 

In Fig. 5 there are outlined schematically the terminals and 
one of the repeaters of a Type C system, so drawn as to em¬ 
phasize the filters and equalizers used therein. The upper 
half of the diagram relates to transmission from left to right; 
the lower half to transmission in the opposite direction (and 
to non-carrier facilities). Beginning at the left-hand end of 
the diagram, currents derived from the subscriber s line ( S) 

10 The reader is doubtless familiar with the fact that in carrier modulation, as in 
radio systems, a “carrier frequency” and “ two sidebands” are produced. For demod¬ 
ulation and recognition of signals the carrier frequency and one sideband may be 
suppressed, the other sideband being transmitted and a local carrier frequency supplied 
at the receiving end of the system. By this method a smaller frequency range 
is required for communication. For a discussion of methods of operation of 
carrier systems, reference may be made to “Carrier Current Telephony and Tele¬ 
graphy” by E. H. Colpitts and O. B. Blackwell, Trans. A. I. E. E., 1921, which discusses 
generally the progress which had been made in carrier systems up to that time; also to 
various later papers which may be found in the Bell System Technical Journal, such as 
that by H. A. Affel, C. S. Demarest, and C. W. Green, July, 1928, entitled “Carrier 
Systems on Long Distance Telephone Lines.” 
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and travelling to the right, pass through balancing apparatus 
(H) which separates on a directional basis incoming and out¬ 
going currents of the carrier system, and thence into a modu¬ 
lator ( M ) which raises them in the frequency scale. For 
each channel the desired sideband is selected by a modulator 



band filter (for the channel whose modulator is shown, band 
filter No. 5) and is sent into an amplifier (A) common to all 
three channels. Here the strength of the signals is increased 
so that even the attenuation of a considerable stretch of line 
may leave them strong enough to override disturbances. The 
high pass directional filter, arranged so as to pass currents 
in the upper half of the frequency range used by the system, 
transmits the signals to a high pass “line filter” and this in 
turn delivers them to the line. 

Upon arrival (in an attenuated condition) at a repeater 
station, the carrier currents are conducted through a high pass 
line filter to the repeater proper. A separation of high and 
low frequency carrier currents, corresponding respectively to 
the two directions of transmission, is effected by directional 
filters; consequently, currents arriving from the left go through 
the “input” high pass directional filter, reaching equalizer 
(Ei). The purpose of the latter is to correct for the signal 
distortion introduced by the line and by directional filters. 
An amplifier ( A ), next in order, raises the level of strength of 
the signals of all three channels. Finally, an “output” high 
pass directional filter leads the amplified signal currents to 
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a high pass line filter and thence to the next stretch of line 
over which they are to travel. This process may be repeated 
a number of times, depending on the total distance spanned by 
the system. 

When the signal currents reach the receiving terminal on 
the right, they are led successively through a high pass line 
filter and a high pass directional filter to a terminal amplifier 
(A) where the channel currents are strengthened prior to 
demodulation. Demodulator band filters (No. 5 for the 
channel shown) select for each channel the desired group of 
frequencies and reject the others so that the demodulator ( D ) 
may not be hindered in its operation. The latter restores the 
channel currents to their original position in the frequency 
scale and delivers them through the balancing apparatus ( H) 
to the receiving subscriber’s line (S). 

Transmission in the reverse direction is accomplished in a 
similar fashion, except that low pass directional filters, trans¬ 
mitting currents in the lower half of the frequency range of the 
carrier system, replace the high pass directional filters of the 
upper half of the diagram. 

We may discuss in order the duties of four groups of ap¬ 
paratus: (1) the “line filter sets,” each comprising a high pass 
and a low pass line filter connected in parallel at the ends next 
to the line, (2) the directional filter sets, each comprising a high 
pass and a low pass directional filter connected in parallel at 
the ends next to the high pass line filter, (3) the band filters, 
arranged in groups of three at the terminal stations and pro¬ 
vided with “compensating networks,” and (4) the equalizers 
located at repeater stations, one being used for each frequency 
range of transmission. 

Functions of Line Filter Set 

Referring to Fig. 5, it is apparent that a line filter set is 
employed wherever carrier currents are put on, or taken off, a 
stretch of line in the system. The reason for this is that the 
line is normally employed for the transmission of side circuit 
voice currents and perhaps phantom circuit voice and low fre- 
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quency telegraph currents as well, and the line filter set pro¬ 
vides the apparatus by means of which the carrier currents 
may be superposed on the same line without interference. 
The superimposition is accomplished in two steps: first, a low 
pass filter inserted in the circuit of the normal facilities per¬ 
mits passage of the normal currents but is designed to reject 
from the normal circuit high frequency carrier currents; sec¬ 
ond, a high pass filter transmitting carrier currents is inserted 
in the carrier circuit so designed as to reject low frequency cur¬ 
rents from the normal facilities. A schematic arrangement of 



a line filter set is shown in Fig. 6 and the transmission loss 
curves corresponding to it in Fig. 7. A photograph of a typi¬ 
cal line filter set is given in Fig. 8. Fig. 7 shows the reduction 
in strength suffered by currents because of the presence of the 
filters between AA and BB> and between AA and CC, respec¬ 
tively. This reduction (called transmission loss) is plotted in 
decibels 11 db which are logarithmic in character but the 


u Current, voltage, or power (magnitude) ratios may be expressed logarithmically 
in decibels (db). The number of db corresponding to a ratio of the magnitudes of two 


currents It and I2 is Ndb = 20 logio 
two powers Pi and P2, however, Ndb — 10 logio 


— • Voltage ratios are expressed similarly. For 


P2 

Pi 


Refer to Appendix B. 
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corresponding current ratio values are shown by the ordinates 
at the right of the figure. 

We may now observe: 

(1) That if a phantom circuit is maintained, in one side 
circuit of which the low pass filter would then be located, the 
latter must be well balanced with respect to similar apparatus 



Fig. 9.—Impedance Introduced into the Phantom Circuit by a Low Pass Filter. 


provided in the other side circuit (See Fig. 3) and such close 
coupling exist between its series impedances that only a small 
amount of impedance is introduced into the phantom circuit 
(See Fig. 9). 

(2) That the low pass filter must act as a high impedance 
shunt in the transmitting range of the high pass filter, and 
that, correspondingly, the high pass filter must act as a high 
impedance shunt in the transmitting range of the low pass 
filter, i. e., that the filters must be mutually designed for par¬ 
allel operation. Impedance characteristics illustrative of 
this point are given in Fig. 10. 

(3) That disturbances of considerable potential, such as 
those which may occur when telephone lines are exposed to 
power transmission lines, find the line filter set as the first 
networks which they would traverse in the system; and the 
line filter set must have sufficient dielectric strength to with¬ 
stand potentials not taken care of by standard protection 
apparatus. 

(4) That a good degree of balance, with respect to ground 
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(G), between the impedances in the respective halves of the 
filters must be provided in order to prevent longitudinal cur¬ 
rents from entering the carrier system or the normal circuit. 

(5) That only a very small amount of transmission loss can 
be allowed in the transmission range of each filter, because 
of the number of line filter sets which currents encounter in a 
system of considerable length. 



Fig. 10. Impedances of Low and High Pass Filters Designed for Parallel 

Operation. 


(6) That only very low distortion is permissible in the 
transmission bands, for the reason given under (5). 

(7) That, because of the rather rapid changes in the trans¬ 
mission loss characteristics in the vicinity of 3000 cycles, pre¬ 
cision of location of this frequency as a separational point 
requires that the filter characteristics be independent of cur¬ 
rent values. 
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(8) That from a standpoint of wave reflections at the end 
of long stretches of line, the line filter set is in a prominent 
position and the impedance which it presents to the line (this 
of course depends upon the other apparatus as well as upon the 
line filter set) must match the impedance of the line. The 
impedance looking into the line end of two line filters con¬ 
nected in parallel and properly terminated is illustrated in 



Fig. 11. Impedance Looking into the Line End of Two Line Filters Con¬ 
nected in Parallel and Properly Terminated. 

Fig. 11. The difference between the filter impedances of Fig. 
11 and the line impedance is expressed as a percentage “reflec¬ 
tion coefficient” in Fig. 12 to indicate the portion of arriving 
waves which will be reflected. 

(9) That modulation occurring due to unstable filter ele¬ 
ments can give rise to: ( a) high frequencies generated in the 
low pass filter which will be transmitted as interference by the 
high pass filter, and ( b ) low frequencies generated by inter¬ 
modulation of carrier frequencies in the high pass filter which 
will penetrate the low pass filter; thus that an additional re¬ 
quirement exists on the stability of the filter characteristics. 
Fig. 13 shows how modulation current may be generated in the 
low pass filter which will penetrate the high pass filter. 
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(io) That a requirement will exist on the degree of inter¬ 
ference permissible between the filters of each set and other 



Fig. 12.—The Difference between the Filter and Line Impedances Expressed 
as a Reflection Coefficient. 


apparatus of the same or other systems located at the same 
station. (In this connection, for example, note from Fig. 5 



Fig. 13. —Illustrating How Modulation Current May Be Generated in the 
Low Pass Filter Which Will Penetrate the High Pass Filter. 


that interference between high pass line filters at the opposite 
ends of a repeater provides a return path for amplified currents 
and tends to cause circulating currents or even “singing.”) 
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(11) That when at repeater points a normal voice repeater 
exists in the circuit in which the low pass filter is placed, an 
impedance balance will be required between the line filter 
set and the corresponding balancing apparatus in the repeater. 


Functions of Directional Filter Sets 
The functions of directional filters, whether located at 
terminal or repeater stations, are less numerous in kind than 
those of the line filters, but a generally more severe degree of 
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Fig. 14.—Configuration of Typical Directional Filters in a Repeater Circuit 
Containing Amplifiers (A) and Equalizers (E). 


performance is asked of them. We need consider only those 
used in repeater stations, as virtually identical filters are re¬ 
quired for the terminal points. Fig. 14 shows the configura¬ 
tion of typical directional filters as employed in a repeater cir¬ 
cuit, and Fig. 15 is a photograph of a carrier repeater which 
includes directional filter sets. The input and output filters 
are of the same form but differ slightly in values of the network 
constants, a slight relative frequency shift of characteristics 
being found to result in slightly improved loss characteristics. 

Transmission loss characteristics of the four directional 
filters are given in Fig. 16. The sharpness of selectivity dis¬ 
played may be gauged by comparison with the characteristics 
of Fig. 7 for the line filters, it being remembered that on a 
frequency percentage basis a 1000 cycle interval at 17 kilo¬ 
cycles would correspond to about 175 cycles at 3 kilocycles. 
From an economic standpoint, of course, it is the actual width 
of frequency interval given up for separational purposes which 
is of importance, but from a design standpoint percentage 
width is a measure of difficulty. 
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Fig. 15.—Photograph of a Carrier Repeater. 
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Some of the functions of the directional filters follow: 

(1) Parallel operation, as in the case of line filters. The 
requirement here is more severe however, because of the 
smaller percentage frequency intervals available for building 
up impedances to the required values. 



Fig. 16.—Transmission Loss Characteristics of the Four Directional 
Filters Used in a Repeater Circuit. Equalizer Characteristics Shown in 
Dotted. 


(2) Low distortion in the transmitted bands, in order to 
minimize the transmission loss introduced by equalizers in 
correcting the distortion. It should be observed that, in 
contrast to the band filter the total distortion is spread over 
several frequency bands and that each channel suffers only a 
part of the total distortion. (See characteristics of Fig. 17). 

(3) Efficient transmission. Here we may see a difference 
in the requirements of input and output filters. The loss of 
a portion of the weak incoming currents reduces the overall 
amplification (or gain) of the repeater, but loss of strength 
of the amplified outgoing currents limits not only the gain 
but as well the maximum output which may be secured from 
the repeater without overloading vacuum tubes. 

(4) Transmission loss around the repeater loop. Oscilla¬ 
tions (“singing”) or, at least, circulating currents will tend to 
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flow around the repeater circuit unless the total gain of both 
amplifiers is thoroughly offset by the combined “loop loss” of 
all four filters and the two equalizers. In the loop loss char¬ 
acteristic of Fig. 16, if we suppose the gain of each amplifier 
to be 30 db (current ratio of 31.63 so that the combined gain 
is 60 db (current ratio of 1000)) then the minimum margin 
against singing (at 16.45 kilocycles) would be a loss of 25 db 
(current ratio of .055). 12 That is, circulating currents at this 



frequency would be damped out to about one-eighteenth of 
their value on passage around the repeater circuit. At fre¬ 
quencies outside the separational group, the margin provided 
is greater because of the continual presence of voice currents to 
excite the repeater. It should be noted that the above figures 
are for the typical characteristics of Fig. 16 and not the mini¬ 
mum figures which are to be expected under service conditions. 

Balance, modulation, interference, and reflection require¬ 
ments also exist for the directional filters but do not differ from 
those of line filters sufficiently to warrant discussion here. It 
may be pointed out, however, that with irregular spacing of 
repeaters, amplification or line attenuation may become to 
some extent cumulative, so that the outgoing currents of a 
repeater may be as much as 60 db (ratio of 1000:1) stronger 
than incoming currents. Under these extreme conditions, if 
interference of modulation arising from the output filters is to 

12 A given number of decibels may express a ratiowhich is greater than unity or less 
than unity; the value of the ratio in the first case being a reciprocal of that in the second 
case. See table of decibels in Appendix B. 
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be small in comparison with the feeble incoming currents, 
enormous differences in strength will exist between the 
outgoing currents and the modulation or interference cur¬ 
rents which they may be permitted to produce in the input cir¬ 
cuit. If, for example, there is to be present in the input circuit 
interference from a single source amounting to i/io,oooth of 
the strength of the input current, then a ratio of 10,000,000 : 1 
must exist between the outgoing currents and the interference 
which they cause. 

Functions of Band Filters 

Typical groups of band filters for the system of Fig. 5 are 
exhibited in Fig. 18 and the corresponding transmission loss 
characteristics in Fig. 19. In Fig. 19 the line filter and ter¬ 
minal directional filter loss characteristics are shown in dotted 
line form. The lower group of transmission bands lie be¬ 



tween the separational point (3000 cycles) of the line filter 
set and the separational point (17000 cycles) of the directional 
filters. The transmission loss in the bands is generally higher 
than for the directional and line filters, for two reasons; chan¬ 
nel currents traverse but two band filters in a system and the 
loss may be afforded; also, as will appear in later chapters, it 
is natural for the loss in filters having fairly narrow transmis¬ 
sion bands to be higher than in low pass and high pass 
filters. 
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We shall discuss but four additional points in connection 
with the functions of these filters, out of the many which 
might be selected: 

(i) Their parallel operation is aided by certain “compen¬ 
sating networks.” In order that each filter may be least 
affected in its transmission band by the shunting effect of the 
others, each filter is built out with a special termination at the 
parallelling end (as if to “load” away the effect of the other 
filters). Such building-out causes distortion at those edges of 



Fig. 19. —Transmission Loss Characteristics of Band Filters Shown in Fig. 18. 
Line Filter and Terminal Directional Filter Characteristics Are Dotted. 


transmission bands which have no neighboring transmission 
bands in the frequency scale (for example, near 6.5,15, 18, and 
28 kilocycles). To overcome such distortion, the compensat¬ 
ing networks are given the impedance values which would be 
offered by such absent filters in the series. 

(2) The band filters are not balanced with respect to a 
ground system but rather represent but one half of a balanced 
circuit (called an “unbalanced” circuit) and a common side of 
each is maintained at ground potential. This corresponds in 
principle to the “metallic circuits” of telegraph transmission 
and is more economical in the network impedance elements re¬ 
quired, where it can be employed. Since the line itself is a 
balanced structure, an inspection of Fig. 5 shows that an 
inductive transfer (by means of a transformer) must take 
place in the group amplifiers of the terminals. 

(3) The band filters all possess, at the end remote from 
parallelling, the same type of termination, i. e., there is in 
each case an anti-resonant arm, in shunt across the filter. 
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These terminations for band filters correspond to a class of 
band filter sections which offer desirable impedances in cer- 



Fig. 20.—The Impedance of a Band Filter with Associated Apparatus as Seen 

from a Modulator. 


tain frequency ranges to the modulators or demodulators with 
which, at one end of the system, they work. They do not, 
however, result in the least distortion which might be had in 
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the transmitted bands if modulator and demodulator action 
were not to be considered. A different type of termination will 
be found in all of the directional and line filters of Figs. 6 and 
14 and the latter termination is chosen from a distortion and 
reflection coefficient standpoint. This illustrates how two 
independent requirements both intended to accomplish very 
desirable objects, may be in conflict. Fig. 20 shows the im¬ 
pedance of a band filter with associated apparatus as seen from- 
a modulator. 


(4) One frequency which each modulator band filter must 
suppress is the truly steady-state carrier frequency supplied 
by its modulator. The carrier frequency in each case will be 
located just off a transmission band, on a “side” of the loss 
characteristic. While the voice currents represented by the 
transmitted sideband may, from instant to instant, change in 
amplitude and frequency content, the carrier frequency is 
fixed in size and frequency location. For its suppression with¬ 
out undue distortion of the wanted sideband, the various 
transmission bands must be very accurately located in the 


frequency scale at predetermined positions. This is one of 
the predominating features of carrier band filter characteristics. 


Functions of Equalizers 

The position of equalizers in a carrier repeater has been 
shown in Figs. 5 and 14 and typical network structures, con- 



EQUALIZER FOR UPPER CROUP EQUALIZER FOR LOWER GROUP 

OF FREQUENCIES OF FREQUENCIES 


Fig. 21.—Typical Network Structures between Zs and Zr. 

nected between transmitting apparatus Zs and receiving ap¬ 
paratus Z R , are illustrated in Fig. 21. Loss characteristics 
were shown in dotted form in Figs. 16 and 17. We shall 
merely add to the previous discussion of carrier repeaters first, 
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that, in whichever frequency group the equalizers occur, they 
add at all frequencies to the “loop loss” of the repeater net¬ 
works and second, that to the extent that they provide trans¬ 
mission loss, they are of such a type as to provide desirable 
impedances in which to terminate directional filters and thus 
have an important function from a reflection coefficient stand¬ 
point. Fig. 17 brings out the way in which equalization for 
line and directional filter distortion occurs. 

§ 5. Engineering Limitations on Network Design and Construction 

To work out theoretically a network of inductances, capac¬ 
itances, and resistances which will offer certain desirable trans¬ 
mission characteristics over a frequency range, is a matter of 
following methods such as those laid down in subsequent 
chapters. To build actual networks which will possess and 
retain these characteristics involves a large number of factors 
which come into play and which must be balanced against one 
another. 

Accordingly, it is necessary to point out the principal di¬ 
rections in which limitations are to be encountered, for the 
the value of network theory is limited exactly by the degree 
to which networks may be physically constructed so as to give 
desired characteristics. 

Between the indicated theoretical performance of a net¬ 
work and its actual performance there enter, in general, four 
types of discrepancies. They are concerned with the follow¬ 
ing four questions: (1) How accurately does the indicated 
theoretical performance correspond to the exact theoretical 
network chosen? (2) How nearly is the actual form or con¬ 
figuration of the network what it is theoretically supposed to 
be? (3) How accurately is the network constructed? (4) 
How stable are the characteristics of the network during 
operation ? 

There are two sources of error which affect the theoretical 
exactness of the computed performance of a network; both 
have to do with the approximations which are necessary when 
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mechanical aids are used in computation. One lies in compu¬ 
tations of the network constants (L’s, C’s, and R’s) from chosen 
significant frequencies, impedances, or other design bases, and 
the other in determinations of the characteristics themselves 
either from the network constants, or from the bases referred 
to. Discrepancies of either kind are not, when reasonable 
care is used, ordinarily large enough to be important except 
in the case of apparatus which needs to be made very ac¬ 
curately. 

The form or configuration of a network introduces four 
important factors leading to discrepancies, viz., (i) interac¬ 
tions between network elements, (2) distributed impedance 
effects in the elements themselves, (3) admittances from ele¬ 
ments to ground, and (4) effects of the wiring system. 

Interactions Between Network Elements 

These arise from the difficulty of confining electrical effects 
within exact boundaries. Electrostatic and electromagnetic 
coupling between various pairs of elements give the effect of 
inserting additional elements in the network. Such effects are 
most serious when coupling exists between elements differing 
in potential (relatively) by a considerable amount. An ex¬ 
ample is the tendency of capacitive coupling between elements 
at opposite ends of a network of considerable transmission 
loss to by-pass currents around the network and thus to limit 
that loss. 

Distributed, Impedance Effects in Network Elements 

It is simplifying from a mathematical standpoint to deal 
with definite lumped inductances, capacitances, and resis¬ 
tances. But it is only proper to realize that lumped constants 
do not occur strictly in nature. Rather it is the tendency of 
circuits except when specially formed and even then to some 
extent, to spread out in such a manner as to show distributed 
impedance effects. Thus the effective impedances of network 
elements are formed by a summation of differential effects not 
all of the same kind. What is done, for example, in the de- 
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sign of inductance coils is merely to bring out, or emphasize, 
inductance in comparison to resistance and capacitance, for 
a certain frequency range and to a first approximation. The 
character of the impedance, then, must necessarily change with 
frequency. A coil of wire may be in one frequency range 
nearly a pure resistance, in another an inductance, and in a 
third capacity may predominate. By a choice of types of 
construction, with a view of course to cost, these changes with 
frequency may be minimized but cannot be wholly elimi¬ 
nated. 

Admittances from Elements to Ground 

Although interactions between network elements may be 
reduced by shielding, it should be appreciated that the pres¬ 
ence of shields tends to cause admittances to ground from 
different parts of a network to increase. Even when the best 
shield has been used there is not, exactly speaking, such a 
thing as a two-terminal impedance (i.e., one in which current 
enters and leaves only through a single pair of terminals), un¬ 
less, of course, one terminal is connected to ground. A con¬ 
denser, for example, may have not only its main capacity 
between terminals but a minor capacity from each terminal 
to ground as well. 

Wiring Effects 

The impedances of the wiring system of a network are often 
neglected in theoretical analysis but may be important from 
several standpoints. Capacitance introduced by wiring tends 
to cause interactions among the network branches, and a 
ground system of appreciable resistance will not only increase 
low transmission losses but destroy high transmission losses by 
providing mutual impedance between input and output ter¬ 
minals of the network. 

Accuracy of network construction is dependent, for a given 
design, primarily on (i) the accuracy of electrical measuring 
circuits used in conjunction therewith, (2) the fidelity of test 
conditions, and (3) the care and skill exercised in making 
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adjustments. This assumes that the design is such mechani¬ 
cally as to permit close adjustments to be made. Electrical 
measuring circuits may be used to measure the constants of 
individual elements, or the characteristics of groups of ele¬ 
ments or of networks as a whole. If the accuracy of the cir¬ 
cuits is known, possible deviations in the transmission charac¬ 
teristics may be estimated accordingly. Fidelity of test con¬ 
ditions refers to the condition that elements must be tested 
with due recognition of the manner in which they are used in 
networks; and that networks must be measured under the 
same circuit conditions as used, or allowances made accord¬ 
ingly. How much care and skill may enter into making ad¬ 
justments is chiefly an economic question. 

Stability of network characteristics under operating con¬ 
ditions is largely dependent on the materials employed in 
construction. Suitable materials are usually limited in 
number either by economic considerations or by the limita¬ 
tions of engineering knowledge. The chief sources of instabil¬ 
ity of characteristics are: changes with current variations 
(either temporary or permanent), changes due to temperature 
and humidity fluctuations, and a group of changes called 
“ aging” which have to do with releases of stresses and fatigue 
of materials. 




Part One 


Principles of Transmission Networks 



CHAPTER II 


Definitions—Units Employed—Some Fundamental 
Principles of Electric Circuit Theory 

The networks to be discussed here are confined to that 
class called passive , linear networks. 

A passive network is one which contains no internal 
sources of power. A network which contains one or more 
such sources of power is called an active network. Thus, a 
network composed only of inductances, capacitances, and 
resistances is a passive network; whereas if a battery, gener¬ 
ator, or amplifier were inserted in it, the network would 
become active. A linear network is one whose circuit con¬ 
stants, and therefore whose transmission characteristics, do 
not change with current strength. A non-linear network is 
one that contains inductances, capacitances, or resistances, 
the values of which depend on the instantaneous values of 
the currents flowing at various points in the network. 

If sources of power existed in a network, the e.m.f.’s 
resulting from them would usually have to be taken into 
account in the differential equations governing current flow. 
If the inductances, capacitances, and resistances in a net¬ 
work were dependent for their values on the currents flowing, 
these equations would in general become much more difficult 
of solution; and what is much more important, waves would 
tend to lose character in propagation, because of what is 
called non-linear distortion. The term linear indicates that 
the equations connecting the currents and voltages in a 
network are linear equations, that is, involve only the first 
power of any instantaneous current or its derivatives. 

When networks are passive and linear, there are certain 
principles which hold true, and from these, much of ordinary 
network theory proceeds. They will be discussed in sections 
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9 to 12, inclusive, and are respectively: the Principle of Super - 
position , the Reciprocity Theorem , Thevenin s Theorem , and 
the Compensation Theorem. When a network is only slightly 
non-linear, they may be regarded as holding approximately. 
Before considering these principles, there are certain terms 
and units employed in transmission network theory which 
will be defined. 

§ 6. General Terms 

There are several terms of general interest which will 
now be defined with respect to our particular usage. The 
meanings assigned will differ somewhat from those commonly 
employed in the literature. 

An element is the smallest entity (i.e., distinct unit) 
which may be connected into, or disconnected from, an 
electrical system. The term ordinarily denotes the electrical 
representation of the quantities inherent in a physical unit 
(such as an inductance coil, condenser, or resistance unit). 
When dealing with networks schematically, where the exact 
physical embodiment to be adopted has not been visualized, 
it is common to refer to an individual inductance, capacitance, 
or resistance as an element; this is a secondary meaning. 
Thus, a series combination of a small resistance and an 
inductance may be regarded as consisting of either one or 
two elements, depending on the implied physical construction, 
and thus perhaps depends on whether the presence of the 
resistance is intentional or unavoidable. 

An arm denotes a distinct set of elements electrically 
isolated from all other conductors in a network except at 
two definite points. A series arm is one which conducts the 
main current in any part of a system in the direction of 
propagation. A shunt arm is one which diverts a part of 
the main current from one end of a series arm (or from one 
end of a line wire) to a symmetrically located point in a 
balanced system, or to a ground wire in an unbalanced system. 
Arms may be of types other than series or shunt. 
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A branch is one of several parallel paths in a system. As 
used in this definition, a path signifies a route traversed in 
going through a part of a system, whether ending at the 
starting point or at some other point. A mesh is a combina¬ 
tion of elements, or parts of elements, forming a closed path. 
Parts of elements refers to the fact that while certain devices, 
such as two-winding transformers, may be referred to as 
elements, a path is traceable through only part of such an 
element. 

A network is generally used as an abbreviation for a 
transmission network , which is to be described according to 
definite transmission functions assigned to it, as a whole, 
rather than by its internal configuration. A network is thus 
a group of elements inserted in a system for the purpose of 
satisfying certain transmission requirements, the character, 
constants, and arrangements of whose elements therefore 
follow from the necessity of meeting these particular require¬ 
ments. According to this definition, a telephone transformer 
is a network only in the sense that it may be convenient in 
design to regard it as a group of elements. 

A circuit consists of an entire system of interconnected 
apparatus and conductors designed to transfer electrical 
energy from one point to another. The term will also be 
used to describe a part of a complete circuit where proper, 
designation is given, or where the limitations involved are 
evident. Thus, the input circuit of a network would be that 
part of the entire circuit from which the network derives 
power. 

§7. Units for Expressing Voltage , Current , and Power Ratios — 
Decibels and Nepers 

It will be convenient to use logarithmic units generally 
for expressing the numerical magnitudes of voltage, current, 
and power ratios. This convenience is most evident in 
dealing with alterations of voltages or currents resulting from 
several successive changes in a circuit. Under these con- 
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ditions, if the voltage or current ratios involved have been 
treated exponentially, only addition and subtraction of com¬ 
plex quantities are required, instead of multiplication and 
division. We shall concern ourselves in this section only with 
the logarithmic expression of the magnitudes of various 
ratios. The character of complex exponential expressions 
corresponding to complex ratios will be discussed in section 15. 

For expressing the magnitude of a ratio, there are two 
important logarithmic units. One is the decibel (< db ), which 
may be called the common logarithmic unit. It was formerly 
called the transmission unit (TV ). The other is the neper 
(nep .), which may be called the natural logarithmic unit. 

The decibel is a sub-multiple of the bel , which is defined 
on a power ratio basis, with respect to a logarithmic base of 
10. Two powers are said to differ by one bel , or ten decibels , 
when one of them is ten times as large as the other. A decibel 
therefore corresponds to a power ratio which, when raised to 
the tenth power, will give a ratio of ten (or one-tenth). In 
general, given two powers Pi and P 2 , the number of decibels 
by which they differ is 


A7 1 Pl 

Ndb — IO logio yy 

-L 2 


Thus, if Pi equals 82.80 milliwatts and P 2 equals 11.20 milli¬ 
watts, there is a difference of 8.69 db between them. 

This common logarithmic unit may also be used to indi¬ 
cate voltage or current ratios, provided that it is implied 
that the respective voltages or currents are associated with 
identical impedances. The chief use we shall make of this 
unit will be in evaluating changes in received-load conditions 
when the load impedance is kept constant and other factors 
are varied. In such cases, since the powers are proportional 
to the squares of voltages or currents, the number of decibels 
is 


N db = 20 logio 


Pi 


, T , h 

P2 

or 

N db = 20 logio y 
-*2 


( 2 ) 
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where V i and V 2 are the compared voltages, and h and I 2 
are the compared currents. This means that twice as many 
decibels are required to express a given voltage or current ratio 
as to express a numerically equalpower ratio. 

The natural logarithmic unit, which is occasionally prefer¬ 
able in computations, is defined on a voltage or current ratio 
basis, with respect to the base e. Two voltages , or currents , 
differ by one neper when one of them is e times as large as the 
other (e = 2.71828). It is implied that the impedances with 
which the respective voltages or currents are associated in 
their circuit are identical. The number of nepers for a given 
ratio is then 


N nep = log e 



nep — log e 


II 

h 


( 3 ) 


Both of the units, i.e., decibels and nepers have the 
character of pure numerics, having no dimensions. The 
relation between them, from (2) and (3), is given by 


N* 


N d 


20 logio e = 8 . 686 . 


(4) 


That is, one neper equals 8.686 decibels, or the number of 
decibels required to express a given change is 8.686 times the 
number of nepers required to express the same change. 

A table relating voltage or current ratio values to decibels 
is given in Appendix B. An inspection of this table will 
make its simplicity evident. For example, when any number 
of decibels is increased by a multiple of 20 db, the effect on 
the corresponding voltage or current ratio (assuming it to 
be expressed as larger than unity) is merely to move the 
decimal point to the right by a number of places equal to 
that multiple. Thus 


Number of decibels 
7.1 

17.1 

47.2 
107.2 


Voltage or Current Ratio 
2.291 or .4365 

22.91 or .04365 

229.1 or .004365 

229,100 or .000004365 
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Also, for estimating purposes, if the following approximate 
ratios be remembered: 3.5 db, 1.5; 6.0 db , 2.0; 8.0 db , 2.5; 
and 9.5 db , 3.0, various other values can be quickly obtained. 
Thus, 34 db may be split into 20 db + 8 db + 6 which 
gives a voltage or current ratio of 10 x 2.5 x 2.0 = $0.0, the 
exact value being 50.12. It will be observed that one decibel 
corresponds to a change of 11% decrease or 12% increase in 
voltage or current. 

A table relating voltage or current ratio values to nepers 
is not given, because the necessary values may be obtained 
directly from a table of natural logarithms, or by using the 
conversion factors given above. 

§ 8. Losses and Gains—Insertion Loss—Transmission Loss 

When a network is added to a circuit, the chief criterion 
of its transmission efficiency at any frequency is the change 
which the network brings about in the amount of power 
delivered to parts of the circuit beyond the point of insertion. 
In particular, when the impedance of the circuit on the load 
side of the point at which a network is to be inserted is 
regarded directly as a load impedance, the criterion is the 
change brought about in the power delivered to this load 
impedance. 

As a result of this conception, the terms loss and gain 
are very useful. Each compares the power delivered to a 
certain portion of a circuit with that which would flow into 
it under certain reference conditions, the reference conditions 
affecting only the makeup of previous portions of the circuit. 
A loss expresses the reduction in delivered power , due to a 
change in a circuit , which occurs on the load side of this change. 
A gain expresses an increase in delivered power resulting from 
such a change. 

Losses and gains are measured in decibels or nepers, since 
they involve power ratios. Practically, losses and gains are 
usually determined on the basis of changes in current ampli¬ 
tude which occur on the load side of a change. This is 
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permissible only provided that impedances in that portion of 
the circuit are not changed . Voltage ratios can also be used 
for expressing losses and gains, provided, that the impedances 
involved, are equaL 

Because, with reference to the same current, a loss will 
give a current amplitude ratio less than unity where a gain 
gives a ratio greater than unity, and because of the logarithmic 
nature of the units used, a gain is a negative loss. In de¬ 
termining a loss the current ratio is written as the ratio of 
the original current to the altered current, so as to be positive 
in general. In determining a gain, the current ratio is 
written as the ratio of the altered current to the original 
current, so as to be positive in general. 

The most important type of loss, as far as networks are 
concerned, is insertion loss. Insertion loss measures the 
actual change in load current caused by the insertion of a 
network. The reference condition is therefore that which 
exists before the circuit is broken for the insertion of the 
network, i.e., that in which conducting wires replace the net¬ 
work. . The insertion loss of a network (or other apparatus') 
m a circuit is the number of decibels (or nepers) by which the 
current on the load, side of the network has been changed, by its 
insertion. ° 


Therefore, an insertion loss does not have a unique value 
for a network but has significance only when certain circuit 
connections are specified. Specifying these circuit conditions 
amounts simply to specifying the impedance of the circuit on 
either side of the network. We may, for example, speak 
of the insertion loss of a network when connected between 
impedances of 2000 ohms at one end and 500 ohms at the 
other; but the insertion loss of the same network would as a 
rule be different if these impedances were 1500 ohms and 
600 ohms, respectively, or indeed, the loss might in some 
instances become a gain. A negative insertion loss is an 
insertion gain , and corresponds to an increase in load current 
amplitude as the result of inserting a network in a circuit. 

The term transmission loss is a more general one than 
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insertion loss , because it may refer to types of losses corre¬ 
sponding to other reference conditions. It has, however, 
been usually used for what we have defined as insertion loss, 
and we shall use the two terms indiscriminately unless some 
other reference condition is specifically mentioned. The 
most important other reference condition for networks in¬ 
volves a comparison of the performance of a network with 
that of an ideal transformer; we shall defer consideration of 
this to Chapter III. 


§ 9. The Principle of Superposition 

The Principle of Superposition forms the basis of many 
theoretical proofs. In the general case, with respect to 
e.m.f.s of any character, it may be stated as follows: 

The current which flows at any point in a circuit composed 
of constant resistances , inductances , and capacitances , or the 
potential difference which exists between any two points in such 
a circuit , due to the simultaneous action of a number of e.m.f.s 
distributed in any manner throughout the circuit , is the sum of 
the component currents at the first point , or the component 
potential differences between the two points , which would be 
caused by the individual e.m.f.s acting alone. That is to say, 

the various e.m.f.s act 



Fig. 22 .—A Two Mesh Circuit in Which Two 
E.M.F.’S Are Simultaneously Acting to Pro¬ 
duce Currents. 


independently of one 
another in establish¬ 
ing currents and volt¬ 
ages in the circuit. By 
means of this princi¬ 
ple, we are enabled to 
deal with the action 
of one e.m.f. at a time 
with the assurance 
that the results ob¬ 
tained will hold when 


other e.m.f.s simultaneously exist in the circuit. 

Proof of the Principle of Superposition depends on the 
linear character of the simultaneous differential equations 
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which, according to KirchhofFs Laws, describe the instan¬ 
taneous currents and voltages in a circuit. For our purposes 
we need merely to indicate the character of the proof 1 as 
follows: 

Consider first the circuit of two meshes shown in Fig. 22, 
in which the resistances, inductances and capacitances do 
not vary with current or time. From Kirchhoff’s Laws we 
may write the equation 


n • , r d k , fi' dt , tj • , T di 2 fkdt 
R]ii + Li — 4 — - h R 2 i 2 + Li -77 H —— = <?i + ^2* (5) 


dt 


C x 


dt 


When e\ acts alone, i.e., e 2 = o, let i\ and k become // and ii- 
We obtain similarly 


D , r dii' fk'dt dk' fi 2 'dt 

RiH +Li ir + — + RW+I «!r + -cr =ei - 


( 6 ) 


If, when <? 2 acts alone, we let ii and k become k" and k " 3 
we obtain 


Rih" + L\ —7— 4 


di 1" y/i'V/ 


4 * ^2*2^ + Li 


dii" fi"dt 


dt • Cl ' ■ “* * 1 C 2 (7) 

The sum of equations (6) and (7) will be 

w + < vo + + 


dt 


+ Ri(ii + zYO + Li 


Ci 

d{ii + ii”) 
dt 


( 8 ) 


S{k' + ii")dt 
_j-—- = ei + e 2 . 


It is now immediately obvious that if we write 


and 


ii — i\ + i\’ 
k = k r 4 “ k"i 


( 9 ) 

(10) 


1 For a more complete proof see T. C. Fry, “Elementary Differential Equations.’, 
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these new currents, i\ and h, will be solutions of (5), for upon 
inserting (9) and (10) in (8), which we know to be a true 
equation, it becomes identical with (5). 

Thus, the Principle of Superposition holds for the circuit 
of Fig. 22. By a similar method of reasoning it may be shown 
to hold for any circuit composed of constant resistances, 
inductances, and capacitances, with any number of e.m.f.s 
distributed in any manner throughout the network. 

It should be noted that if any of the circuit elements 
possess initial stored energy, currents will flow due to this 
energy. But such a current at any point in the circuit simply 
forms an additional term in the superposition, and its value 
may be found by putting all the e.m.f.s equal to zero. 

It follows directly from the Principle of Superposition 
that an e.m.f. of any given wave form acting at one point in 
a passive, linear network produces a current at that or any 
other point in the network which is directly proportional to 
the e.m.f.; that is, if the e.m.f. be multiplied by a factor, 
the currents produced must be multiplied by the same 
factor. 

§10. Reciprocity Theorem 

It will now be shown that 

If any e.m.f ., of any character whatever , located at one 
point in a circuit produces a current at any other point in the 
circuit , the same e.m.f. acting at the second point would produce 
the same current at the first point. This is known as the 
Reciprocity Theorem. Its importance lies in the fact that in 
any network to which it applies, transmission of signals and 
disturbances in one direction only need be considered, the 
results obtained being equally applicable to transmission in 
the opposite direction. 

Consider first steady-state conditions. Let the circuit 
have any number n meshes. Let the self impedance of any 
mesh, say mesh k> be called Z&, and the mutual impedance 
between any two meshes, say meshes j and k> be called 
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Zjk. Assume an e.m.fl in any one mesh, say Eb in mesh b. 
Kirchhoff’s Laws give us the simultaneous mesh equations 
involved as follows: 

IaZ a + IbZab * * * + IkZak * * * + / n Z on ~ O = O, 

IaZab + IbZb • * * + IkZbk * * * + InZbn ~ Eb = O, 

laZak + IbZbk * * * + IkZ k * * • + I n Zkn ~ O = O, 

IaZ an + IbZbn * * * + IkZkn * * * + I n Z n — O = O. 

It is necessary in (n) that the value of the mutual impedance 
between any two meshes be independent of which mesh is 
considered the primary and which the secondary. Otherwise 
the theorem will not hold. 

These equations are most easily solved in determinant 2 
form. The solution for I k will be 



where 


and 




z a 

Z a b 

* Z a n 


• 

• 

... 

II 

< 

Z ak 

Zbk 

* * * Zkn 


7 

an 

Zbn 

• • • z n 


(12) 

(13) 



z a 

Zab 

* Z a k 

. 7 

an 



Z a b 

Zb 

’ Zbk 

Zbn 


A = 

Z a k 

Zbk 

• z* 

' Zkn 

(H) 


7 

Zbn 

• Zkn 

’ Z n 



A determinant is simply a short form for representing the summation of a number 
of products of the constants of linear simultaneous equations. A good elementary 
treatment of determinants will be found in Woods and Bailey, “A Course in Mathe¬ 
matics,” Vol. I. 
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The b th row and k th column are omitted from A to form 
Akby and (— i)*** in which b and k are the numbers of the 
b th row and k th column, respectively, takes care of the sign. 

If now the e.m.f. is transferred to mesh k , the term Eb 
in the equations (n) is transferred to the k th equation. 
Solving for lb we obtain 


I b 


EbAbk 


os) 


where 


A bk — 


Z a • Z a k ‘ Z an 

Z a b * Zbk * Zbn 

Z an * Z]c n * Z n 


(- I) fc+6 , 


(16) 


and A is the same as before. The k th row and b th column 
are omitted from A to form A b k , and (— i) fr+6 in which k and 
b are the numbers of the k th row and b th column, respectively, 
takes care of the sign. 

One of the theorems of determinants is that the value of a 
determinant is unchanged if rows are substituted for columns 
and columns for rows. If this is done in Eq. (16), the result 
is the same as in Eq. (13). Therefore, 


and 


A kb = A bky 

Ik I by 


(W) 

(IB) 


so that the current in mesh k due to Eb acting in mesh b is 
the same as the current in mesh b due to Eb acting in mesh k. 
Thus the Reciprocity Theorem holds for steady-state conditions. 

Now, if E h is a transient e.m.f. of any character, it may 
be resolved into an infinite number of (infinitesimal or finite) 
steady state e.m.f.s. By the Principle of Superposition , each 
of these e.m.f.s will act independently in producing steady 
state currents. But we have just proved that the Reciprocity 
Theorem holds for each frequency. Thus, the summation of 
the steady state currents in mesh k due to the various steady 
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state e.m.f.s contained in the transient e.m.f. Eb acting in 
mesh b must be the same as the summation of the steady 
state currents which would be caused in mesh b by the same 
steady state e.m.f.s resident in E b when the latter is acting 
in mesh k. Therefore, the Reciprocity Theorem holds for 
transient e.m.f.s of any character whatever. 


§11. Thevenin's Theorem 

A further principle which is extremely important in the 
solution of network problems, is that expressed by Thevenin's 
Theorem. This theorem may be stated in its steady-state 
form as follows: If an impedance Z be connected between any 
two points of a circuity the resulting ( steady-state ) current I 
through the impedance is the ratio of the potential difference V 
between the two points , prior to the connection , and the sum of 
the values of (/) the connected impedance Z and (2) the impedance 
Z' of the circuit , measured between the two points. That is, 

/—JL_. 

Z + Z' 

This means that we may regard the circuit, so far as the 
current which flows in the 
newlyconnected impedance 
is concerned, as a generator 
having an open-circuit volt¬ 
age equal to the potential 
difference V and an internal 
impedance equal to the im¬ 
pedance Z' of the circuit, 
prior to the connection, 
between the two chosen 
points. 

Thevenin’s Theorem 
may be proved for the 
steady-state condition as 
follows: 

Between two points A and B in a circuit (Fig. 23), energized 



Fig. 23.—An Active Network to Whose 
Terminals A and B an Impedance Z is to 
be Connected. If an E.M.F. Equal to 
— V (V BEING THE OPEN-CIRCUIT VOLTAGE 
at A-B) Be Placed in Series with Z, No 
Current Will Flow in Z when the Cir¬ 
cuit is Closed. 
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by an inaccessible e.m.f. E , assume that a voltage V exists. 
Let it be desired to connect an impedance Z between these 
two points. If, prior to the connection, we insert an e.m.f. 
— V in series with Z and then make the connection from 
B to B', there will be no difference of potential between A 
and A’ '. Consequently the latter two points may be con¬ 
nected together without causing any current to flow. The 
e.m.f. — V may, by the Principle of Superposition, be re¬ 
garded as having caused a current to flow through Z of such a 
character as to annul the current which would have flowed due 
to E. But the current which the e.m.f. — V would force 
through Z, if acting alone, would be equal to — V\{Z + Z r ). 
Consequently, the current which E acting alone causes to 
flow through Z is equal to F/(Z + Z'). 

The importance of this theorem lies in the fact that it 
enables a determination of the current and voltage conditions 
in any branch of a network to be made from measurements in 
that branch, or between the junction points across which the 
branch is connected, without knowing the voltage and current 
conditions at the transmitting end of the network. Further¬ 
more, the change in current and voltage conditions which 
would result at the receiving end of a network from changes 
in the network at that point are, by means of Thevenin s 
Theorem , readily computed. 

§12. Compensation Theorem 

If a network is modified by making a change AZ in the 
impedance of one of its branches , the current increment thereby 
produced at any point in the network is equal to the current 
that would be produced at that point by a compensating e.m.f., 
acting in series with the modified branch , whose value is — /• AZ, 
where I is the original current which flowed in the modified 
branch. 

This is the Compensation Theorem. Its value lies in the 
simplification which it affords in the computations of effects 
in a network, due to changes therein. Suppose, for example. 
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that the impedance of branch k of a network is changed from 
Z k to Z k + AZ k . If the current in Z k before the change is 
Ik and a compensating e.m.f. equal to I k -AZ k is inserted in 
series with branch k , the currents in all parts of the network 
will be the same as originally, since the compensating e.m.f. 
cancels the effect of the voltage drop I k ■ A Z k . By the Principle 
of Superposition we may consider that the compensating e.m.f. 
has produced a current which has nullified the change in I k 
which would result from the change A Z k alone. Therefore, 
the increment in current at any point in the network due to 
A Z k will be equal to that current which would be produced 
by the negative of the compensating e.m.f. acting alone in 
the modified network. 

If the mutual impedance between two branches k and h 
is changed from Z kh to Z kh + A Z kh it may be shown in a 
similar manner that the resulting increment in current at any 
point in the network will be the same as that which would 
be produced by an e.m.f. equal to — I k 'AZ kk in branch k 
and an e.m.f. equal to — I k ‘AZh k in branch h. This will be 
true whether or not A Z kh is equal to A Z hk . 

A special case is that in which the change made is to 
introduce an open-circuit in one branch. The compensating 
e.m.f. I k 'AZ k would then be infinite. The following method 
may be used in this case: Let Z' be the impedance of the net¬ 
work at the terminals to which Z k is connected, measured 
when Z k is disconnected. The current that flows in Z k , 
when connected, may be considered to be due to an e.m.f. E' 
in series with Z k and Z', or 


I k 


E' 

Z k + Z' y 


(20) 


where E' is equal to the voltage which would be measured 
across the opening in the branch. If we introduce an e.m.f. 
E equal to — E' the current in the branch is reduced to zero 
and we may open the branch without disturbing the current 
distribution in the network. Hence the current increment 
due to opening the branch is the current produced by an e.m.f. 
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E — — E' = — I k (Z k + Z') (21) 

acting alone in the original network in series with Z k . 

§ 13. Balanced and Unbalanced Networks 

There is a feature of communication circuits which 
warrants mention at this point because of the confusion which 
sometimes attends it. This is the general classification of 
circuits, portions of circuits, or of specific apparatus, like 
networks, as either balanced or unbalanced. The reason for 
the distinction may be seen by considering that lines or 
cables employed in communication systems may be used in 
either of two ways, viz., (1) with currents sent along two 
wires symmetrically disposed with respect to ground, or (2) 
with currents sent through a “grounded circuit,” a wire 
being used for one conductor and a “ground” path for the 
other. 3 

There are networks, uncommon in communication circuits, 
which would conform neither to the definition of “balanced” 
nor “unbalanced” as given below. These definitions have 
been adopted for use in this text because they are particularly 
useful for communication systems. 

A circuit , all of whose impedances are symmetrically dis¬ 
posed with respect to objects at ground potential , is called a 
balanced circuit. That a definite “balance” is involved may 
be seen by reference to section 3, chapter I, where it is ob¬ 
served that in a balanced circuit, if symmetry is not closely 
maintained, interference or other currents set up between the 
two wires and ground may enter the balanced circuit and 
mingle with currents there. For similar reasons, apparatus 
which is connected to balanced lines should itself be balanced, 
so that currents set up between the apparatus and ground 
may not penetrate the balanced circuit. 

A circuit which has an impedanceless path on one side for 

3 “Ground” may refer not to the actual ground or earth, but to any conductor 
in the neighborhood that may have essentially the same potential as a large number of 
other conductors. 
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the flow of currents is called an unbalanced circuit. Since, 
when the circuit is “grounded,” this impedanceless path is 
put at ground potential, this side of the circuit is commonly 
referred to as the “ground side.” Since no conducting path 
can be absolutely impedanceless, the ideal unbalanced circuit 
cannot be realized, and the usual difficulties due to impedance 
in the ground paths are present. Care must be exercised in 
connecting together apparatus which is to be used in un¬ 
balanced circuits; the grounded sides must be directly con¬ 
nected together, and so must the sides which contain im¬ 
pedances. 

Typical balanced and unbalanced networks are shown in 
Fig. 24. (A) shows a balanced network; the arm 1-3 is 




Fig. 24.—Typical Balanced and Unbalanced Networks. (A) A Balanced T 
Network; (B) an Unbalanced T Network. 

to be inserted in series with one wire, the arm 2-4 in series 
with the other wire. (B) shows an unbalanced network; 
the arm 1-3 is to be inserted in series with the wire of the 
circuit which contains impedances; terminals 2 and 4, which 
are electrically the same point, are connected to the ground 
side of the circuit. In each case terminals 1 and 2 may be 
regarded as the input terminals, 3 and 4 as the output 
terminals. Under certain circumstances it is desirable to 
interchange terminals 3 and 4 in order to effect a phase 
change of x radians; this cannot be done directly in the case 
of the unbalanced network, since the result would be a short- 
circuit, but the effect may be accomplished by means of 




60 PRINCIPLES OF TRANSMISSION NETWORKS 


inductive coupling, i.e., a transformer. This difficulty does 
not arise with balanced circuits. 

Balanced and unbalanced circuits may not usually be 
directly interconnected. As may be seen from Fig. 24 some 
impedances would be short-circuited by the ground path. 
They may, however, be interconnected by means of trans¬ 
formers provided that proper attention is given to shielding. 

In Fig. 24(A) it is in general not necessary that the center 
of the shunt path Z c be definitely connected to ground; 
frequently, especially where circuits are phantomed, it may be 
better not to do so. If this connection is not made, the 
elements which comprise Z c may or may not be arranged in a 
symmetrical fashion with respect to ground, depending on 
the magnitude of the unavoidable admittances to ground 
which are present. If the shunt path in this case is not 
symmetrically arranged, the network would be called balanced 
from a practical standpoint, although it does not strictly 
meet the definition given for a balanced circuit. 

§14. Terminal Impedances 

The effect of the insertion of a network into an electric 
circuit is not alone dependent on the character of the net¬ 
work, but also on the character of the rest of the circuit. 

However, it follows from 
Thevenin’s Theorem (Sec. 
11), that the effects of the 
other parts of the circuit 
depend only on the impe¬ 
dances and voltages of 
those parts measured at the 
terminals by which they are 
connected to the network. 
For instance, suppose in Fig. 25 it is desired to know the 
effect of the insertion of the network 1—2-3-4 on the current 
delivered to the receiver Zr. The effect will not be de¬ 
termined by the network alone, but as well by the nature of 



Fig. 25.—A Transmission Network 
Working between Terminal Impedances 
Zs and Zr. 
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the input circuit (to the left of 1-2) and of the output circuit 
(to the right of 3-4). Thevenin’s Theorem shows that it is 
necessary to know the impedances of these input and 
output circuits at their terminals 1-2 and 3-4, respectively, 
and the voltages they offer to the network, but that it is 
not necessary to know the internal configuration of these 
circuits. These impedances Z s and Z R are called the 
terminal impedances , or sometimes the terminating impedances. 
The network may be said to work (i.e., to operate') between 
these terminal impedances. 

§15. Exponentials and Complex Quantities 

As pointed out in Sec. 7 the performance of transmission 
networks is measured on the basis of current, voltage, or 
power ratios. Since the load impedance is assumed to be 
constant, current or voltage ratios are generally used, the 
advantage being that phase changes as well as magnitude 
changes are indicated. 

Suppose we are interested in the product of several 
current ratios. Let a ratio of any two currents and Ik 
be expressed exponentially as follows: 

— = £~(A+jB) — £—A—jB — e ~A e ~jB' ( 22 ) 

Ik 

The factor e~ A denotes the ratio of current magnitudes, i.e., 

(23) 

(24) 

If A is positive, |/*.| is larger than |/*|. The factor e~ jB 
denotes a difference in phase between the currents, Ih lagging 
Ik by B radians if B is positive. 

The product of several current ratios may be expressed 
as follows: 


or 


- . ,—A 


A = log e 
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/o 11 I 2 h 
1 1 I2 I3 Iz 

where 


and 


If we let 
and 

we have 


g Ai—jBi. ^ — At—jBt . g— As—jBs 

( 25 ) 

— (.A1+A2+A3) . £—} (B1+B2+B1) 


A = (Ai+jBi) 

h 


£ 

II 

s rt ls N 


k> 

£ 

II 

( 26 ) 

— A\ + A% + Az 

(27) 

= B\ + B 2 + Bz , 

( 28 ) 

— = f-U+jB) 

h 

(29) 


The phase angle B is not uniquely determined by the 
current ratio /&//* in (22); that is, B might be, for example, 
7r /6 or x /6 plus or minus any multiple of 27 r radians. 

In derivations involving exponentials and complex quanti¬ 
ties we have frequently to take the logarithm of a complex 
quantity. This may be easily done by expressing the com¬ 
plex quantity in exponential form and applying the ordinary 
rules of logarithms. Let 



A + jB = CeM, 

( 3 °) 

where 

C ' = V A 2 + B\ 

( 3 1 ) 

and 

,B 

6 = tan -1 —;. 

A 

(32) 


The natural logarithm will be 


-log e {A + jB ) = log, CV* = log, C + je. 


( 33 ) 
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§16. Hyperbolic Functions 

It will be of advantage at times to make use of hyperbolic 
functions, but for the purposes of this text a complete knowl¬ 
edge of their theory and derivations will not be necessary. 4 
They may be considered here simply as symbols to indicate 
certain exponential functions. The exponential equivalents 
of those hyperbolic functions of any quantity u in which we 
shall be interested are as follows: 


sinh u = 
cosh u = 
tanh u = 
coth u = 


€“ — c “ 


€“ + € u 


sinh u € u — € u 

cosh u e u + € _u ’ 

I _ e“ + e~ M 

tanh u e u — e~ u ’ 


(34) 

(35) 

(36) 

(37) 


where sinh u , cosh «, tanh u, and coth u are the hyperbolic 
sine, cosine, tangent, and cotangent, respectively, of u. 

In general u is a complex quantity, 

u = x + jy y (38) 

and so are the various hyperbolic functions. 

If, in a special case, x — o and u becomes a pure imaginary, 
u = h-> t ^ le ordinary functions of circular trigonometry may 
be derived. For instance, 


and 


sinhyy = 


€ jv _ € ~jy 


= j sin y. 


(39) 


coshyjy = 


e jv -f €~ 


= cos y. 


( 4 °) 


4 A more complete treatment of hyperbolic functions will be found in J. A. Fleming* 
“Propagation of Electric Currents in Telephone and Telegraph Conductors,” 
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External Performance of Networks—Conditions for 
Network Equivalences—Some Important 
Network Parameters 

It is not to be expected that as the number of elements 
in a network increases, the effects of the network in an 
electrical circuit can continue to be calculable with reasonable 
effort and therefore controllable, unless the arrangement of 
its elements is limited to certain forms and unless certain 
relationships are insisted upon between groups of the elements. 
The most convenient method of fashioning a network whose 
addition to a circuit is to cause given changes in the fre¬ 
quency characteristics of that circuit is to regard the net¬ 
work as composed of a chain of subsidiary networks through 
each of which the current is led in turn. Each of these 
subsidiary networks is assigned definite duties, that is, each 
of them is expected to accomplish a certain portion of the 
total required changes in circuit characteristics. If this 
method is to be followed, the changes wrought by the various 
subsidiary networks must be relatively independent of one 
another, that is, the additional changes caused by each of 
them must not be dependent on changes already made. 

§ 17 . External Performance of Networks 

In order to see how simpler networks may be combined 
harmoniously into a larger network, we may examine general¬ 
ized networks about whose specific internal arrangements of 
elements we need know nothing, and observe how the external 
performance of the networks in any given circuit may be 
related to quantities (impedances, etc.) whose values can be 
derived from measurements made externally on the net¬ 
works. These quantities will prescribe the environment in 

64 
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which other associated networks must work. Determining 
thus both the individual performance of a network and the 
environment in which additional networks must operate, 
they hold the key to successful compositing of networks. 

The transmission problem for a single network may 
ordinarily be reduced—considering transmission in one di¬ 
rection at a time —to the following terms: 

(1) There exists transmitting apparatus which has an 
open-circuit e.m.f. E and a certain internal impedance Z s 
(as measured between its transmitting terminals in such a 
way as to avoid effects of the e.m.f.). This transmitting 
apparatus may in reality have a complicated circuit internally, 
but from Thevenin’s Theorem the current flowing out of 
such a circuit is exactly the same as would be provided by 
a simple generator with an internal impedance Z s in series 
with an internal e.m.f. E. 

(2) There is a receiving device of impedance Z R which is 
to absorb power from the transmitting apparatus, this power 
resulting in manifestations of signals or disturbances being 
exhibited by the device. 

(3) A network with whose transmission properties we are 
concerned connects the transmitting apparatus and the re¬ 
ceiving device, its function being to convey to the receiving 
device in certain proportions and phases currents of certain 
frequencies provided by the transmitting apparatus. How 
much current of each frequency is so conveyed, and with 
what relative phase position it is transmitted depend on 
the attenuation, phase shift, and impedance properties of the 
network. 

In Fig. 26 such a network is represented in boxed form, 
having one pair of input terminals (1-2) and one pair of 
output terminals (3-4). The transmitting apparatus on the 
left is connected to the input terminals and the receiving 
device on the right to the output terminals. 

With the network so connected, there are four quantities 
which completely specify its external performance for trans¬ 
mission in a particular direction. They are: the input and 



66 PRINCIPLES OF TRANSMISSION NETWORKS 


output currents, I\ and / 2 , and the voltages across the input 
and output terminals, V 12 and V 34. Only two of these 
quantities, one taken at either end of the network, are in¬ 


dependent for the particular 



Fig. 26.—A Generator if Imped¬ 
ance Zs and E.M.F. E Connected 

THROUGH A TRANSMISSION NETWORK TO 

a Receiver of Impedance Zr. 


transmitting apparatus and 



Z34 


Fig. 27. —The Circuit of Fig. 26 
with the Transmission Network 
Represented by its Equivalent T 
Network. 


receiving device shown in Fig. 26, for V l 2 and I\ are connected 
by the equation 

E - LZ S = V a , (1) 

and and h are related by the equation 

Ezi — UZr. (2) 

Therefore, a network designed to provide specified currents 
and voltages would need to have within it only two inde¬ 
pendent arms , such as a series arm and a shunt arm. (We 
are not concerning ourselves for the moment whether the 
values of these two arms would correspond to positive— 
and therefore physically realizable—resistances, inductances, 
and capacities.) 

If we have need for transmission in the reverse direction, 
one additional requirement is brought about; or, as we shall 
see later, if we are interested in the equivalence of two 
networks no matter what the values of the impedances 
between which they work, the same condition is present, 
because changes in the receiving impedance may be viewed 
as having the same effects as e.m.f.s inserted there. Con¬ 
sidering Zr as transmitting apparatus with an e.m.f. E in 
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series with it, and Z s as a receiving device (with no e.m.f.), 
the Reciprocity Theorem determines the output current into 
Z s and therefore the output voltage. The input current 
from Z R requires an additional independent impedance branch 
within the network. Thus, whatever the exact internal 
arrangement of the network physically, it may be completely 
represented at any single frequency by three independent 
impedance arms. (We omit here the question of circuit 
balance to ground and assume that electrical effects from 
parts of the network to ground may be neglected). 

For example, the T network of Fig. 27 has a sufficient 
number of independent impedance arms to satisfy the fore¬ 
going conditions. If, from measurements made on the net¬ 
work of Fig. 26, we establish what values of Z A , Z B , and Z c 
would be required to give the same external current and 
voltage conditions, we have derived what is called the 
equivalent T network of the concealed network of Fig. 26 when 
both networks operate between the particular values of trans¬ 
mitting and, receiving impedances (i.e., terminating impedances ) 
specified, in Fig. 26. 

§ 18. External Equivalence of Networks Independent of Values of 
Terminating Impedances 

It may now be shown that two networks , which are ex¬ 
ternally equivalent because of identical performance when working 
in two-way transmission between one set of terminating im¬ 
pedances , are equivalent for all sets of terminating impedances , 
and for either one-way or two-way transmission , i.e., the equiva¬ 
lence of two such networks resides solely in the character of the 
networks and is independent of the impedances between which 
they work. Another way of stating this is that two networks, 
each having at least three independent arms, which are 
equivalent when working between one set of impedances, 
are equivalent for all sets of terminating impedances. 

Suppose that the networks exhibit the same external 
transmission properties when Z s and Z R have certain values 
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of impedance. If we may change Z s and Z R to any other 
values Z s r and Z R r and still obtain for the two networks 
equal input and output currents and voltages for the same 
value of e.m.f. E, the equivalence holds for all values of 
terminating impedances whatever. We need consider trans¬ 
mission in one direction only, for the proof may be repeated 
with exactly corresponding steps for transmission in the 
opposite direction. 

Let first the value of the impedance of the receiving 
device in Figs. 26 and 27 be changed from Z R to Z R , but let 
the transmitting apparatus remain unchanged. 


Output Conditions with Receiving Impedance Equal to Z R 
The output current before Z R is changed is for either 
network, by Thevenin’s Theorem, 


h = 


V 


-Z34 + Z\ 


(3) 


where V\s the open-circuit voltage which would exist between 
terminals 3-4 with Z R disconnected and Z 34 is the impedance 
of either network between terminals 3-4 with the opposite 
end (1-2) connected to Z s . That Z 34 was the same for 
either network followed from the equality of the input 
currents when the direction of transmission was reversed; 
thus the voltage V is the same for either network. With 
Z R changed to Z R the resulting output current is 


U = 


V 


z 34 + Z R 
z 34 + Z R 


z 34 + Z\ 


7 ^ 2 , 


(4) 


and hence is the same for either network. Also, since the 
two networks are alike terminated in Z Ry their output 
voltages, 

Eu' = UZ R \ 


are equal. 


( 5 ) 
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Input Conditions with Receiving Impedance Equal to Zr 
To obtain the input currents when the receiving impedance 
is Z R r , let us break up Zr into two component impedances, Zr 
and Z, so that 

z = Zb' - Zr (6) 

is the vector increase in impedance which has taken place in 
the receiving impedance. The result is shown in Figs. 28 



of a Network. Changed from Zr to with the Network Replaced by its 
Zr' — Zr + Z. Equivalent T. 


and 29, where, for either network, the potential difference 
/ 2 'Z exists between points c and d in the output loops. If 
we now remove the impedances Z from the circuits, together 
with associated potential differences, and substitute between 
points c and d of either output loop e.m.f.s of the same magni¬ 
tude and phase as the removed potential drops, viz.. 


e = 



Fig. 30. —Substitution of an E.M.F., e, 


for the Drop IJZ of Fig. 28. 


h'z, ( 7 ) 



Fig. 31.—Circuit Equivalent to 
That of Fig. 30. 


no change in current or voltage conditions in the circuit 
will take place, for by KirchhofFs Laws the voltages around 
the output loops will be in equilibrium. With this change, 
the circuits of Figs. 28 and 29 become those of Figs. 30 and 31, 
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respectively, and differ from the original circuits of Figs. 26 
and 27 only in that the e.m.f.s ( e ) in the secondary loops may 
be regarded as establishing the additional currents which 
change / 2 to I 2 and / x to //. The latter current is the same, 
by the Reciprocity Theorem, as e acting in series with Z s 
would have produced in Z Ry and from the Principle of Super¬ 
position and the original circuit condition this current is the 


same for the two networks and is 


< 

11 

1 

(8) 

Hence 


/,' = h + iA, 

E 

( 9 ) 


in which form // is expressed in terms of quantities known 
to be equal for the equivalent networks. The input voltages 
are therefore also equal, since they are given by 

Vn = E - h'Z s . (IO) 

Finally, the impedances of the two networks (Zj/) at the 
input terminals, with the impedance Z R ' connected to the 
output terminals, are equal because they involve only a 
ratio of input voltage to input current: 

V n ' 

Z ™=-JT- (II) 


Input and Output Conditions with Transmitting Impedances Equal 
to Zs 

Let us now assume, that with the receiving impedances 
standing at Z R \ the transmitting impedances from which the 
networks operate are changed to Z/. We have the con¬ 
ditions of Figs. 32 and 33, respectively. In the case of either 
network the input current is equal to 


h" 


E 

Z/ + Z 12 '* 


(12) 
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Separating each transmitting impedance into two series 
impedances, Z 8 and Z', so that 

z' = zy - z 8 (13) 

is the vector increase which has taken place in the trans¬ 
mitting impedances, and replacing the potential difference 



Fig. 32.—A Transmission Circuit Fig. 33. —Circuit Equivalent to 

in Which the Input Impedance Has That of Fig. 32. 

Been Changed from Zs to Z g'. 

E — Ii r, Z f by a new e.m.f. ( E'), the circuit conditions differ 
from those of Figs. 28 and 29 only in that new (equal) e.m.f.s 
are acting. All of the currents and voltages in both circuits 
will, by the Principle of Superposition, be altered in the 
ratio (E'fE) and hence the external performance of the two 
networks is identical. Therefore their external transmission 
properties are alike for all conditions of termination. 

§19. General Conditions for Equivalence of Two Networks 

Since the proof in section 18 has assumed nothing about 
the internal structure of the concealed network, the latter 
may have any form. Since the specific T-form of the second 
network did not enter into the proof, any form having at 
least three independent parameters will suffice for this net¬ 
work. Therefore any network having one pair of input and 
one pair of output terminals may he completely represented , 
or replaced , at any frequency , by a T network (or network 
having any form providing at least three independent parameters') 
as far as external current and voltage conditions are concerned. 

We have here to distinguish between balanced and un¬ 
balanced networks in the matter of equivalence. When we 
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have referred to a T network in sections 17 and 18, and their 
accompanying illustrations, we have assumed that this net¬ 
work would be balanced or unbalanced corresponding to the 
nature of the concealed network. 

This may be made clearer by distinguishing between 
absolute equivalence and limited equivalence. In general, two 
networks are equivalent when, under certain conditions, one 
network can be substituted for the other without affecting 
the voltage or current conditions in any portion of the circuit 
external to the networks. Two networks are said to possess 
absolute equivalence if they are equivalent under any circuit 
conditions whatever. When two networks are equivalent 
only for certain kinds of circuit conditions, they are said to 
possess limited equivalence. 

Thus, a T network of unbalanced character cannot be 
said to be absolutely equivalent to a concealed network of 
balanced character. Yet, for certain kinds of circuit con¬ 
ditions, the one might be used interchangeably with the 
other. 

§ 20. Types of Equivalent Networks—Balanced and Unbalanced 
Structures 

Some of the more common forms of networks, in addition 
to the T type , having at least three independent arms are: 
the 7r type, the generalized transformer , and the bridged-T 
type. These are shown in Fig. 34 in both balanced and un¬ 
balanced form. The respective balanced and unbalanced 
types are limited in their equivalence to one another from a 
transmission standpoint; the balanced types contain the same 
number of independent parameters as the unbalanced types. 

The presence of a ground plane need not concern us here 
as far as circuit current and voltages are concerned except 
to say that it establishes the absolute potentials of various 
points in a circuit with respect to ground. The ground 
connections are shown in dotted form because the establish¬ 
ment of ground connections may or may not be found 
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necessary as a practical measure in considering the effect of 
secondary admittances in a circuit; once it is established, the 
question of whether balanced or unbalanced networks are to 
be used is, as a rule, determined by the character of that 
portion of the circuit in which they are connected. 

All of the networks shown in Fig. 34 are in their most 
general forms dissymmetrical. This refers, not to the con¬ 
dition of balance, but to the fact that the impedance between 
terminals 1-2 with any termination closing the 3-4 end is 
not the same as the impedance between terminals 3-4 with 
the same impedance closing the 1-2 end. Or, the networks 
are not symmetrical about a vertical line half way between 
the input and the output terminals. We cannot make 
simple reversals of such dissymmetrical networks in the 
circuit with respect to the direction of propagation of current 
without changing the current and voltage conditions in the 
circuit. Each of these networks may be symmetrical for a 
special case and then most of them have only two independent 
parameters instead of three. On the other hand, the lattice 
network is shown only in balanced form, for the centers of 
the crossed impedance arms are not, in general, at zero or 
ground potential. It is chiefly useful in this balanced sym¬ 
metrical form shown. The bridged-T type has, of course, 
four parameters in its unbalanced form, one more than 
necessary; but the use of an extra parameter sometimes 
leads to more conveniently arranged structures. The general¬ 
ized transformer may have a mutual impedance Zm of any 
character 1 whatever, as determined by measurements; the 
usual transformer with closely associated inductive windings 
is a special case. With a transformer having inductively 
coupled windings, because of the transformation of energy 
involved, one winding may be connected to a balanced 
circuit and the other to an unbalanced circuit, if desired. 

1 Mutual Impedance, as used here, signifies merely that impedance which is 
mutual or common to two paths or loops in a circuit. Thus, a capacitance may be 
mutual to two portions of a circuit and would be referred to as the mutual capacitance 
between these portions of the circuit; similarly with mutual inductance and mutual 
resistance. 



UNBALANCED FORM 


BALANCED FORM 





Fig. 34. —Some Common Types of Generalited Networks. 
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§ 21. Determination of Parameters Governing External Performance 
of Networks 

Open-Circuit and Short-Circuit Impedances 
It has been stated that networks with three or more 
parameters which are externally equivalent when connected 
between any two impedances retain that relationship when 
connected between any other impedances. This affords us a 
simple method for determining the relationships between the 
impedances of equivalent networks, as we may equate the im¬ 
pedances of the networks under the conditions that give the 
simplest equations. For example, if we measure the im¬ 
pedance of the networks of Figs. 26 and 27 between terminals 
1-2, with terminals 3-4 open-circuited, we have for this 
open-circuited impedance Z oc , 

Zoc = Z A + Zc. (14) 

Similarly, if we measure the open-circuit impedance Zoc 
of each network between terminals 3-4 with terminals 1-2 
open-circuited, we have 


Zoc - Z B + Z c • (15) 

Only one further equation is needed to determine Z A , Z B , 
and Zc. We may measure the impedance Z S c between 
terminals 1-2 with terminals 3-4 short-circuited, which gives 


Z 


sc 


— Za + 


Z B Zc 
Z B -j- Zc 


(16) 


or the impedance between terminals 3-4 with terminals 1-2 
short-circuited, which gives 


Z 8C ' 


Zb + 


z A z c 

Z A + Zc 


(17) 


Three of these four equations may be solved for Z Ai Z B , 
and Zc explicitly (only three of the four equations can be 
independent), with the following results : 
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ZjC — ^IZoc'iZoC — Zsc) — <Zoc{Zoc' Zsc'), 

Za — Zoc — V Zoc {Zoc — Zsc ) 

= Zoc — "N IZoc(Zoc' — Zsc')} 

Zb = Zoc — ^Zoc{Zoc — Zsc) 

— Zoc' — 4Zoc(Zoc' — Zsc')} 

in terms of Zoc, Z 0 c' y and Zsc, and of Z 0 c, Z 0 c , and Zg/, 
respectively. 

Iterative Impedances 

The impedance relationships required may also be ob¬ 
tained under various other conditions of terminal connections. 
For example, the impedance Z of either network between 
terminals i-2 may be taken with Z R so adjusted that its 


Zk. 


2 4 

Fig. 35.—A Transmission Network (and its Equivalent T Network) Termi¬ 
nated BY ITS ITERATIVE IMPEDANCES. 

value is equal to the impedance between 1-2. This is 
illustrated in Fig. 35 where for either network 

Zr = Zr v (21) 

Zk x is called an iterative impedance of the network, for the 
terminal impedance itself Z Rl may be regarded as that of a 
similar network terminated in Z Rl or finally, as a recurrent 
chain of similar networks. Obviously, this is a condition of 
measurement which is closely associated with a particular 
method of joining a chain of networks. The networks of 
Fig. 35 have each two iterative impedances: (1) that obtained 
Zk x between 1-2 with the 3-4 terminal impedance Z Rl 
adjusted to an equal value, and (2) the corresponding im¬ 
pedance Zk 2 between 3-4 with Zs adjusted to the value Zk 2 . 




(18) 

(19) 

(20) 
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We may set up the following equations from Fig. 35: 


and 


Zc(Z B + Zk t ) 

Zb + Zc + Zk x 


Z C (Z A + Zk 2 ) 
Za + Zc + Zk 2 


(22) 


(23) 


From these equations we may obtain the iterative impedances 
of either network in terms of the impedances Z Ai Z B , and Z c 
of the equivalent T network; they are 

z*. = i (V(zl + Z B ){Z A + Z B + 4 Zc) + Z A - Z B ), (24) 

and 


z*, = h^(z A + Z B ){Z A + z B + 4 Z C ) - z A + Z B ). (25) 


The iterative impedances Z Kl and Zk 2 ‘ are important 
because of the simplifications they make possible in many 
transmission formulae. They are particularly important in 
multi-section networks built up on an iterative basis, i.e., of 
matched iterative impedances in successive sections. 

For a symmetrical T section Z A = Zb, and formulae (24) 
and (25) simplify to 

Zk = Zk x = Zk 2 = <Z a (Za “f" zZc) 3 (26) 

the two iterative impedances being equal. 

A logical parameter to associate with the iterative im¬ 
pedances as the third one required is the propagation constant 
P 3 which is the natural logarithm of the ratio of the input and 
output currents of a network terminated on an iterative basis at 
both ends 3 

^ = log ey> (27) 

■t 2 


where I\ is the input current and / 2 is the output current. 
This is merely an exponential method of expressing the 
current ratio, that is, 


h 
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It is of particular interest that the ratio of output and 
input currents in Eq. (27) is also the current ratio (inverted 
in both cases to make the ratio greater than unity) which 
corresponds to the insertion loss of the network when working 
between its iterative impedances. This is so because I\ is 
the current which would flow into the load impedance Zk x 
if the network were removed, and it leads to simplification in 
insertion loss formulae. 

If we wish to express Eq. (27) in terms of the impedances 
of the arms of a T network, we may write 


p ~ log -£ = log ‘ ( z Kl + zj 

., (Z K + Z K ) (Z B + Z c + Z Ki ) 


= iog, 


Z B + Z c -\- Z Kl 


or, taking the reverse direction of propagation, 

„ , . Za + Z c + Z Ki 

P = lo ge - y c -* 


To obtain an expression which depends only on Za, Zb, 
and Zc, let us substitute (24) in (29). We have 

Z B + Z c + §*>/( Z A + Z b )(Za + Z B + 4 Ze) 

+ \Za — \Zb 

P = log,-^- 

, f Za + Zb + ^Zc 


= 1( >g.[ 
= !°g,[ 


+ J_^J( Z a + Z s \( Za + Z b + 4 z c ^ (31) 


Za + Zb H - 2Z< 
2Zc 


Za + Zb + 2Zc\ 2 
2 ~Z~ C / 


)•-] 
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But this may be put into a more convenient form by means 
of the identity 

log 6 {a + V<2 2 — 1) = cosh -1 a> (32) 

so that 2 


P = 


, Za + Zb + 

cosh -1 --- 

iZc 


(33) 


The input and output currents of a network (Fig. 35) 
terminated on an iterative basis are the same in either di¬ 
rection of propagation, for the output currents for an e.m.f. 
acting successively in series with the terminating impedances 
Zx 2 and Z Kl are the same, by the Reciprocity Theorem, and 
the input currents in either case are the same because the 
e.m.f. acts to force current around a loop whose impedance 
is Z Kl + Zk 2 . Thus the propagation constant is independent 
of the direction chosen. 


Groups of Networks Connected Together On An Iterative Basis 
When several networks of equal or unequal propagation 
constants are connected together as in Fig. 36, the output 



Fig. 36.—A Group of Networks Connected Together on an Iterative Basis. 


terminals of one connected to the input terminals of the 
next in chain or tandem form, such that the iterative im¬ 
pedances at successive 1—2 terminals, and at successive 3—4 
terminals are alike, each of the networks is ideally terminated 
from an iterative standpoint, for the impedance across its 
1-2 end is Z Ki and across its 3-4 end is Z Kr Therefore 


2 From (35), Chap. II, this is merely an alternative form of 

Za + Zb + 2Z0 d* + e~ p 


we 
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may regard the several networks as equivalent to a single net¬ 
work which also has iterative impedances Z Kl and Zx 2 
respectively. Now, if the propagation constants of the 
several networks are Pi, P2, etc., respectively, where, in 

Fig- 3 6 > 



( 34 ) 

( 35 ) 


and so on, the propagation constant P of the composited 
network of Fig. 36 is given by 



so that 


I2 h U 
h * h ’ /. 


e -Pl e -P2 e -P. 


P = Pi + P 2 + P 3- 


€ _ (Pi+P 2 + p, )} ( ^ 6) 

( 37 ) 


The various propagation constants will in general be 
complex numbers (see Section 15, Chapter II). The real 
part of each propagation constant will be a logarithmic 
measure of the ratio of the magnitudes of the corresponding 
currents, and the imaginary part will give the phase difference 
between these currents. If 



P = A + jB, 

Pi = Ai + jBi, etc. 

( 38 ) 

then 


A = A\ + A?. + Azy 

(39) 

and 


B — B\ + P2 + B3. 

(40) 


The real and imaginary parts of the propagation constant 
are called the attenuation constant and the phase constant , 
respectively. As the propagation constant has been defined 
above as a natural logarithm , its real part is expressed in nepers 
and its imaginary part in radians. Formulae for converting 
nepers to decibels, when practical units are desired, may be 
found in Section 7, Chapter II. 
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Image Impedances 

Other important impedance conditions which we may use 
in expressing the constants of equivalent networks or in 
expressing the external performance of a single network are 
those corresponding to the image parameters. The image 
impedances of a network are illustrated in Fig. 37. 



Fig. 37. A Network Terminated by its Image Impedances. 


If the 3-4 terminals of the T network in Fig. 37 are 
connected to an impedance Z 72 , the impedance looking into 
the T network at the 1-2 terminals will be 


•Z12 — Za + 


Z C {Z B + Z/ 2 ) 
Zc + Zb + Zi 2 


( 41 ) 


Similarly, if the 1-2 terminals of the T network are connected 
to an impedance Z 7l , the impedance looking into the 3-4 
terminals of the T network will be 


Z34 — Z\ 


Zc{Z A + Z 7l ) 


(42) 


If Z 12 is equal to the terminal impedance Z 7i and if, 
similarly, Z 34 is equal to the terminal impedance Z/ 2 , the 
network will be terminated in such a way that at either 
junction 1-2 or 3-4 the impedance in either direction is the 
same. That is, on either side of a vertical line A A' in Fig. 37 
drawn past the input terminals 1-2, the impedance either to 
the left or to the right is Z 7l , and on either side of a line BB' 
drawn past the output terminals 3—4 the impedance either 
to the left or to the right is Z 7a . Since under these conditions 
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the impedance at A A' or BB’ in one direction is the image 
of the impedance looking in the other direction, Z/ 2 and Z/ 2 
are called the image impedances of the T network. If we 
solve for Z/ 1 and Z/ 2 in terms of Zx, Zb } and Zc of the T 
network, we obtain: 




(Zx + ZcXZxZb + ZxZ c + ZbZ c ) 


(Z b + Zc) 


and 




(Zb + Z c )(ZxZb + ZxZc + ZbZc) 

(Zx + Zc) 


( 43 ) 

( 44 ) 


In terms of open-circuit and short-circuit measurements, 
using Equations (18), (19), and (20), we obtain Z/ 2 and Z/ 2 
very simply as 


Zi t = V ZocZjSC 

(45) 

Zi 2 = ^Zoc Zj sc •> 

(46) 


where Z 0 c and Z S c are the impedances looking into 1-2 with 
3-4 open-circuited and short-circuited, respectively, and Z 0 c 
and Z S c are the impedances looking into 3-4 with 1-2 open- 
circuited and short-circuited, respectively. 

In seeking a logical parameter, involving transmission 
through a network, which we may associate with the image 
impedances, we must remember that it is the transfer of 
power in which we are primarily interested, and that the 
total impedances around the input and output loops {'iZi l 
and 2Z/ 2 , respectively, in Fig. 37) are not equal, as was the 
case for iterative terminations. We may take the change of 
impedance conditions into account by expressing the desired 
third parameter in terms of volt-amperes at the input and 
output ends of the network. 

The transfer constant d of a network may be defined as 
one-half the natural logarithm of the complex ratio of the steady- 
state volt-amperes entering and leaving the network when the 
latter is terminated in its image impedances. The ratio is 
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determined by dividing the value of the volt-amperes at 
the point nearer the transmitting end by the value of the 
volt-amperes at the point more remote. Thus 



rjt* 


(47) 


where V 1 and I\ are the voltage and current, respectively, 
at terminals 1-2, Fig. 37, and V 2 and / 2 are the voltage and 
current, respectively, at terminals 3-4. Since 


and 


V 1 = hZ h 
V 2 = 




I\ Zi 

itz,. log ‘Z^z7,' 


(48) 


If transmission takes place from right to left in Fig. 37, 
we obtain in a similar way 


or 



(49) 

6 = log «7?^> 

(50) 


where V 2 ' and I 2 are the voltage and current, respectively, 
at terminals 3-4, and V\ r and I\ are the voltage and current, 
respectively, at terminals 1-2. 

That equations (48) and (50) give the same values of 6 
may be easily shown. Let E be the e.m.f. acting in the 
input circuit in each case. Then, 
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From the Reciprocity Theorem 

// = u ( 53 ) 

Substitutions of Equations (51), (52), and (53) into (48) 
and (50) will give identical results. 

If we add (48) and (50), we obtain 

* 1 7l /2 ' 

id = log g ' ~y~t > 

or 

6 = lo g ( 54 ) 

i% 1 1 

Thus, the transfer constant is also the natural logarithm , under 
conditions of image terminations , of the geometric mean of the 
input-output current ratios for transmission in the two directions , 
or, from (48) and (50) it is the natural logarithm , under con¬ 
ditions of image terminations , of the input-output current ratio 
in either direction , when allowance is made for the impedance 
transforming action of dissymmetrical networks. 

The “impedance transforming action” of dissymmetrical 
networks mentioned is obviously such as to modify currents 
in a ratio which is equal to the square root of the ratio of the 
image impedances. Its significance will be discussed in 
Section 22. 

The image impedances and transfer constant of a net¬ 
work are important in the treatment of multi-section net¬ 
works, such as wave filters, which are built up on an image 
basis, with the image impedances of adjoining “sections” or 
“half-sections” matched at the junction points. They are 
particularly significant in dealing with reflections. 

Network Groups Formed on an Image Basis 

The networks which are put together on a matched image 
impedance basis may be quite dissimilar from one another, 
as long as the image impedances of successive networks are 
alike at each particular junction point. 
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For example, in Fig. 38 three sections are shown having 
any transfer constants 0i, 0 2 , and 0 3 , and having image im¬ 
pedances Zi t and Z/^ Zi t and Zj 3 , Zj 3 and Z/ 4 , respectively. 
The impedance conditions for each section on an ideal image 
basis are fulfilled and hence the three networks are equivalent 



Fl °- 3 A Group of Networks Connected Together on an Image Basis. 


to a single network having image impedances Z h and 
respectively, the image impedances of the outer ends of the 
end networks. 

From Eq. (48) 



(55) 


and 



( 56 ) 

(57) 


so that, if we denote the transfer constant of the whole net¬ 
work by 0, where 


we have 


0 _ 


u 

h 



(58) 


r* = 



(59) 


= £—& . ( 01 + 02 + 0 *) 


) 


and 


0 — 0i + 02 + 0 3 ; 


(60) 

(61) 




86 PRINCIPLES OF TRANSMISSION NETWORKS 


or the transfer constant of the entire composited network is 
simply the sum of the transfer constants of the individual 
networks. 

Again, any two dissymmetrical networks having equal 
image impedances Zi x and Zj 2 may be connected back to 
back with each other as in Figs. 39(A) and 39(B) so that the 
equivalent single network thus formed is symmetrical, having 
the image impedance Z/ x or Z/ 2 at both of its ends and a 
total transfer constant 

0 = 01 -f 62 . (62) 


If these two component networks have, in addition to 
equal image impedances, equal transfer constants, we see 



(B) 


Fig. 39.—Method of Forming a Symmetrical Network by Connecting Back to 
Back Two Dissymmetrical Networks with Equal Image Impedances. 

from Fig. 39 that a dissymmetrical network may be regarded 
as one-half of the corresponding symmetrical double network 
which may be formed by placing two equal dissymmetrical 
single networks back to back. 

Since the transfer constants 6 , 0 X , 0 2 , etc. are in general 
complex quantities, we may write 



0 = oc + j0, 

0i = «i + jPi> 

62 = a 2 + jfcy etc.. 

(63) 

so that 


a = cti + + otz + etc., 

(64) 

and 


P = & + P2 + £3 + etc. 

(65) 
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The real part a of the transfer constant 0 is called the 
image attenuation constant , and the imaginary part /3 is called 
the image phase constant. From (64) and (65), when several 
networks are connected together on an image basis , the image 
attenuation constant of the group is equal to the sum of the image 
attenuation constants of the individual networks , and the image 
phase constant of the group is likewise equal to the sum of the 
individual image phase constants . 3 


Iterative and Image Parameters in Symmetrical Networks 
When a network becomes symmetrical, i.e., when it may 
be reversed in the circuit with respect to the direction of 
propagation terminals 1—2 and 3 — 4 as denoted above being 
interchanged in the circuit—without alterations in the current 
and voltage conditions external to the particular network, the 
iterative impedances Zk are equal to each other and to 
the image impedances Zj which are also equal to each other, 
that is 

Z K = Z Kl = Z Kt = Zj = Z h = Z/ 2 , (66) 

for the condition of ideal iterative termination at one end 
of the network is then the condition of ideal image termination 
at the other end of the network, since the terminating 
impedances must be equal. 

Likewise the propagation constant P and the transfer 
constant 0 become the same in the case of a symmetrical 
network, for the impedance ratio which entered into the 
transfer constant equations (Z/ 2 /Z/ x or its reciprocal) becomes 
unity. The real and imaginary parts of the propagation 
constant thus become equal , in symmetrical networks , to the 
image attenuation constant and image phase constant , re¬ 
spectively. 

3 In accordance with common practice, the real and imaginary parts of the transfer 
constant will, in this book, be called the attenuation constant and phase constant , re¬ 
spectively, the prefix image being omitted except where confusion with the propagation 
constant might occur. 
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§ 22. Impedance Transformations—Ideal Transformers—Impedance 
Level 

In section 21 reference has been made to the impedance 
transforming action of dissymmetrical networks. An im¬ 
pedance is transformed when it is altered by a numerical factor. 
Simple impedance transformations (i.e., transformations un¬ 
accompanied by other changes) may be made by means of 
ideal transformers. The ideal transformer is a mathematical 
concept which can never exist by itself, but is neverthe¬ 
less useful in judging the performance of physical networks. 

An ideal transformer 4 is defined as a transformer which 
neither stores nor dissipates energy. It has no effective re¬ 
sistances nor capacitances associated with its windings; 
perfect coupling exists between its windings; also, the self¬ 
impedance of each winding, and therefore the mutual im¬ 
pedance between two windings, is at all frequencies infinite. 
It is a property of an ideal transformer (we need consider 
only an ideal transformer with a total of two windings) that 
if an impedance of any character be connected to one winding 
and the resulting impedance at the terminals of the other 
winding be measured, the second impedance will be equal to 
the first multiplied by the ratio of the self-impedance of the 
second winding to that of the first winding. This may be 
proved by expressing the impedance at the terminals of the 
second winding in terms of the self-impedances of the trans¬ 
former and of the connected impedance, and then letting the 
former grow infinite. 

The ratio by which an impedance is altered by the action 
of an ideal transformer may be called the impedance trans¬ 
formation ratio of the latter. Obviously, for a given trans¬ 
former, this ratio may be either a certain numeric or the 
reciprocal of that quantity, depending on the direction in 
which current is made to flow through the transformer. 

4 A complete discussion ofi ideal transformers is given in Chapter VI of “Trans¬ 
mission Circuits for Telephonic Communication,” by K. S. Johnson, and reference 
should be made to it. The given definition of an ideal transformer is taken from that 
chapter. 
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There is also associated with any impedance transformation 
ratio a voltage transformation ratio and a current transformation 
ratio. The output voltage of an ideal transformer bears a ratio 
to the input voltage which is equal to the square root of the 
impedance transformation ratio and is called the voltage 
transformation ratio. This follows from the fact that the 
transformer neither stores nor dissipates energy. Finally, 
the output current of an ideal transformer bears a ratio to the 
input current which is the reciprocal of the voltage ratio , and is 
therefore equal to the reciprocal of the square root of the im¬ 
pedance transformation ratio; this is the current transformation 
ratio. 

Our chief interest in ideal transformers at this point is 
that a dissymmetrical network may be regarded as possessing in 
combination the individual properties of (/) an ideal trans- 



transformer transformer 

Fig. 40.—Three Networks Which Are Equivalent. The Symmetrical 
Networks Are Made Equivalent to Dissymmetrical Networks by Means of 
Ideal Transformers. 

former and (2) a symmetrical network having the same transfer 
constant and having at both ends an image impedance equa,l to 
one of the image impedances of the dissymmetrical network. 

Thus, in Fig. 40, all of the three devices shown are equiva¬ 
lent, for if we connect each of them, at either end, to any 
impedance whatever, we shall obtain the same value of 
impedance at the opposite end. We are thus unable by 
means of impedance measurements to detect a difference 
among them, and they are therefore equivalent. 

In formulae (55) to (59) for the transfer constants of 
various networks it is now evident that the input-output 
current ratios are modified by a factor which is a current 
transformation ratio , so that the impedance transforming 
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properties of a dissymmetrical network may be separated out of 
the properties included in the transfer constant. We see further¬ 
more that in Fig. 39, where like networks are placed back to 
back, the respective transforming actions are cancelled, 
leaving a (double) symmetrical network in each case. 

Ability to change circuit impedances by a numerical 
factor through the use of ideal transformers whose action 
either is approached by actual transformers or is incorporated 
in the action of dissymmetrical networks, leads to the useful 
concept of impedance level. The various unit parts, such as 
networks, in a given portion of a circuit, may be matched on 
an iterative or image basis to a given value of impedance, 
while in some other portion of the circuit, if convenience 
dictates, the circuit impedances may have been transformed 
to a higher or lower value, and matches made accordingly. 
The value of circuit impedance which is used in matching 
several networks to each other or to their terminal impedances 
may be referred to as the impedance level in that part of the 
circuit. 

§ 23. Physically Realizable Equivalent Networks 

No limitations have been put, in the previous sections, 
on the character of Z Ay Z B) and Z c of the T network, or of 
any of the other parameters through which equivalence may 
be expressed. For any particular frequency the values of 
these impedances are given by the above formuke. In 
general, the impedances Z A , Z B , and Z c of the T network, 
or the corresponding impedances of other types of equivalent 
networks, will have no simple relationship with frequency; 
they will vary with frequency in a complicated manner. 
Oftentimes, however, the variation of Z Ay Z By or Z c with 
frequency is the same as that of some physically realizable 
set of impedances made up of simple or distributed in¬ 
ductances, capacitances, and resistances. Oftentimes, also, 
the variation of the impedances Z Ai Z B) and Z c with fre¬ 
quency may be expressed approximately over a sufficiently 
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wide frequency range by some physically realizable im¬ 
pedance combination. 

In such cases the network, about whose internal arrange¬ 
ment we need know nothing, except what may be gathered 
from its external performances, will have an equivalent net¬ 
work which has physical reality, and the two networks may 
be substituted physically for each other in any circuit with 
identical results. 

Whenever, for example, a network is made up of any 
configuration of impedances which vary in the same way with 
frequency and whose phase angles and relative magnitudes 
are therefore the same, from energy dissipation and storage 
considerations, the input impedance at any pair of terminals 
under short-circuit, open-circuit, iterative, image, or other 
impedance conditions which do not introduce dissimilar im¬ 
pedances into the circuit, must vary in the same way with 
frequency. This may be seen by inspecting the character 
of the impedance equations in any particular case. 

Examples of Physically Realizable Equivalent Networks Made up 

of Reactance Elements 

Of particular interest as physically interchangeable equiva¬ 
lent networks are the T and r networks of capacities shown 


__ il __ 

r ■ C *|| 
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II 
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-Cc' 


(A) (B) 

Fig. 41. —Physically Interchangeable Networks of Capacities Which Will Be 
Equivalent to Each Other at All Frequencies. 


in Fig. 41. From open-circuit and short-circuit measurements 
we may derive the expressions: 
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C / = 


Ca + Cb + Co * 


Cb' = 


Co' = 


Ca + Cb + Co * 
CbCc 

Ca + Cb + Cc * 


Ca'Cb' 


Ca = Ca' + Cb' H- 

C-c 


C //~* ' i r< I c ' i //^ / (7®) 

^ ^.b “tL-bCc -f CeCx 


C* = cv + c c ' + ^ 


Cc'Cj 

Cc = Cc' + C/ + -£w 


C //^> > \ n in ’ 1 /° //"> / ( 7 1 ) 

4 T LflCc -f-CcCrA 

C 7 ; 


C //~* / 1 /-* rr> / /-* //■> / ( 7 2 ) 

i t T"C<cw 


Likewise in Fig. 42, the T and 7r meshes of inductances 
are physically interchangeable and the formulae relating the 
inductance values of the impedance arms are: 
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L.A L<b 

La = L A ' + L b ' + Lc r ' 


Lb t , 


La' + Lb' + Lc' ’ 


Lc — 


La + Lb' + Lc' ’ 


T f T , r i LaLc LaLb + LbLc + L C L A 

L a = L a + L c H - ff -; (76) 

L>b L>b 

j t T I T 1 LaL B L A Lb + LbLc + L C La 

Lb' = L a + L b + -= - j -; (77) 

LiC L<c 


T , T I T I LbLc LaLb + LbLc + L C L A 

Lc = Lb + Lc + —f — = - J -(78) 

L.A L>a 


The T and t meshes of capacities and inductances illustrated 
in Figs. 41 and 42 are equivalent and interchangeable even 
when dissipation of power due to effective resistance is 
present in the impedance arms, provided that the ratios of 
resistance to capacity or resistance to inductance are equal 
for the various component arms. 



(a) * 2 (B) 4 

Fig. 43.—A T and a tt Network in General Form Which May Be Made Equiva¬ 
lent to Each Other. 


The more general formulae relating to the two meshes of 
Fig. 43 are as follows (being similar to (73) to (78), in¬ 
clusive) : 
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Za = 

= 


Zc = ~77~i 


Za! + Zb + Zc * 
Zb'Zc’ 

Za' + Zb’ -f* Zc ’ 
Za'Zc' 


Za + Zb + Zc * 


(79) 

(80) 

(81) 


■7 / _ 7 17 I ' Z ' 4 ' Zc + ZflZc + ZcZa 

Za = Za + Zc H-=— = --- 7} -; (82) 

ZjB Zjb 

Z B '~Z A + Z B + ^ = ? aZb + z fj + 2cZ ^ . (83) 
Z C ' ~z B + Zc + ^ = + z f° ± z,:Za ■ (84) 


Thus the various arms may be simple resonant arms, 5 
all resonant at the same frequency, or simple anti-resonant 
arms, all anti-resonant at the same frequency. Under such 
circumstances the two networks can be made equivalent for 
all frequencies and one network may be physically substituted 
for another in a circuit with no change in current or voltage 
conditions external to the interchanged networks either under 
transient or steady-state conditions. 


§ 24. Equivalence of Networks when By-pass Impedances are Present 

In the above discussion on equivalent networks in one¬ 
way or two-way transmission, it has been assumed that the 
network connecting the input terminals 1-2 to the output 
terminals 3-4 comprised all the impedance paths by which 
current might flow between terminals 1-2 and terminals 3-4, 
i.e., that no by-pass impedance paths existed outside the 
network from the input to the output terminals. 


8 By simple resonant arm (or simple resonance arm) we refer to an arm whose 
impedance characteristic shows a single resonance, that is, the arm becomes resonant 
at a single frequency. 
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It will now be shown that two networks which are equivalent 
when no by-pass impedances are present are likewise equivalent 
when any network of by-pass impedances connects terminals 1-2 
and 3-4. The limitations on equivalence discussed in Sec. 19 
will also hold here. 



< A > (B) 


Fig. 44.—A Pair of Networks Ni and N 2 , Which Are Equivalent When no 
By-pass Impedances Are Present, Are Also Equivalent When a Network of 
By-pass Impedances N' Is Connected to Each as Shown. 

Fig. 44 shows two networks Ni and N 2 which are equiva¬ 
lent when working between equal transmitting and receiving 
impedances. Their equivalence may, of course, be established 
by impedance measurements or current ratios under any 
three independent conditions of termination. 

Suppose the similar networks N' are now connected in 
parallel with the two equivalent networks as indicated by 
the dotted lines of Fig. 44. When the transmitting and 
receiving devices are removed and the impedance of either 
pair of networks between terminals 1-2 is measured with 
terminals 3-4 short-circuited, there being no impedance 
common to the output loops of Ni and N' } or of N 2 and N' y 
the impedance is given simply by the parallel combination of 
the short-circuit impedances of Ni and N', or N 2 and N'. 
It must be the same for the two pairs of networks because the 
short-circuit impedances of Ni and N 2 alone are equal. 
Likewise if, with transmitting and receiving devices dis¬ 
connected, the impedances of the two pairs of networks are 
measured between terminals 3-4, respectively, with terminals 
1-2 short-circuited, they are found to be equal by the same 
reasoning. Finally, we may take the ratio of output and 
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input current under either of the above short-circuit con¬ 
ditions. Since there are no impedances common to the 
output loops of terminals 3-4 and 3'”4' of either pair of net¬ 
works, either output current will be the sum of the output 
currents of networks Ni and N r , or N 2 and N'> separated at 
their output terminals and short-circuited independently. 
We know these component output currents to be equal, from 
the facts that N± and N 2 are equivalent and the two net¬ 
works N' are alike. Hence the total output currents, under 
short-circuit conditions, of Ni and N' y and of N 2 and N' are 
equal. The total input currents under the same conditions, 
from the equality of short-circuit impedances already proved, 
are equal. Consequently the output-input current ratios (for 
equal e.m.f.s impressed) are alike under short-circuit conditions. 

Thus we see that, impedances or current ratios being 
equal for the two pairs of networks under three different 



Fig. 45. —Equivalent Networks of Capacities By-passed by an Inductance 
L . These Two Networks Are Equivalent if the Capacity Networks Are 
Equivalent. 


conditions, the two pairs of networks are equivalent. Conse¬ 
quently, in any circuit such as that of Fig. 44(A) (or 44(B)) 
the network Ni (or N 2 ) may be replaced by any equivalent 
network N 2 (or Ni) without affecting current or voltage con¬ 
ditions in the transmitting and receiving devices. 

As an example of the equivalence of two networks when 
by-pass impedances are present, the networks of Fig. 45 are 
equivalent when the T network of capacitances ( C A , C B , 
and Cc ) in Fig. 45(A) and the t network of capacitances 
(C/, C B ', and C c ') in Fig. 45(B) are equivalent through the 
relationships given in formulae (67) to (72), inclusive. 
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In the above proof the networks N h N 2 , and N' have 
been shown in unbalanced form, i.e., with no impedances in 
the line wires from terminal 2 to terminal 4, and from terminal 
2' to terminal 4'. They might, on the other hand, have all 
been shown in balanced form with symmetry to ground with 
respect to the two line wires of each network. 

§ 25. Equivalent Networks Containing Negative Inductances , Capaci¬ 
tances , and Resistances 

It is interesting to note that by the use of equivalent 
networks of various types we may obtain, within limits, the 
effect of negative inductances, capacitances, and resistances. 
These limits are always such as to prevent the impedance 
between any two accessible terminals from being other than 
could be obtained from positive impedance elements. On 
the other hand, the use of these negative and physically 
unrealizable 6 impedances is of value in establishing quickly 
the equivalence of many networks. 

Consider the T network of Fig. 46(A), which is that of a 
single section of a low pass filter. Its equivalent t network 
may be derived from the equations relating T and w networks 
(see formulae (82) to (84)) as follows: (Use may be made of 
the symmetry of the networks, from which Z A = Z B and 
Z A ' = Z c ')i 

Z A — Z A + 2Zc — j - j —; 

2 J C 
co — 

2 

Zb' = ^(Z a + iZ c ) 

__ — ( Z A + 2 Zc)Z A 

Z A — ( Z A + 2 Zc) 

Z A is thus the impedance of a simple resonant arm (L/2, C/2), 
and Zb consists of two impedances in parallel, 2 Z A and 


(85) 


( 86 ) 


6 That is, unrealizable in passive networks. 
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— 2(Za + 2 Zc) or 2 Za and — 2Z/. The network shown 
in Fig. 46(B) is thus the equivalent x network of that shown 
in Fig. 46(A). 
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Fig. 46. —A Section of a Low-pass Filter and its Equivalent x Network, 
Showing How Negative Inductances and Capacitances May Appear in Com¬ 
puted Equivalent Networks. 


Now suppose we add between terminals 1 and 3 of either 
network a by-pass mesh consisting of an inductance L in 
series with a capacitance C/4. We know from section 24 
that the networks so formed will be equivalent. But in 
the case of the T network of Fig. 46(A), we obtain the bridged- 
T network of Fig. 47(B); and in the case of the x network 
of Fig. 46(B), we obtain the simpler x network of Fig. 47(B). 
From this, the bridged T network of Fig. 47(A) is equivalent 



Fig. 47. —A Bridged-T Network and its 
works Are Derived fi 



Equivalent x Network. These Net- 
lom Those of Fig. 46. 


to the simpler x low pass filter section of Fig. 47(B), and its 
attenuation, phase, and impedance characteristics are exactly 
the same. 

We note incidentally that the resonant arm of Fig. 47(A) 
may have any inductance value smaller than L or any 
capacitance value larger than C/4 (the product of the two 
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remaining LC/4) and the equivalent x network will still be 
physically realizable, but that larger values of inductance or 
smaller values of capacitance in this resonant arm result in 
a physically unrealizable structure for the equivalent x net¬ 
work. This follows from the fact that the impedance of 
the resonant arm of Fig. 47(A) varies in the same way with 
frequency as the impedance of that arm of Fig. 46(B) which 
contains negative inductance and capacitance, i.e., one im¬ 
pedance is equal to the other multiplied by a negative 
numeric. If the two impedances Z and — aZ are connected 
in parallel, the resulting impedance is 


Z( — aZ) — a ^ 
(1 — a)Z 1 — a 


(87) 


This has the same character as Z if a is greater than unity, 
and the same character as — aZ if a is less than unity (a 
being assumed positive). 



CHAPTER IV 


Effects of Impedance Mismatching at the Terminals 

of a Network—Reflection Factors and Inter¬ 
action Factor—Total Insertion Loss 

So far, the relationships which most nearly describe the 
effects of inserting a network in a circuit have been the 
equations for a network terminated either (i) on an iterative 
basis or (2) on an image basis. But the convenience of using 
iterative and image parameters lies in the fact that their 
values can be easily related to the values of various im¬ 
pedances inherent in the network. In practical problems the 
values of the terminal impedances are known initially; they 
have been determined by other considerations. While there 
may be much that can be done in a circuit to provide suitable 
impedances for terminating a network, or while the exact 
location of a network in a circuit may be chosen because of 
the suitability of the terminating impedances there, it will 
nevertheless be true in general that the terminating im¬ 
pedances provided will not be exactly equal to the iterative 
or image impedances. 

An important step, therefore, in determining the per¬ 
formance of a given network when inserted between certain 
terminal impedances is that of considering how differences 
between these impedances and the iterative or image im¬ 
pedances will affect the received load current. In this chapter 
we shall discuss only the image parameters because of their 
especial usefulness in later chapters on wave filter design. 
Much of the material of this chapter could be recast to show 
a corresponding line of thought for iterative parameters. 

§ 26. Reflection Losses and the Reflection Factor 

If current flows from a transmitting portion of a circuit 
having an e.m.f., E , and an internal impedance Z a to a re- 
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ceiving portion of the circuit having an impedance Z&, the 
value of the current is given by 


E 

Z a + Zb 


This does not represent a condition such as we should 
have if the entire circuit were built up by a matching of 
terminal impedances to image impedances as each successive 
device is added to the circuit. Under the latter condition, 
if the circuit were split at any appropriate point, the im¬ 
pedance of the transmitting portion of the circuit would 
exactly equal that of the receiving portion. 

Let us therefore compare in the simplest way the current 
flowing under the conditions of mismatched impedances 
above with that which would flow if the impedances were 
matched. This will mean a comparison of the actual current 
flowing with that which would flow if a network were inserted 
(Fig. 48) having image impedances Z„ and Zb y so as to effect 
a condition of matched impedances; but, for simplicity, we 
shall not desire the network so inserted to have any other 
effects, and its transfer constant, including the attenuation 
constant and phase constant, must be zero. 

It is immaterial whether or not such a network can be 
physically constructed, for we are dealing with an ideal 
concept. If Z a and Z& have equal phase angles, the network 
will reduce to an ideal 


transformer. 

The input current 
of the network of Fig. 
48 will be EjiZ a . 
From Eq. (48), Chap. 
Ill, we obtain for the 
output current when 
0 is equal to zero, 

U = 



Fig. 48.—A Generator Whose Impedance is Z a 
Connected to a Load Whose Impedance Is Zb by 
Means of an Ideal Network Which Matches the 
Impedances. 
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The ratio of the actual current flowing to that which would 
flow with the ideal network inserted, is thus 


L _ I V4J Z a Z b 

12 ~V~ z a + z b ' 


(3) 


This ratio is called the reflection factor of the impedances 
Z a and Zfc. It takes its name from the fact that impedance 
inequalities, such as that between Z a and Zb give rise to 
reflection phenomena, and in the case of systems possessing 
little distortion, may produce sharply defined reflections. 

The magnitude of the reciprocal of the reflection factor 
is a measure of the efficiency of transmission at the junction 
of Z a and Z*,, as compared with the transmission resulting 
from the insertion of the ideal network of zero transfer 
constant, whose image impedances are Z a and Z b . It will 
usually correspond to a transmission loss , and such a loss is 
called a reflection loss; in many cases, however, it will corre¬ 
spond to an actual gain , and such a gain is called a reflection 
gain. Expressed in decibels, the reflection loss between any 
two impedances is 


Ndb = 20 logxo 


If 

I 


= 20 logio 


Z a + Z b 

^I^Z a Zb 


( 4 ) 


or, expressed in nepers, is 



lo ge 


Z a + Zb 
-yl^ZaZb 


( 5 ) 


The negative of the phase angle of the reflection factor 
indicates the phase shift 1 existing between the actual current 
I and the reference current If. This is a reflection phase 
shift , and is given by 


B = 



V4 Z a Z h 
Z a 4 “ Zb 



Z a + Zb 

^AfZaZb ’ 


( 6 ) 


in radians or degrees, as the case may be. 


1 The phase shift is considered positive when the actual current is made to lag the 
reference current. 
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The above illustration corresponds to the simplest de¬ 
partures of actual network terminating impedances from the 
image impedances. Suppose, for example, that a network at 
its input end works from a transmitting impedance Z Si 



Fig. 49. —Reflection Loss (in Decibels) Resulting from Mismatch of 
Impedances at a Junction Plotted Against the Magnitude of the Ratio 
of the Impedances. With the Logarithmic Scale Used, the Line 

U» 

\z b 1 

Is an Axis of Symmetry. 

although its image impedance at that end is Z Tl . There 
will be a reflection factor k S i , which we shall abbreviate k Xj 

V4Z sZ r t 
Z>s + Z,i x 


si 


( 7 ) 





Fig. 50.—Reflection Loss (in Nepers) Resulting from Mismatch of Im¬ 
pedances at a Junction Plotted Against the Magnitude of the Ratio of the 
Impedances. With the Logarithmic Scale Used, the Line 

— = 1 

Z 6 

Is an Axis of Symmetry. 

of (8) marks the only change in received load current due to 
the failure of the transmitting impedance to equal the im¬ 
pedance presented to it, for the only effect of this inequality 
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is evidently upon the flow of current into the input end of 
the network. 

Likewise, if a network be terminated in its image im¬ 
pedance at the transmitting end, but works at its receiving 
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USE UPPER SIGN FOR B WITH UPPER 
SIGN FOR 0. 

USE LOWER SIGN FOR B WITH LOWER 
SIGN FOR 


USE LOWER SIGN FOR B WITH UPPER 
5»IGN FOR 

USE UPPER SIGN FOR B WITH LOWER 
SIGN FOR 


Fig. 51.—Phase Shift (in Radians) Resulting from Mismatch of Impedances 
at a Junction Plotted Against the Magnitude of the Ratio of the Impedances. 
With the Logarithmic Scale Used, the Point (i,o) Is a Center of Symmetry. 

end from an image impedance Z /{ to a load impedance Z B , 
a reflection factor 


k<> — km — 


V4 ZrZ r 2 
Z B + Zi„ 


exists, corresponding to a reflection loss given by 


\Zb + Z> 
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and the corresponding phase shift is equal to the negative of 
the phase angle of k 2 . That this is the only effect on the out¬ 
put current due to the failure of the load impedance to equal 
the output image impedance may be seen from the fact that 
the effective e.m.f. which, by Thevenin’s Theorem, forces 
current into the load impedance, is not affected by the 
reflection factor. 

Charts of reflection loss and reflection phase shift, plotted 
as functions of the ratio of the magnitudes of any two im¬ 
pedances and of the difference in phase angle between them, 
are provided in Figs. 49, 50, and 51. Thus, if one of the im¬ 
pedances has a value of 2400 + jo ohms and the other of 
o — j 240 ohms, the reflection loss between them is 4.0 db, 
or 0.46 neper, and the reflection phase shift is 0.69 radian. 

§ 27. Case when Attenuation is Large—Two Independent, Reflection 
Factors 

We may now examine certain cases which represent a 
second step toward accounting for terminal effects under all 
conditions of network termination. Suppose that between a 



Fig. 52.—A Generator Whose Impedance Is Z 8 Connected to a Load Whose 
Impedance Is Z r by a Network with a Large Attenuation Constant. The 
Reflection Losses at the Ends of Such a Network Are Independent. 

transmitting impedance Z s and a receiving impedance Zb we 
connect a network which has, respectively, image impedances 
Zi x and Zr 2 , but which possesses a very large amount of 
attenuation, so that the network is “electrically long.” 
Under these conditions the reflection factors for either end of 
the network will influence the load current independently. 

It is our present purpose to compare the load current 
in Zk, with the network connected in the circuit (Fig. 52) 
to that which would flow into Z R if the latter were directly 
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connected to Zs. The magnitude of the ratio of the two 
currents will determine the insertion loss of the network, and 
the phase angle between the two currents may correspondingly 
be called the insertion phase shift. 

The current 7 2 ' which would flow with Zs and Zr con¬ 
nected directly together would be 


U = 


Zs + Zj 


(n) 


It differs from the load current which might be caused 
to flow into Zr by correcting the impedance mismatch, 
since the latter would be equal to 7 / divided by the reflection 
factor of Zs and Z R . That is, if we visualize, as an inter¬ 
mediate reference condition, one in which a network connects 
Z s and Zr which has image impedances equal to Z s and Z Ri 
respectively, and zero transfer constant, the load current 
under this reference condition would be 


T ,Zjs 4 * Zr E Zs + Zr 

h - ■ r. r- = --—- ■===-• (12) 

V 4 ZsZ* Zs - f" Zr sZr 

The reciprocal of the reflection factor is used in (12) because 
the intermediate reference current is being expressed in terms 
of the current 7 2 '. 

Now let the transfer constant of the network just assumed 
be increased to any value 0. The load current into Zr 
accordingly is given by 

Z s " 4 " Zr E Z s “f" Zr 

u , - •«-»=■ , „ • , 8 • <-»■ (13) 

•V+ZsZ* Zs + Zs -i A Z s Z R 

In this section 6 will be regarded as having a large real part 
(i.e., the attenuation of the network will be considered large), 
but (13) is not dependent on this assumption and holds for 
any value of Q. 

As the next step, suppose the image impedance of the 
network at its output terminals to be changed from Zr to 
Z/ 2 , 6 remaining unchanged. The output current in Zr will 
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be altered by the reflection factor 


Z^ZrZ r 2 
Z R + Z 7 / 


(H) 


since it would be restored to its previous value if an additional 
network of zero transfer constant and image impedances Z/ 2 
and Zft, respectively, were inserted adjacent to the load. 
Therefore, with a single mismatch existing between Z R and 
Zi# the load current into Z R is 


T ' ?L!L ^4-Z R Zi 2 

V4 Z S Z R Z R + Zh 

E Z s + Z R V 4 Z*Z j 2 

Z s + Z R V4Z s z R z R + Zj 2 


(15) 


As a final step, let the image impedance at the input 
end of the network be changed from Z s to 2r„ without other 
circuit changes being made. The actual input impedance of 
the network will be Zj x because, if the attenuation of the 
network is large, little energy reaches Z Rj and a mismatch 
between Zj 2 and Z R has a negligible effect on the input 
impedance. Since the load current could be restored to its 
previous value by the insertion, adjacent to the generator, 
of a network having zero transfer constant and image im¬ 
pedances Z s and Zjj, respectively, the effect of the change 
in image impedance is expressed by the reflection factor 


h = 


V4Z sZi x 

Zs + Z h y 


(16) 


and the load current into Z Rj which we shall call J 2 , is finally 
given by 


E = IZ 


Z s + Z R V4Z S Z Z^ZrZ i 2 
■V4Z sZ R 
E 


Zs~ s rZi l Z r -\-Zi 2 
Z s + Z R V4Z sZ Tj ^ 4 .Z r Zi 2 


(17) 


Zs + Z R V4Z sZr Zs + Z lx Zr-\-Zi 2 
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The convenience of (17) lies in the grouping of terms in 
such a way that each of the reflection factors involves two 
closely associated impedances. If we denote the reflection 
factor of Z s and Z B by k , we may rewrite (17) as follows: 

* ^2 _ hh __ hh ^_ (a+m /j g\ 

u k k y 


The insertion loss of the network is then (in decibels) 


Ndb — 20 logio 


U_ 

h 


= 20 logio 


h 


+ 20 logio 


h 


— 20 logio 


+ «• ( 19 ) 


This means that to obtain the total insertion loss in the case 
of a network possessing considerable attenuation, we must 
add to the attenuation constant a reflection loss existing at 
each end of the network, due to imperfect termination, and 
then subtract a reflection loss between the terminations 
because the reference condition itself is one of impedance 
mismatching. The first two terms of (19) will ordinarily 
correspond to losses, and the third to a gain (negative loss). 
Also, to obtain the insertion phase shift ( B ), we add to the 
phase constant of the network the angles corresponding to 
the reciprocals of k x and h, and then subtract the angle 
corresponding to the reciprocal of k. That is. 


B = ( — angle of &i) + ( — angle of k 2) + (angle of k ) + /?• (20) 


§ 28. Complete Insertion Loss and Insertion Phase Shift Formulie — 
Case in which Attenuation Constant May Have Any Value 

Let us now consider the general case where 0, instead 
of being required to include a large attenuation constant, 
may have any value whatsoever. Here the current ratio 
formulae for the insertion of a network in a circuit will differ 
from those of Sect. 27 through the fact that the changes of 
image impedance from Z R to Zr 2 , and Zs to Zr x , cannot be 
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made simply and independently. When the change has been 
made at the output end of the network (in the order of the 
proof of Sect. 27), the actual input impedance at the trans¬ 
mitting end is not equal merely to the image impedance there, 
and consequently the change of image impedance at the input 
end will have a more complicated effect than was encountered 
in Sect. 27. 

We shall proceed in a manner somewhat different from 
that followed in Sect. 27, in order to illustrate a different 
approach to the problem. To obtain the actual load current 
flowing when any network connects Z s and Z R , we shall (1) 
start with the load current when the terminal impedances 
are equal to the respective image impedances; (2) change the 
load impedance from Zi 2 to Z R and note the effects; and 
finally (3) change the transmitting impedance from Z^ to Z s , 
the effects of which change will determine the load current 
under the most general conditions. 

If a network whose transfer constant is 0, and whose 
image impedances are Zand Z/ 2 , is terminated on an image 
basis, the input current I w is, of course. 



(21) 


and its output current ho is, from (48), Chap. Ill, 



(22) 


Current Changes at Receiving End of a Network Due to Changes 
in Receiving Impedance 

Suppose the terminal impedance Z/ 2 of the network just 
described to be changed (increased vectorially) to the value 
Z R . From Thevenin’s Theorem, the e.m.f. acting to force 
current into the terminal impedance will not be changed, and 
since the actual impedance of the network, as measured at its 
output end with the opposite end terminated in Z Tl , is Z/ 2 , 
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hi 


this e.m.f. will be 2/20 *Z/ 2 . Therefore, the output current is 


IJ = I 


iZr 


20 


Zr + Zj 


(23) 


In order to determine the effect of the impedance change 
on the input current let us first replace the impedance 
increment Zr — Zj s by an e.m.f. 


C’i — — ho' {Zr — Zi 2 ); (24) 

this will not alter the current or voltage conditions in the 
circuit. By use of the Principle of Superposition we may 
determine the current produced in the input circuit by e 2 
and add this current to the current ho to find the changed 
input current. The current produced in the input circuit by 
e 2 is, from (48), Chap. Ill, 


A/10 — 


e 2 


1Z1- 


• e 


e<i 


Zi x VJz^z^ 

Substitution of (23) and (24) into (25) will give 

Zr — Z /, 2 Zj, 


A/10 — — I - 


20 * 


Zr + Z / 2 ^^Z h Z It 
and the entire input current will be 

Zr — Zi 1Z1 


ho' = ho - L 


■20 * 


(25) 


(26) 


(27) 


Z>R + Zr 2 v 4 Z h Zi 2 

Substituting the value of / 2 0 in terms of /i 0 from (22) and 
simplifying, we obtain for the input current 


ho' — ho ^ 1 — 


Zr — Z/ 2 
Z fl + Zr, 


,—20 


(28) 


We have thus, in addition to ho, a current in the input 
loop of the value 

AT - T Zr ~ Zli 
alio — — li 0 * —;—77— 

Zjr -f - Zj, 


—29 


( 29 ) 
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This latter current may be considered as a “reflection current* 
which arises from the inequality of the load impedance and 
the image impedance at the output end of the network. Its 
physical significance becomes more evident if (29) be written 
in the form 



The current A/i 0 may be assumed to build up in a number of 
steps as represented by Eq. (30)* First the current ho in 

/z7 t 

traversing the network is modified by the factor to 

take care of the change in impedance level of the circuit from 
Zi x to Z/ 2 and by the factor e" 6 arising from the attenuation 
constant a and the phase constant j 3 of the network. This 
results in a current equal to / 2 o in Eq. (22) reaching the output 
end of the network. This current causes an e.m.f. (sometimes 
called a reflection e.m.f.) to be set up, which, from (23) 
and (24), is proportional to 


Z B - Z 
Zr + z 



r 2 > 


and, since it has the character of a “reaction ” e.m.f., a 
negative sign is introduced. The reflection e.m.f. acts around 
a loop of impedance 2Z j 2 in forcing reflection current into the 
network. Finally, the reflection current in traversing the 
network in the reverse direction is modified by the factor 


12 

\J —- to take care of the restoration in impedance level 

from Zr, to Z/ 1} and by the factor to take care of the 
attenuation constant a and the phase constant 0 of the net¬ 
work. 

Actual Impedance Looking into a Network when the Termi- 
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JI 3 


nating Impedance at the Other End\ of the Network is not Equal 
to the Image Impedance. 

Formula (28) affords us a means of determining the 
input impedance at the 1-2 terminals of the network in 
question when Z/ 2 is not equal to Z R) and thus the input 
impedance of any network not terminated on an image 
impedance basis. The ratio of E to /i 0 ' is the impedance of 
the input loop and is equal to the transmitting impedance 
Z/ t plus the input impedance of the network Zi 2 . 


E E 

Y~> ~ Zr, + Zi* — y~ 
s 10 1 10 


(■- 


Z a - Zj A 
Zr + Z/ 2 ) 

= 2Z/j 7 } 


( 3 1 ) 


I — 




from which 


Z R + Z / 2 





Z r — Zi 

X J--! e -2« 

Zr + Zi, 


I — 


Zr, 


Zr + Z Tl 


( 3 2 ) 


This formula is used in Chapter XI and, by the formulae 
of Sect. 16, Chap. II, is convertible into the form 


^ ^ Z R + Z Ti tanh 6 

12 h Z h + Z R tanh d' 

While the latter form is often more easily computed, it loses 
much of the physical significance of the form of (32), where 
the manner in which the input impedance may be regarded 
as influenced by reflections is evident. 
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Current Changes Due to Impedance Changes at Both Ends of a 
Network 

Suppose both the sending and receiving impedances are 
changed, Z h to Z s and Z/ 2 to Z R . This corresponds to the 
conditions of Fig. 53A. 



Fig. 53.— (A) A Generator Connected to a Load by Means of a Transmis¬ 
sion Network with Any Attenuation Constant. If the Latter Is Relatively 
Small, the Reflections Become Interdependent. (B) The Impedances Z s 
and Z R Represented by Summations of the Corresponding Image Impedances 
and Increments. (C) The Increments Replaced by E.M.F.’s. 

The impedance increments are Z& — Zi x in the input 
loop and Z R — Z h in the output loop, as shown in Fig. 53B; 
otherwise conditions are unchanged. The reaction e.m.f.s 
in Fig. 53 C are, respectively, 

e\ = — I\(Z s — Z h ), (34) 

and 

e 2 — — UZ R — Zr 2 ). ( 35 ) 

The steady state currents I x and h established after transient 
effects have ceased, are each composed of three components, 
due to E, e Xi and e 2 , respectively. Thus, 


h = L. 


ei 


20 


e 2 


2 Z Ix y Z R 


2Z1- 


T h(Z b - Z r ) 
20 


— 0 __ 


UZb - z,,) 

zZi, 


( 36 ) 
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and 

h = I 


ei 


10 


2Z h 2Z t% ^Z h 


e<l \z 1, 


— I10 — 


h(Zs - Z h ) h{Z R - Zr 2 ) 
2 Z h 


( 37 ) 


V4Z h z ,, 

Grouping the /1 factors in this last expression and multi- 
plying by 2ZiJ(Z s + Z h ), 


ii = 


2 Z t , 


f r h(Z R — Zi^ 

;l i "“ J* 


Zs + Zr 


or, since 


h = 


-/10 — h 


<jZ^Zi 
2 Z h • €~ 


2Z 1 


Zs + z 


h r 7 ^4 Z/iZz 2 / 2 (Z« — Zr 2 ) 

h L 2 z 7l • 


M 4 Z h Zi 1 

Substituting this expression in Eq. (36), we have 
Zs — Zi t 


I 2 — /20 — ho 

+ h 


Zs + Zr, 

(Z s - Zr t )(Z B - Z l2 ) _ 2g T Z R - Z h 


(Zs + Z h )2Z h 


-h 


2 Z1 


whence 


(Z s — Z h )(Z R — Zf 2 ) _ 


26 


(Zs + Zr 2 ) 2.Z7 2 


= /. 


2 Z/ t 


20 


Zs + Z/j 


or 


h 1 


(Zs - Zr,)(Z a - Z/J 
(Zs + Zr t )(Z R + Zr 2 ) 

= ^20 


20 


4Zr 1 Zj 


(Zs + Zj^)(Z R + Zj 2 ) 


(38) 


( 39 ) 


’]• (40) 


(41) 


(42) 


(43) 
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Substituting for / 20 its value 

E E Z s + Z R ”^4-2 s Z« v 

20 ~ V 4Z/ .Z,< ‘ £ ~ <= Zs + Zb ’ V 4 Z s zT V 4 Z,,Z r ,’ ‘ ’ (44 

we have 

T Tt ( Zs ~ Zi ^( Zr ~ c ~20~| 

2 L (2 S 4 - Z 7l )(Zjj + Z, 2 ) J 

£ 2s + Zfl ^ZsZ/j V 4 .Z«Z 7j 
Zs + 2« V4Z s2« Zs + Zjj Z« + Z/ 2 

Now, the first factor on the right-hand side of Equation (45), 
E/(Zs + 2«), is the current which would flow in the circuit of 
Zs and Zr if the network had not been inserted. If we 
multiply this by the second factor (which is the reciprocal of 
a reflection factor ), we obtain the maximum current which 
can be made to flow into Z R by inserting a perfect network 
having image impedances equal to Zs and Z R . The third 
and fourth factors show the reflection losses at each end of 
the network due to the fact that the image impedances are 
not equal to Z s and Z R , respectively, but some other values, 
namely, Z 7l and Z/ 2 . 

The factor 

[ 

by which / 2 is multiplied, involves both of the image im¬ 
pedances and both of the terminal impedances, and the 
transfer constant as well. Its reciprocal expresses the sum 
total of the changes brought about in the received current, 
aside from those due directly to the reflection factors and to 
the transfer factor e~*. This reciprocal is called the inter¬ 
action factor <r and the expression for / 2 is usually written 


1 — 


Zs — Zi x Z R — Z; 


2 29 


Zs + Z 7l Z R + Zj 


]■ 
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E Zs ~ {" Zr __ V4Z 52 ^ZrZj, 
Zs + "V4Z sZr %'S + -Z/j Zfi + Z/ s 


i Z *~ Z h Zfi-Z 7 , 

Zs + Z 7l Z# + Z 7j 


= / 2 '* £ -ki-kz-€-*•<!, 


or, the ratio of received current with the network in the circuit 
to the received current without the network is written 

I2 1 

jl-y (47) 


To recapitulate, the presence of the various factors in 
( 47 ) ma y be explained as follows: i/k is the reciprocal of 
the reflection factor of Z s and Z Ry and arises from the con¬ 
dition that If as a reference current does not equal the ideal 
current which would flow into Z R if the impedance of the 
latter were matched to that of Z s ; k x is the reflection factor 
of Z s and Z 7l , and would become unity if the image im¬ 
pedance and the terminal impedance at the transmitting end 
were equal; k 2 is the reflection factor of Z R and Z 72 , and would 
become unity if the image impedance and terminal impedance 
at the receiving end were equal; e“* expresses the effects of 
the attenuation constant and phase constant of the network, 
which are so defined that they are independent of impedance 
conditions at the input or output ends of the network; 
finally, <r, the interaction factor, expresses the rather complex 
manner in which the current ratio due to the insertion of a 
network depends on other than the simple effects of reflection 
factors and the transfer factor. 

If <r were a very important factor in (47), the value of 
this equation for use in network design would be limited; 
for a is more difficult of numerical evaluation than i/k y k Xy 
k 2i or €~ fl . The influence of the interaction factor on the insertion 
loss and insertion phase shift is usually small; its importance 
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usually depends on the accuracy with which it is desired to 
know the performance of a network. In many cases the 
interaction factor will be important over a small range of 
frequencies only, and will be negligible at other frequencies; 
this makes it necessary to evaluate cr at only a few frequencies. 

The magnitude of the interaction factor may be expressed 
in decibels or nepers as the interaction loss or the interaction 
gain. The number of decibels corresponding to the inter¬ 
action loss is 


Ndb = 20 logio I 


Z s — Z Tl Z R — Zi t ' ^_ 2e 

Zs ~\~ Zi 1 Zr + Zr 2 


(48) 


The corresponding number of nepers is 


Nnep log € ^ 


Zs — Z h Zr ~ ^_ 2e 

Zs + Z/j Zr + Z / 2 


( 49 ) 


A loss is positive in either case when the reciprocal of the 
interaction factor is larger than unity. The negative of 
the phase angle of the interaction factor is the interaction 
phase shift , the angle being considered positive when the 
current is retarded in phase by the interaction factor. 

We may determine the total insertion loss corresponding 
to the current ratio of (47) by adding the individual losses 
corresponding to the various factors. The insertion loss L is 
equal to the sum of the attenuation constant a, the reflection 
loss Li at the input end of the network, the reflection loss L 2 
at the output end, the interaction loss and the negative 
loss (gain) — Lsr which corresponds to the reciprocal of 
the reflection factor of the terminating impedances. Thus, 
in decibels. 
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L — — L sr Li + Li " 4 “ && + Li 


= 20 log 


10 


Zs 4“ -Zj 


+ 20 log 


V4Z sZr 
Zr + Zi, 


+ 20 log: 


10 


Zs + Zi x 




<aZrZ l 
+ a + 20 logio 1 1 — 
1 


Zj Zr — Zi, 


= - 20 logio 
+ 20 logio 


+ 20 log 


Zs 4 * Zi t Zr + Zi, 
1 


2 e -2 B 


10 


kl 


+ a + 20 log; 


10 


( 5 °) 


For example, if a gain of 2.00 db might have been produced 
by matching Z s to Z R \ if, similarly, a reflection gain of 
1.50 db exists at the input end of the network and a reflection 
loss of 1.75 db at the output end; if, thirdly, an attenuation 
loss of 15.00 db exists in the network; if, finally, the effect of 
the interaction factor is a gain of .10 db, the total insertion 
loss is 

L = (— 2.00 — 1.50 + 1.75 + 15.00 — .10) db 
= 13.15 db. (51) 


Similarly, in nepers, 


L = - log, 


+ log* 


+ log e 


+ &nep + log* 


( 5 2 ) 


The insertion phase shift B is the sum of the phase 
angles of current retardation corresponding to the several 
component losses. It is thus the sum of (1) the negative of 
the phase shift — B sr corresponding to the reflection factor 
of Z s and Z Rj (2) the phase shift Bi resulting from the 
mismatch of Z s and Zj 1} (3) the phase shift B% resulting 
from the mismatch of Zr and Zr 2 , (4) the phase constant j 3 
of the network, and (5) the phase shift Bi due to the inter- 
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action factor. This gives the phase angle by which I 2 lags 
behind If or, in other words, the angle through which the 
received current is retarded as a result of the insertion of 
the network. The formula for the insertion phase shift is 


where 


and 


B — — B S r + Bi + B 2 + P + Bi , 

V4Z sZr 


B sr — — angle of 
Bi = — angle of 
B 2 = — angle of 


B 


i = angle of £ 


Zs + Zr 3 

V4Z sZr t 
Zs + Zi t 3 
V4 ZrZ i 2 


Zr + Z/ t * 

Zs — Zi x Zr — Z 


Zs - b Zj x Zr + Z 


— • € -20 I 

I* J 


(53) 

(54) 

(55) 

(56) 

( 57 ) 


The Relative Importance of the Interaction Factor in the Insertion 
Loss Equation 

The interaction factor becomes important only when the 
product 


Zs — Zi x 
Zs + Zi x 


Zr — 

Zr + Zj s 


*€ 29 = Plp2C 


-26 


( 58 ) 


is appreciably large. 2 This requires a concurrence of three 
conditions: (1) that Z s differ substantially from Zt x ; (2) that 
Zr differ substantially from Z/ 2 , and (3) that the real part 
a of the transfer constant 6 be small. A few numerical 
examples will make this clearer: 

If in 6 = a + j 0 , the attenuation constant a exceeds 10 
decibels, e -29 would be less than 0.1 in magnitude. If the 


* pi and Pi in Eq. (58) have been called reflection coefficients. If at a junction in a 
circuit the impedances in the two directions are Z a and Z&, respectively, the reflection 


coefficient is 


Zb — Z a 
Zb + Za 


if reflection is back into Z 0I 



Z a 4 * Zb 


if reflection is back 
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magnitudes of pi and p 2 are each unity, such as would corre¬ 
spond, for example, to a difference in phase angle of 90° 
between the terminal impedances and their respective image 
impedances, then, regardless of the values of the phase 
constant and of the phase angles of pi and p 2 , the magnitude 
of the interaction factor would lie between .909 and i.m. 
That is, the interaction factor would affect the insertion loss 
by less than one decibel. If the attenuation constant had 
been chosen as 20 decibels, instead of 10 decibels, the inter¬ 
action factor, under the above conditions, could not have 
affected the insertion loss by as much as 0.1 decibel. 

Again, let us assume that the terminal impedances and 
image impedances are all pure resistances, and that the 
former differ from the latter in a ratio of 3 to 1. The magni¬ 
tudes of pi and p 2 would each be 0.5. The attenuation 
constant a would need to be only 3.12 db in order to prevent 
the interaction factor from having an effect of more than 
one decibel on the insertion loss. 

Summing up, we may observe that: (1) the interaction 
factor is of secondary importance if the terminal impedances 
approximately match their respective image impedances; (2) 
it is also of secondary importance for networks of substantial 
attenuation, even when the terminal impedances depart con¬ 
siderably from the image impedances; (3) the effects of the 
interaction factor are likely to be altogether negligible for a 
network of substantial attenuation, whose image impedances 
approximately match the terminal impedances. 

Effect on the Interaction Factor of the Phase Angle of pip 2 e -2 ® 

A particular feature of the interaction factor is of interest. 
For any given magnitude of the product pip 2 e -20 , the effect 
of the interaction factor on the insertion loss depends on the 
phase angle of the product. This effect may vary from a 
certain maximum value of loss for odd multiples of x radians 
to a corresponding maximum value of gain for zero or even 
multiples of x radians. Therefore, if the value of the phase 
constant /3, contained in 0, changes rapidly over a given 
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range of frequencies due to the character of the network, a 
“rippling” unevenness in the insertion loss characteristic 
will be produced. Let it be assumed, for example, that 



Fig. 54. —Interaction Loss Plotted Against Frequency for a Network 
whose Phase Characteristic Is Shown by (A), the Reflection Coefficients 
Being Each 0.20. In (B) the Attenuation Constant a Equals Zero; in 
(C) a = T,db\ in (E) a Varies as Shown by (D). 

Zs, Z R , Z hy and Z/ 2 are all resistances and are approximately 
constant over a substantial range of frequencies; this con¬ 
dition is frequently encountered in practice. Let the values 
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of pi and P2 be each 0.20, corresponding to 


Zs Zr 



their phase angles must be zero from the resistive character 
of the impedances. If the attenuation constant a is zero, 
the interaction loss for a phase shift characteristic such as 
that of Fig. 54A is plotted in Fig. 54B. If a = 3 db, the 
interaction loss is plotted in Fig. 54C. Assuming that the 
attenuation constant varies as in Fig. 54D, however, the 
interaction loss is as plotted in Fig. 54E. 

Wherever the interaction factor is important in networks 
whose phase constant changes rapidly with frequency, the 
complicated character of the interaction loss characteristic 
makes equalization difficult. 



CHAPTER V 


Properties of Two Terminal Impedance Arms 

The networks discussed in previous chapters have been 
largely unrestricted in character, so that principles governing 
the operation of any transmission network might be brought 
out. Before discussing in detail how specific types of trans¬ 
mission networks act, such as wave filters, we need to con¬ 
sider some of the properties of the component arms employed 
in such networks, and as well, some of the properties of the 
driving-point impedance, or two-terminal input impedance, 
of these networks. The arms whose properties we have thus 
to consider may be conveniently put into two groups: (i) 
those containing only pure reactance elements, or resistances 
as well, and (2) those having their elements distributed or 
lumped. Both of these classifications will be used. Of 
course no physically realizable structure is without effective 
resistance, but since a resistanceless structure is often the 
ideal structure, one of our engineering problems is: how close 
to the ideal resistanceless structure must the actual physical 
structure approach? Similarly no impedance elements of a 
network are perfectly lumped in character. Distributed im¬ 
pedances are natural; and to a large extent the design ot 
resistance units, inductance coils, and condensers, from an 
electrical standpoint, is limited by the degree to which 
resistance, inductance, or capacitance may be concentrated 
or lumped so as to approach the ideal structure. 

§ 29. Types of Reactance Arms—Potentially Inverse Arms 

Obviously the number of types of reactance arms is un¬ 
limited, since the degree of complexity of an arm of reactance 
elements depends (assuming efficient use of them) upon the 
number of inductance and capacitance elements employed. 

124 
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In practice, economic limits on the number of inductance or 
capacitance elements which may be employed will limit the 
number of types of reactance arms which are’ of practical 
value. We may therefore consider the various types of 
reactance arms in the order of increasing complexity, appreci¬ 
ating that as their complexity increases, they become less 
common and of less importance. On the other hand, cases 
will exist, as in the design of multi-section filters, where the 
use of complex two-terminal reactance arms actually reduces 
the total number of inductance and capacitance elements 
required. 


Single Element Reactance Arms 

The simplest types of reactance arms are those shown in 
Fig. 55, the impedance and admittance expressions being also 
given therein. We note that the admittance of the one 


L. 


c, 


-— 11 — 


Za — jo)L 


Zb = 


I 

jwC 


Y a 



Yb = jo)C 


Fio. 55 .—Simplest Type of Reactances. 


varies with frequency as the impedance of the other. The 
ratio, in other words, of the impedance of one to the ad¬ 
mittance of the other is a constant: 

Za Zb J CoL L 

T b = T a = J^c = c' (l) 

The product of the two impedances, or of the two admittances 
is likewise a constant: 

Z a Z h =~ = R 2 (2) 

Y.Y t - j = G* = ^ ■ (3) 
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The impedance product is real and positive; it has the 
nature of a resistance squared R 2 , as is indicated in equa¬ 
tion (2). Likewise the product of the two admittances 
is constant and has the nature of a conductance squared, 



Fig. 56.—Reactance—Frequency Characteristics of an Inductance (A) and a 

Capacitance (B). 

as is indicated in (3). The two arms of Fig. 55 are called 
inverse arms , to express the fact that their reactance charac¬ 
teristics vary with frequency in a mutually inverse manner 
as shown in Fig. 56. 

Two-Element Reactance Arms 

The next simplest types of reactance arms are the “reso¬ 
nance” and “anti-resonance” two-element arms of Fig. 57, 



Fig. 57.—Simple Resonant and Anti-resonant Arms. 
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where £o 0 2 — tfLiCi = 1/L2C2 is the square of the angular 
frequency 1 of resonance or anti-resonance of the arm. We see 
that if the frequency of resonance in the one case is equal to the 
frequency of anti-resonance in the other case, the impedance 
expression of either one is proportional to the admittance 
of the other for the same frequencies. That is, 


and 


Zc 

Yd 


Z d 

n 


Z C Z d 


u 

c 2 



vv 

Z rj C d 

c 



(4) 

(5) 


and again the arms, for the condition of equality of resonant 
and anti-resonant frequencies, are inverse arms. Or, we may 
in general say that the networks of Fig. 57 are 'potentially 



Fig. 58.— Reactance-frequency Characteristics of the Arms Shown in Fig. 57. 

inverse arms , meaning thereby that they are capable of being 
inverse arms if the proper relationships hold among the 
elements of the arms. 

Reactance-frequency characteristics for the arms of Fig. 57 
are shown in general form in Figs. 58 A and 58 B, respectively, 
and are the familiar simple resonant and anti-resonant curves, 
the former tending toward the impedance of its capacitance 
element at very low frequencies and of its inductance element 
at very high frequencies, and the latter approaching the 


1 Angular frequency co in radians per second is numerically equal to the number 
of cycles in 2ir seconds, that is, « = iiif where / is the frequency in cycles per second. 
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impedance of its inductance element at very low frequencies 
and of its capacitance element at very high frequencies. 

We note that the resonant arm passes from negative to 
positive reactance only by resonance, i.e., by passing through 
zero, and that the anti-resonant arm passes from positive to 
negative reactance only by anti-resonance i.e., only by becom¬ 
ing discontinuous, passing through zero from + °o to — <». 
These facts characterize any reactance arm, as we shall 
progressively see, for no matter how complex its charac¬ 
teristic, a change with increasing frequency from negative to 
positive reactance is accompanied by resonance, and a change 
from positive to negative reactance is accompanied by anti¬ 
resonance. 

Obviously we may regard the single-element inductance 
arm of Fig. $$A as a special case of the resonant arm of Fig. 
57 A where resonance takes place at zero frequency (i.e., C% 
is infinitely large, so that its reactance is zero), or as a special 
case of the anti-resonant arm of Fig. 57 B where anti-resonance 
takes place at infinite frequency (i.e., C 2 is infinitesimally 
small or zero, so that its reactance is infinite). Viewed in 
this light, the simple inductance arm of Fig. 55^, whose 
characteristic is shown in Fig. 56 A is resonant at zero 
frequency and anti-resonant at infinite frequency, the 
characteristic passing through all possible values of positive 
reactance in the intervening frequency range. 

Likewise the single-element capacitance arm of Fig. 55Z? 
may be regarded as a special case of the arm of Fig. 57 B, with 
an infinitely large inductance, anti-resonant at zero frequency; 
or of an arm, with infinitesimally small inductance, resonant 
at infinite frequency. Thus the simple capacitance arm of 
Fig. 55.#, whose characteristic is shown in Fig. $ 6 B, may be 
said to pass from anti-resonance at zero frequency to resonance 
at infinite frequency, going through all possible values of 
negative reactance in the intervening range. 

This conception is really very close to the physical facts, 
for we know that an inductance coil or a condenser will 
simulate a simple inductance or a simple capacitance arm 
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respectively, only over a limited frequency range, because of 
minor resonances or anti-resonances owing to distributed 
inductances or capacitances. The latter may be obscured by 
the presence of effective resistance in the arm but the tendency 
to limit the predominance of the major constants of the 
simple arm, such as the inductance of a coil or the capacitance 
of a condenser, to a certain frequency range is definite. 

The simple resonance arm of Fig. 57 A containing two 
elements accordingly has two anti-resonant frequencies and 
one resonant frequency. The simple anti-resonant arm of 
Fig. 57 By containing two elements, has two resonant fre¬ 
quencies and one anti-resonant frequency. 

Three-Element Reactance Arms 

When an arm contains in its simplest form three reactance 
elements, either two inductive elements and one capacitive 



Fig. 59.—Simple Three-element Arms. 


element, or one inductive element and two capacitive ele¬ 
ments, it must have the configuration of one of the structures 
shown in Fig. 59, where/1 = o>i/2x is the frequency of anti¬ 
resonance of arm {A) and is the frequency of resonance of 
arm (B) y and where/ 2 = w 2 /2x is the frequency of resonance 
of arm (C) and is the frequency of anti-resonance of arm ( D ). 
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We note that if 

Li Li Lz 

Cl Cz Cl 

arms (A) and ( B ) are inverse arms, i.e., 

77 = -l = ?l = I ± = — = — =R? 
Y i Y e Cl Cz Cl * 

Likewise, if 

Lz Lz Li 

C% Ci Cz 

arms (C) and (D) are inverse arms, i.e., 

z g z h = ^ = ^ = ^ = ^ = ^ = /? 2 . 


Y h 


(6) 

( 7 ) 

( 8 ) 


( 9 ) 


Complex Inverse Arms 

Evidently, no matter how complex a reactance arm may 
be, a potentially inverse arm may be found for it, for we 
may start out with the simple one-element and two-element 
types above and build up the complex arm by successive series 

z(r) z’(r> 

o-—-vwv~ / vvv—° 


Fig. 6o.—Series and Parallel Combinations of Impedances Which Are Func¬ 
tions of Frequency. 

and parallel arrangements, taking care that the units added 
at each step to the potentially inverse arms are themselves 
potentially inverse arms. The arms will be not only po¬ 
tentially, but actually, inverse if the (simple) units added at 
each step to the two arms are always inverse with respect 
to the same value of resistance R. 

If we have in Fig. 6o a series combination of two imped¬ 
ances which may vary in any way with frequency, Z(/) and 
Z'(/)> an d a parallel combination of the inverse arms of these 


R 7 

Z(F) 

r~Wv—i 



R 2 

Z'(f) 
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respective units, R 2 /Z(f) and R 2 IZ'{f)> then the total im¬ 
pedance of the series combination is 

z s = z(/) + z'(/) (10) 

and the impedance of the parallel combination is 

„ 1 R 2 

' " 2 (f) Z’(f) ~ Z(f) + Z’(f) (I!) 

R 2 + R? 


and Z S Z P = R 2 ; 

so that the series combination and the parallel combination 
are likewise inverse arms with respect to the same value of 
resistance R. 

The rule for determining the configuration of the potentially 
inverse arm corresponding to a given arm is: 

Wherever single elements {or groups of elements ) are in 
series {parallel) in a given arm they must be in parallel 
{series) in the potentially inverse arm; wherever in the 
given arm an inductance {or a capacitance) element has 
been used , in the potentially inverse arm a capacitance {or 
inductance) element must be used. 


<-1 



Fig. 61.—Illustrating the Rule for Determining Inverse Networks. 

For example, for any reactance arm chosen at random, 
such as that of Fig. 61 A, we may by applying the rule find an 
arm of the configuration of Fig. 61 B. The corresponding 
inductance and capacitance elements are denoted by common 
subscripts. If 
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in Fig. 61, the two arms are in inverse relationship with 
respect to R. 

Impedance and Admittance Characteristics of Complex Arms 
We have seen that the one-element reactance arms had 
no finite resonant or anti-resonant frequencies, and that the 
two-element arms each had one such finite frequency. From 
the formulae in Fig. 59 it is readily shown that two such 
frequencies, one finite, resonant frequency and one finite anti- 



Fig. 62.—(A) General Reactance-frequency Characteristic of Networks 
Shown in Fig. 59A and 59C. (B) The General Characteristic of Arms Given 
in Fig. 59B and 59D. 

resonant frequency exist for three-element reactance arms, the 
characteristics of the structures of Figs. $<)A and 59C being of 
the general type of Fig. 62A and the characteristics of the 
structures of Figs. $gB and 59 D being of the general type of 
Fig. 62B. 

For any of the four-element reactance arms of Fig. 63 
we find that three finite resonant or anti-resonant frequencies 
exist, two resonant frequencies and one anti-resonant fre¬ 
quency for the arms of Figs. 63/f, B, C, and D> as shown in 
Fig. 64 Ay and one resonant and two anti-resonant frequencies 
for the arms of Figs. 63Z?, F, G y and H , as shown in Fig. 64$. 

Any reactance arms having four elements other than 
those of Fig. 63 may be reduced to a simpler form through 
equivalences which are discussed in the next section. In 
general, if an arm has an even number of elements, to be in 
its simplest form, it must have an equal number of inductances 
and capacitances; if the arm has an odd number of elements, 
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the number of capacitances must be only one less than the 
number of inductances, or vice versa. This is a necessary 



condition for the simplest form of a network but it is not a 
sufficient condition because there may be an equal excess of 



(AX (B) 


Fig. 64.—(A) General Characteristics of Networks of Fig. 63A, B, C, D. (B) 
Same for Arms of Fig. 63E, F, G, H. 

inductive as well as of capacitive elements. For example in 
Fig. 65^ there are three coils and three condensers. The 
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portion between 1-2 is equivalent to Fig. 63F and may be 
replaced as in Fig. 6 $B. The equal excess of inductive and 
capacitive elements may then be merged and Fig. 65 C 
results. 

As the complexity of networks increase the number of 
finite resonant and anti-resonant frequencies also becomes 


-'TOT- 
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Fig. 65. —Illustrating How a Network with an Equal Excess of Coils and 
Condensers May Be Reduced to Simplest Form by Means of Equivalences. 


greater, one such frequency for each new independent element. 
When a reactance arm in its simplest form has n elements, 
there are n — 1 finite resonant and anti-resonant frequencies. 

§ 30 . Potentially Equivalent Reactance Arms 

It will now be shown that reactance arms of a given number 
of elements may be divided into two groups; 2 all of the re¬ 
actance arms of one group being potentially equivalent to those 
of the other , that is to say, by means of the proper choice 
of inductance and capacitance values they will exhibit the 
same impedance characteristics at all frequencies, and all of 
the reactance arms of the two groups will be potentially inverse , 
respectively in form. To prove this it is necessary that we 
follow the inductive method and examine arms in order of 
their increasing complexity as far as desirable. We shall 
consider arms of only four or less elements, in classes. 

Obviously, in the case of one-element or two-element 
arms, the above rule holds in the sense that there is but one 
arm in each group. See Figures 55 and 57. 


2 Assuming no excess elements, in which case the arm is reduced to one of lesser 
complexity. 
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In the case of three-element reactance arms (Fig. 59) there 
are two arms in each group. For the two groups the im¬ 
pedance characteristics are respectively of the types of Figs. 
61A and 61B , insofar as the frequencies of resonance and anti¬ 
resonance take place in the same sequence. Consider now, 
as a first example, the arms of Figs. 59 A and 59C. We may 



Fig. 66.— Arms of Fig. 59A and 59C Considered as L ~type Networks Terminated 

by Condensers. 


draw the arms as in Fig. 66, from which it appears that 
either arm is composed of an L-type network of inductances 
terminated on its output end by a condenser. The input 
impedance of the arms under these conditions follows the 
formulae developed in Chapter IV but we shall need to solve 
a special case of generalized networks. 


Equivalence of an L-Type Network Plus a Transformer to an L- 
Type Network Reversed in Direction 

The L-type network embodied in Fig. 6jB is reversed in 
direction to the one in Fig. 67 A and is terminated by an 
ideal transformer having an impedance ratio q? (voltage 
ratio q>). 

We wish to determine the relationships existing between 
the factors a , b , c , and q> when the condition of equivalence 
exists between Figs. 67^ and 67 B. We shall assume that 
the image impedances Zi x and Zr 2 , and transfer factor 6 
are identical in the two cases, that is, the two networks 
are equivalent. To find the desired relationships, we shall 
equate 3 the open-circuit and short-circuit impedances from 

3 Refer to Chapter III on “Conditions for Equivalent Networks.” 
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each end of Fig. 67 A to the respective open-circuit and short- 
circuit impedances of Fig. 67 B and then solve these equations 
for the parameters b , c 3 and <p in terms of a. 



Fig. 67.— Potentially Equivalent Networks. 


It must be recalled 4 that the impedance looking into the 
ideal transformer terminals $-6 is the impedance ratio <p 2 
times the impedance through which the terminals 3-4 are 
closed. 

For the open-circuit condition, looking in the 1-2 and 
then the 3-4 terminals, we have 


Z{oc)( 1-2) ==: Z\(a + 1 ) = cZi, 

(13) 

Z(oc)( 3—4) = aZ\ = (p*(b -f- c)Z\. 

(14) 

For the short-circuit condition. 



(■ 5 ) 

rr rr rj 

Z(sc) (1 —2) — Zi — ^ _j_ c 

Z(SC)( 3-4) — - _ Zi <(?bZ\. 

a + 1 

(15') 

Using any three of these equations it is seen 
networks are equivalent 

that when the 

c = a + 1, 

(16) 

. a + 1 

b — -> 

a 

(17) 

and 


a 1 

* a + 1 b 

(18) 


4 See page 39 of K. S. Johnson’s, “Transmission Circuits for Telephonic Com¬ 
munication.” 
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Identity of Input Impedances of Equivalent L-Type Networks with 
any Termination 

Since the networks of Fig. 67 are potentially equivalent, 
it follows that their input impedances looking into terminals 
1-2, when equal impedances of any character are connected 
to the 3-4 terminals, are equal. Thus, in Figs. 68 A and 
68Z?, the input impedances of the equivalent networks so 
terminated are both given by 


Z 12 = Z 


'1 


I + P2« 26 
I — P2€~ 2 * 


( 19 ) 


and are thus equal. But the ideal transformer and the 
terminating impedance Z R in Fig. 685 may obviously be 



Fig. 68.—Networks Having the Same Impedance Looking into Terminals i-a. 


replaced by a single impedance Z R /<p 2 as far as the input im¬ 
pedance Z12 is concerned. Hence the input impedance of the 
networks of Figs. 68 A and 68 C are equal. 


Equivalent Three-Element Reactance Arms 
{A) If we let Zi in Fig. 68 be the impedance of an in¬ 
ductance element and Z R that of a capacitance element, we 
see that the input impedance of the networks of Figs. 68^f 
and 68 C becomes simply the impedance of the two-terminal 
reactance arms of Fig. 69 which are therefore equivalent in 
impedance. Therefore the reactance arms of Figs. 59 A and 
59C are potentially equivalent and they not only have the 
same general form of impedance characteristic (Fig. 61 A) but 
may, by proper correlation of inductance and capacitance 
values, have the same impedance at all frequencies. The 
parameter a may of course have any value. When the values 
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of the inductances and capacitances of the arm on the right 
are known, the corresponding values of the elements of the 
equivalent arm of the configuration on the left are known, 
and vice versa, as indicated in Fig. 69 and Fig. 70. 



Fig. 69.—Equivalent Three-element Arms. 


(B) If now we let Z Y in Fig. 68 be the impedance of 
a capacitance element and Z R that of an inductance element, 
the input impedance of the networks of Figs. 68yf and 68 C 



Fig. 70.—Equivalent Three-element Arms. 

becomes the impedance of the two-terminal reactance arms 
of Fig. 71, which are consequently equivalent in impedance. 
Therefore the reactance arms of Figs. 59 B and 59 D are po- 



Fig. 71. —Equivalent Three-element Arms. 



tentially equivalent and may, by assignment of the proper 
inductance and capacitance values to either arm, have the 
same impedance (Fig. 62B) values at all frequencies. When 
the values of the inductance and capacitances of Fig. 71 B 
are known those of Fig. yiJ are as indicated in Fig. 72. 
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We now see that Fig. 59 which lists all the irreducible 
types of three-element reactance arms, contains only two 
distinct types of arm: (1) those of Figs. 59 A and 59C which are 
potentially equivalent forms, and (2) those of Figs. 59 B and 
59 D which are also potentially equivalent forms. We already 
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(B) 


Fig. 72.—Equivalent Three-element Arms. 


know that the arm of Fig. 59 B is potentially inverse to that 
of Fig. 59^, and that the arm of Fig. 59 D is potentially inverse 
to that of Fig. 59C. Consequently the only two distinct types 
of three-element reactance arms which exist are potentially 
inverse. 

We may put this in another form (1) by throwing the 
expressions for the impedances of the arms of Figs. $<)A and 
59C into the form 

C02 2 — OJ 2 

z =i La w^’ (2o) 

where 


1 1 

L\Ci C5CL5 H“ L§) 


corresponds to the frequency of anti-resonance and 

2 _ L2 + L\ __ 1 

“* “ LaLiCi 

refers to the frequency of resonance, and where 5 


L = L 2 in Fig. 59 A, 

(2l) 

L = ufu “ F H 5 .S 9 C, 

(22) 


6 See footnote No. 7. 
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and further (2) by throwing the expressions for the im¬ 
pedances of the arms of Figs. $gB and 59Z) into the form 


where 


I £0i 2 — CO 2 

jCco co 2 2 — co 2 * 


Oil 


1 1 

L3C3 L 7 (C 7 + Cs) 


(23) 


is the square of the angular frequency of resonance and 

C 3 + Ci 1 
““ Z = Z. 3 C 3 C t = Lie, 


is the square of the angular frequency of anti-resonance, and 
where 


C = Ci in Fig. $gB 

(24) 

C 7 C* 

C= C, + Cs m Flg - 59 °- 

(25) 


§31. Equivalent Four-Element Reactance Arms 

We are now concerned with establishing the potential 
equivalence of the four-element arms of Figs. 63^, B , C and D, 
and likewise of the arms of Figs. 6^E y F, G and H y so that it 
will be evident that only two distinct types of irreducible 
four-element reactance arms exist and that these two types 
are potentially inverse. 

From the three-element arm equivalences discussed above, 
it is evident from inspection that the arms of Figs. 63$, C, 
and D are equivalent, for we may interchange potentially 
equivalent portions of the arms of Figs. 63 B and C, and of 
Figs. 63B and D respectively. Likewise, from three-element 
arm equivalences, the arms of Figs. 63.F, G, and H are po¬ 
tentially equivalent, for we may interchange potentially 
equivalent portions of the arms of Figs. 63F and G and of 
Figs. 63F and H y respectively. It remains only to show that 
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the arms of Figs. 63A and B are potentially equivalent, and 
similarly those of Figs. 63E and F y so that all of the various 
networks of Fig. 63 will be established as forms of two distinct 
types of arms. 

{A) Both impedance characteristics of the arms of Figs. 
63A and B have the general form of Fig. 64^ because each 
has two resonant frequencies and one anti-resonant frequency, 
and each approximate a capacitance element at zero frequency 
and an inductance element at infinite frequency. If the arrn 



Fig. 73.—Equivalent Four-element Arms. 

of Fig. 63A is drawn as in Fig. 7 %A where (Z,«, C R ) is the arm 
contributing the upper resonant frequency/ 3 and (Ls y Cs ) is 
the arm contributing the lower resonant frequency /1, it is 
evident that we may subtract from ( Ls y Cs) a portion of its 
inductive or capacitive reactance, or both, so that it consists 
of an arm resonant at fz plus an excess amount of reactance. 
Choosing the inductance form for a single excess element, 
we have the relationships indicated in Fig. 73B. Now the 
portion of the arm of Fig. 73 B bounded by terminals 1, 2, 
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3, and 4 may be regarded as a network of similar impedances 

( J2 v 

1 ~ j2jLs* 

From the equivalences of Fig. 68 we may derive the 
equivalence illustrated in Fig. 74 by substituting new values 
of Zi and Z R in the arms of Figs. 68 A and C. Considering the 



Fig. 74. —Fundamental Conditions for Equivalent Arms. 


arm of Fig. 7as a special case of the arm of Fig. 74$, 
where 


Lnfl = Cs 
Lsfx 2 C*’ 


(26) 


<p = 


a 

a T* 1 9 


(27) 


we obtain the arms of Fig. 73C as a special case of Fig. 74.Z? 
thence the arm of Fig. 73D (w 3 is the angular resonant fre¬ 
quency of the arm containing L x and C x ) as a special case 
of Fig. 74^, and the arms of Figs. 73^, B, and D are all 
equivalent. But the portion of the arm of Fig. 73D to the 
right of terminals 7-8 is a three-element arm of the type of 
Fig. 59 C or 70 B and we may substitute for it an equivalent 
arm of the type of Fig. 7 oA or 59 A. There results the arm 
of Fig. 73E in which 


b = 


1 

a T" 1 



(28) 


and hence, if the two series inductances are combined into a 
single element, we have the reactance arm of Fig. 73F. Thus 
the arms of Fig. 63^ and B are potentially equivalent and the 
four arms of Figs. 63A, B> C and D are but variant forms of a 
single distinct type of network. 
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( B ) We may proceed by a similar method to show the 
potential equivalence of the arms of Figs. 63E and F } separat¬ 
ing out from the anti-resonant arm of Fig. 63E (which reso¬ 
nates at the lower frequency) enough parallel admittanceso that 
the residue resonates at the upper resonance frequency and 
proceeding very much as before. But an easier method is the 
following: Since the arm of Fig. 63E is potentially inverse to 
that of Fig. 63 A and since the latter is potentially equivalent 
to (i.e., may have the same impedance as) the arm of Fig. 63Z?, 
the arms of Figs. 63E and B are potentially inverse. But 
now the arms of Figs. 63E and F are potentially inverse to that 
of Fig. 63B, whence they must be capable of having exactly 
the same impedance characteristics. That is to say, two arms 
which are potentially inverse respectively to two potentially 
equivalent arms are themselves potentially equivalent. 

Thus we have arrived at the fact that hut two distinct 
types of networks exist among all the irreducible four-element 
reactance arms {shown in Fig. 63) and that these two types are 
potentially inverse. For convenience of reference, the inter¬ 
connecting formulae of the elements of the various arms of 
Fig. 63 have been listed elsewhere. 6 The impedance charac¬ 
teristic of the arms of Figs. 63/f, B , C and D is given by 


where 7 


Z = 


.L (C0i 2 — CO 2 ) (a# 5 — CO 2 ) 
^ co (co 2 2 — CO 2 ) 


(29) 


6 See K. S. Johnson, “Transmission Circuits,” p. 270. 

7 It will be helpful in checking these equations to notice that juL must be the 
impedance of the arm as the frequency approaches an infinite value. Equation (29) 
may be written 



, .. . wi 2 W3 3 wj? 

and if u = 00 then — = — = — = 0, 
cu 2 « 2 u 2 


Z = jwL. 


(a) 


Now by inspection of Fig. 63^/ it is readily seen that for high frequencies Cg and Cs 
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LrLs 
Lr + Ls 


= u 


in Fig. 63^, 
in Fig. 635, 


LvL 


V^w 


Lv -f" Lw 
= Lb 


in Fig. 63C, 
in Fig. 63D. 


( 3 °) 

( 3 1 ) 

( 3 2 ) 

( 33 ) 


The impedance characteristic of the arms of Figs. 63^, F, G 
and H is given by 


where 


ry _ • <*> (W 2 2 

- CO 2 ) 

(34) 

J C (<di 2 — co : 

0 (co 3 2 - CO 2 ) ’ 

Cr'Cs ' 

in Fig. 63#, 

(35) 

Cr' + Cs' 

II 

>* 

in Fig. 63F, 

(36) 

Cv'Cw' 

in Fig. 63G, 

(37) 

Cv' 4 " Cw' 

= Cb' 

in Fig. 63//. 

(38) 


By examining irreducible five-element (or still more complex) 
arms, it may similarly be shown that but two distinct and 
potentially inverse types exist. These are illustrated in par¬ 
ticular forms in Fig. 75. Ten additional variant forms (not 
shown) exist for each type of arm. 


offer practically no impedance and the impedance of the network is simply the im¬ 
pedance of Lr and Ls in parallel or 


=y<o 


LsLr 
Ls + Lr 


(*) 


By comparison of («) and (b) we see that 


LsLr 
L s + Lr 
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§ 32. Series Groups of Anti-Resonant Arms and Parallel Groups of 
Resonant Arms. General Formula for Reactance Arm Im¬ 
pedances 

A review of the types of arms shown, containing from 
one to five reactance elements, brings out the fact that each 
distinct type of network may be thrQwn into the form of a 
group of simple anti-resonant arms in series, or of a group of 
simple resonant arms in parallel provided we consider an 




H 




— 1! — 1 HH 


—w—If— 

• - 1 —O' 

—W—1|— 

(*) 



(B) 


Fig. 75. —Only Two Distinct and Potentially Inverse Types of Arms Exist. 


isolated inductance (or capacitance) arm as a special case of 
either a resonant arm resonating at zero (or infinite) fre¬ 
quency, or an anti-resonant arm resonating at infinite (or 
zero) frequency. For example, the five-element arms of 
Fig. 75 may consist either of three anti-resonant arms in 
series (one being anti-resonant at infinite frequency) or of 
three resonant arms in parallel (one being resonant at zero 
frequency). 

This suggests that a single type of formula, or at most 
two types for two potentially inverse arms, may be found 
which can express the impedance of an arm of any desired 
number of elements, becoming simplified as successive reso¬ 
nant or anti-resonant frequencies are put to zero or infinity 
in order to drop out successive elements. Such formulae 
may be obtained by solving reactance arms in ascending 
order of complexity and are of the form 

Z — 'H ~~ ^ ^ ° 2 ~^ ^ “ c ° 2 ) — ( w »-1 2 — os 2 ) 

J (c 0 B 2 — CO 2 ) ( o } D 2 — OS 2 ) ( C 0 F 2 — OS 2 ) • • • ( ton -2 ~ CO 2 ) 


(39) 
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or 

. H (co/- co 2 )(c0/ - co 2 ) (co/- co 2 ) • ♦ • (co w —i 2 - co 2 ) . q) 

^ ^ CO (w B 2 -W 2 )(ui) 2 -tf 2 )(Wf 2 -W 2 )-(cO n _ 2 2 — CO 2 ) 

where H may be equal either to L or to i/C, and n is the 
number of reactance elements. 

This gives us the following classifications: 

Arm Approximating an Inductance at Both Zero and Infinite 
Frequencies 

In this case there is an even number of finite resonant 
and anti-resonant frequencies, the lowest being an anti¬ 
resonant frequency and the highest a resonant frequency 
(Fig. 7 6A). The arm may be recognized by the fact that 
there is an odd number of elements in the arm and the number 
of inductance elements exceeds the number of capacitance 
elements by one. The formula 

(co 2 2 — co 2 )(co 4 2 — co 2 )(co 6 2 — co 2 ) • • • (co w -i 2 — co 2 ) / * 

^ 3 03 (coi 2 — co 2 )(co 3 2 — co 2 )(co 5 2 — co 2 ) — (co„_2 2 — co 2 ) ^ 

where L is the inductance which the arm simulates at in¬ 
definitely great frequencies, is perhaps the most convenient 
form of impedance expression to use. 

Arm Approximating a Capacitance at Both Zero and Infinite 
Frequencies 

In this case there is an even number of finite resonant 
and anti-resonant frequencies, the lowest being a resonant 
frequency and the highest an anti-resonant frequency (Fig. 
7 65 ). The arm may be recognized by the fact that there is 
an odd number of elements in the arm , the number of capacitance 
elements exceeding the number of inductance elements by one. 
The formula 

^ . I (coi 2 — co 2 )(co 3 2 — co 2 )(co 6 2 — CO 2 )-• *(co n _ 2 2 — CO 2 ) , * 

z ~ ~ ] VC ( M2 2 -<0 2 )( M4 2 -0 J 2 )(M 6 2 - < 0 2 )---( W „_i 2 -a. 2 )’ w ; 

where Cis the capacitance simulated by the arm at indefinitely 
great frequencies, applies. 
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Fig. 76. —The Reactance Characteristics of the Four Classes of Arms Whose 
Equations Are Given by 41, 42, 43 and 44 Respectively. 
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Arm Approximating an Inductance at Zero Frequency and a 
Capacitance at Infinite Frequency 

There is an odd number of finite resonant and anti¬ 
resonant frequencies, the lowest and highest being anti-reso¬ 
nant frequencies (Fig. 76C). The arm has an equal number 
of inductance and capacitance elements and therefore an even 
total number of elements. The.formula 

^ .CO (co 2 2 — co 2 )(co 4 2 — co 2 )(co 6 2 — CO 2 ) - • * (cOjj, — 2 2 — CO 2 ) 

Z=J CW~ Z <f)W - ^(V - - «?) (43J 

applies in which C is the capacitance which the arm approxi¬ 
mates at infinite frequency. 

Arm Approximating a Capacitance at Zero Frequency and an 
Inductance at Infinite Frequency 

There is an odd number of finite resonant and anti¬ 
resonant frequencies, the lowest and highest being resonant 
frequencies (Fig. 7 6 D). The arm has an equal number of 
inductance and capacitance elements and therefore an even 
total number of elements. The formula 

_ .L (coi 2 - CO 2 ) (CO3 2 - CO 2 ) (C0 5 2 ~ CO 2 ) - - - (cO w _! 2 - CO 2 ) 

^ ^ co (co 2 2 — CO 2 ) (co 4 2 — CO 2 ) (co 6 2 — co 2 ) • • • (co n _ 2 2 — co 2 ) * 44 

in which L is the inductance approximated by the arm at 
infinite frequency, applies. 

§ 33. Distributed Reactance Structures as Limiting Case of Lumped 
Reactance Arms 

If we arrange in order, according to the number of elements 
contained, particular forms of the two possible types of each 
class of reactance arm, we find a correlation illustrated in 
Fig. 77. The types of arm in Fig. 77 A simulate an inductance 
element at zero frequency and represent, as far as con¬ 
figuration is concerned, the short-circuit structure of a multi¬ 
section reactance line. The types of arm in Fig. 77 B which 
simulate a capacitance element at zero frequency represent, 
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as far as configuration is concerned, the open-circuit structure 
of a multi-section reactance line, the number of sections being 
exactly the same in either case, when an arm of Fig. 77 B 
contains one element more than the corresponding arm of 
Fig. 77 A. 

As the number of elements of either type of arm becomes 
indefinitely large, the number of resonant and anti-resonant 
frequencies increases, but if we fix the successive frequencies at 
constant finite locations, the magnitudes of the elements must 
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Fig. 77.—Illustrating the Correlation between Particular Forms of Reac¬ 
tance Arms. 


grow smaller and smaller, if the total inductance or total 
capacitance of such an arm in terms of which the impedance 
formulae (41) to (44) inclusive, may be expressed, is to remain 
constant. Thus, if the resonant and anti-resonant frequencies 
of the arms are not allowed to vary as new elements and new 
resonant and anti-resonant frequencies are added above the 
old, the arms tend to approach more and more nearly short- 
circuited and open-circuited lines of distributed constants, 
and in the limiting case, the lumped reactance arms lose the 
discreteness of their infinitesimally small elements. 

Let us take the case of a simple dissipationless line whose 
iterative impedance is constant throughout the length of the 
line, and show how the general impedance formula (41) to 
(44) inclusive, for the lumped reactance structures change 
into the well-known tangent and cotangent formulae, re¬ 
spectively, for the short-circuit and ooen-circuit impedances 
of the dissipationless smooth line. 
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(A) The impedance of the “short-circuited” lumped re¬ 
actance arm (Fig. 77 A) is 

^ .J , (W 2 2 — CO 2 ) (c0 4 2 — CO 2 ) (C0 6 2 — CO 2 ) • • • (c0 2 „-2 2 — CO 2 ) 

~ J " («, 2 - o> 2 ) W ~ w 2 ) (»s* - a 2 ) • • • (« 2 „_ 3 2 - a. 2 ) ’ (45) 


when there are (in — 1) elements in the arm and U is the 
inductance at infinite frequency. 

Now suppose the resonant and anti-resonant frequencies, 
the latter and the former alternating, are spaced at equal 
intervals along the frequency spectrum, i.e., suppose / 0 
= co 0 / 1tt to be a base frequency such that coi, co 2 , co 3 , co 4 , etc. 
are respectively equal to co 0 , 2 co 0 , 3 co 0 , 4 co 0 , etc. Then 


Z = jL'u 


( 4 CO 0 2 — co 2 )(l 6 co 0 2 — CO 2 )(36cO 0 2 — CO 2 ) 

.. . [(m — 2) 2 C0 0 2 — CO 2 ] 


. ( 46 ) 


(co 0 2 — co 2 )( 9 co 0 2 — co 2 )(25co 0 2 — CO 2 ) 

• • -[(2 n — 3) 2 co 0 — CO 2 ] 

If the total series inductance L of the short-circuited arm, to 
which the arm reduces at nearly zero frequency, is to remain 
constant, it will be convenient to express Z in terms of this 
inductance rather than in terms of L'. We obtain L by 
letting co approach zero: 

4- 16-36- -(2 n - 2) 2 _ 


so that 


and 


Z = jV co---- ~r - = jLa>, 

J 1 • 9 • 25 • • • (in — 3) 2 J 

.,4* i 6*36* • • (in — 1) 2 


L = L' 


1-9-25..*(2» - 3) 


2 > 


(47) 

(48) 


/ w 2 > 

iL 'll 

\ * \ 

V 4"0 2 > 

l6co 0 2 /' 

< 36CO0 2 / 


jLo> °(^) 


\ 1 {in — 2) 2 »o 2 ) 




(49) 


( 


co 2 


(in — 3) 2 coo 2 


) 
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When n becomes indefinitely large, we may make use of the 
fact that 8 


sin 


(1 --V, 

*“V 


1 


I 4 A 

-TeA'-tf) 

!• • • 


-k) 

l( I+- 
V 4 > 

X'< 

> 


x K 

-iX 

>-;X 




and therefore that 


TT . 7 T . . 

cos — x = sin - (x + 1) 
2 2 


-'[•(KXKXH) 


(i 


/3 

x \ 

/ 5 


...1 

\ 2 

2/ 

\4 

4/ 

\6 

"6/ 

J 


f 9 _ 

_^V^S 


AT 2 \ 

v 16 

16 A3 6 


36 / 

12 _ 

--V-1 

< 

r% « 

3.4 

64 

64) \ 

Z * 

V 

2 *3 

T - 

-Vi- 

X 2 

\ 

I - 

9 A 

25 

) 

Y, 

AT 2 \ 

A 

3 - 

A 

49 / 

V 

2 

fl 

.12. 

..Yl 

V4 

16 36 64 



•)] 


(5°) 


(SO 


(52) 


(53) 


(54) 


) (55) 


In multiplying the two series 

\ 234 A 4 16 3 6 64 / 

8 See Whittaker and Watson, “ Modern Analysis,” pp. 32, 33. Also see Peirce “A 
Short Table of Integrals,” formulae 816, 817, second revised edition. 
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it is not material exactly which pairs of factors are cross- 
multiplied because the factors in each approach unity as we 
ascend the series, and if a large number of factors in each 
series is taken, the same value for the series product is 
obtained: 


(V 3 . 4.5 VI 9 . 25 . 49 .. \ 

\ 234 /\4 16 36 64 / 

1 9 25 49 81 121 _ 1 
4 8 24 48 80 120 7r 

Thus 


( 56 ) 


cos- 

r 

and 


, .(■“)(■ -sx 


tan ~x — —x 
2 2 


co 



(1 -- 

25 / 

V 49 

a ; 2 \ 

,/ ** 

16 J 

V 36 

a* \ 

(l-- 

9 / 

V 25. 


Letting— = x , and then co r = — co 0 , 


COo 


*-4(;-K(=) 


]> ( 57 ) 


■ 


( 58 ) 


( 59 ) 


CO 


= ;’Lco r tan — 

y COr 


(60) 


Let C be the capacitance required to resonate with L at the 
angular frequency co r 2 = . Putting this interpretation on 

co r in (60) we have 

Z = jyfg tan coVZC = y'Zr tan 5 (61) 

= Zj tanh jB = Zi tanh 0. (62) 
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This is the well-known formula for the short-circuited im¬ 
pedance of a dissipationless smooth line, where C is the total 
shunt capacitance. 

(. B ) The impedance of the “ open-circuited ” lumped re¬ 
actance arm (Fig. 77 B) is 

, _ _ . I (ooi 2 — W 2 ) (c O3 2 — CO 2 ) (c0 5 2 — CO 2 ) * • * (t0 2 n-l 2 — CO 2 ) 

J OjC' (c0 2 2 — CO 2 ) (o>4 2 — CO 2 ) (c0 3 2 — CO 2 ) • • • (c0 2n -2 2 _ CO 2 ) ’ ^ 


when there are in elements in the arm. With the resonant 
and anti-resonant frequencies in simple harmonic ratio, as 
before 


(co 0 2 — co 2 )( 9 co 0 2 — co 2 )(25co 0 2 — CO 2 ) 

.1 • • • {{in — i) 2 co 0 2 — co 2 ) 

J CoC' ( 4 CO 0 2 — CO 2 )(l 6 cO 0 2 — C0 2 )(36c0o 2 — co 2 ) 

• • • {{in — 1) 2 co 0 2 — co 2 ) 


(64) 


But C' is the capacitance simulated by the arm at infinite 
frequency and for this case, if we are to approach a dis¬ 
tributed line of finite length, it will be convenient to use the 
capacitance C which the line approximates at zero frequencies 
and which is, from Fig. jj£ the total parallel capacitance of 
all the capacitive elements of the arm. Letting co approach 
zero in (64), 


and therefore 


v 4* 16-36' • • {in - 1) 2 
1 - 9*25- • • {in — i) 2 


- c. 




(65) 



COo 

CO 


) 


(■ 


4CO0 2 


( x {in — i ) 2 co 0 2 ) 

X 

( x {in — I ) 2 coo 2 ) 



( 66 ) 
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When n becomes indefinitely large, we may employ (58) and 
obtain 



(67) 

( 68 ) 


--j4 


cot coVZc = — jZ i cot B 


(69) 


— Zi coth 0, (70) 

2 

co r being, as before, equal to — co 0 and L, as before, being the 

7r 

inductance (total series inductance of the arm or line) required 
to resonate with C (total shunt capacitance of the arm or line) 
£0 r 

at frequency/ r = — • Thus, we have, in the limiting case of 

the “open-circuit” type lumped reactance arm the open- 
circuited smooth dissipationless line with its familiar co¬ 
tangent formula. 


§ 34. Reactance Arms Containing Mutual Inductance 

The reactance arms which have been described above 
have been assumed to be free from interactions between the 
elements due to external electrostatic and electromagnetic 
fields. The former can be avoided to a large extent by the 
use of electrostatic shields around the elements, particularly 
around capacitive elements, and the latter may be avoided 
by the use of certain types of coil construction (such as the 
toroidal), of core materials of high permeability, or of electro¬ 
magnetic shields of the ferromagnetic or eddy-current types. 
However, it is often desirable to permit such interplay of the 
electromagnetic fields in order to avoid distributed coil 
capacitance effects and internal coil modulation, and in order 
to keep the actual parasitic effective resistance of the “re¬ 
actance arm” at a minimum. 
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Mutual inductance may exist, within limits, between pairs 
of inductance element coils in reactance arms, without 
altering fundamentally the nature of the arms. 9 That is, 
such structures are potentially equivalent to similar structures 
without the mutual inductances but with, in general, different 
values of inductances and capacitances. Reactance arms, 
without mutual inductance, and which have not more than 
four elements, contain at most but one pair of inductance 
elements, and the correlation between the potentially equiva¬ 
lent arms, with and without mutual inductance, is relatively 
simple. Since these are, practically, the most important 
reactance arms, other types will not be discussed. Two 
structures containing three reactance elements each, and 
eight structures containing four reactance elements each, 
exist in the above class, which contain one pair of inductance 
elements each between which mutual inductance may be 
permitted. 


Mutual Inductance Inserted in Three-Element Arms 
The two structures of this class are those of Figs. *]%A 
and 79^. The mutual inductance is shown inserted in 
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Fig. 78. —Equivalent Three-element Arms, One of Which Contains Mutual 

Inductance. 


Figs. 78 B and 79 B. The equivalence is clear if we recognize 
the pair of inductive elements with mutual inductance 
coupling between them as a two-winding transformer, as 
indicated by the terminal numbering (1, 2, and 3) in each 

9 See "Mutual Inductance in Wave Filters with an Introduction on Filter Design,” 
K. S. Johnson and T. E. Shea, B. S. T. J., Jan. 1925* 
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case. Substituting the equivalent T networks 9 of the trans¬ 
formers of Figs. 78 B and 79R, we have respectively the 
equivalent lumped reactance arms of Figs. 78C and 79 C. 
But we recognize the arms as being reducible to simpler 
forms in which the number of inductive elements exceeds 
the number of capacitive elements by only one. Substituting 
for the portions of the arms between points 3 and 4, potentially 
equivalent arms as in Figs. 78 D and 79D, we obtain arms 
which are potentially equivalent to those of Figs. 78 A and 
respectively. Thus the arms of Figs. 78 B and 79R 
are potentially equivalent to those of Figs. 78 A and 79^, 
respectively, and the impedance characteristics of the arms 
are not fundamentally altered by the presence of mutual 
inductance. In Fig. 78 the following relations may be 
derived for exact equivalence: 



M 2 

La = La' FF + -r—jj 
La 



( 72 ) 

( 73 ) 


*■« 



(A) 1 * 


m ^ p 

<C> 



Fig. 79.— Equivalent Three-element Arms, One of Which Contains Mutual 

Inductance. 


(the upper of the alternating signs being used for series 

9 See “Mutual Inductance in Wave Filters with an Introduction on Filter Design,” 
K. S. Johnson and T. E. Shea, Bell System Tech. Journal, Jan. 1925. 
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opposing mutual inductance, the lower for series aiding). 
In Fig. 79 the following relationships hold: 


Lb — Lb'} 

(74) 

r t ,L a 'Lb'-M* 

La - Lb ( Lb’ =F M? ’ 

(75) 

* - 

(76) 

(the upper of the alternative signs again 
series opposing connection). 

being used for 

Mutual Inductance Inserted in Four-Element Arms 

Mutual inductance may be permitted to exist between 
the inductive elements of any of the four-element reactance 
arms of Fig. 63. That this is true of the arms of Figs. 63#, 
C, F and H is evident from the three-element equivalences of 


the preceding section, for the portions of the four-element 
arms to which the above equivalences apply are not affected 
by the presence of the fourth (capacitance) element. 

h 

2 

r" 

Fig. 80.—Change Effected by Inserting an Equivalent Transformer When 
Mutual Inductance Exists between the Arms (Fig. 63). 

If mutual inductance exists between the coils of Figs. 63A 
or D y respectively, when the equivalent transformer T- 
network is inserted, the structure is that of Fig. %oA y in 
which any one of the inductance elements may be negative 
but at least two must be positive. The portion of the arm 
between points 1-2 in Fig. SoA being potentially equivalent 
to a structure of the form of Fig. 63R, the remaining series 
inductance element may be merged without fundamentally 
altering the character of the arm. Since the structure of 
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Fig. 63R is equivalent to that of either Fig. 63^ or 63Z), it 
follows that the insertion of mutual inductance in the latter 
two types of arms has the effect merely of changing the 
equivalent values of the inductance and capacitance elements 
of the arms, their configuration remaining the same. 

Likewise, the arms of Figs. 63F or H may have mutual 
inductance added without changing the configuration of the 
arms, as follows from the three-element equivalences of the 
preceding section. Finally, the effect of the addition of 
mutual inductance to the arms of Figs. 63E and G may most 
easily be visualized by replacing the resulting transformer by 
its equivalent t network, in which case Fig. 80 B shows the 
resulting arm. In Fig. 8oi? any one inductance element may 
be negative but at least two must be positive. The portion 
1-2 of the arm of Fig. 80 B has the equivalent form of either 
Fig. 63F or 63G, so that if the remaining inductance element 
of Fig. 80Z? be merged into the inductance branch of either 
of the equivalent arms of Figs. 63.F or G referred to, the 
resulting structure is unchanged in configuration from Figs. 
63^ or 63G. Thus, arms of the types of Figs. 63E, F, G or H 
may have mutual inductance inserted with the result that 
the values of inductance and capacitance of the elements will 
in general be effectively altered but the configuration of the 
arm will not be changed. 


§ 35. Impedance Deviations Occurring in the Impedance of a Network 

The properties of any transmission network are fully 
defined, as previously stated, by the transfer constant, 6 , and 
the image impedances, Zi» and Z/ 2 at either pair of acces¬ 
sible terminals, when the network is operating between a 
transmitting-end impedance Z& and a receiving-end imped¬ 
ance Z R . In terms of these parameters the actual input 
impedance of a network looking into, say, its 1-2 terminals 


2 0 


ry _ y 1 H" Pi* 

■^12 ^^1 T _ _ ,_20 5 


I — P2€' 


(77) 



EFFECT OF IMPEDANCE VARIATIONS 


x 59 


has been given as where p 2 refers to the reflection coefficient 
at the receiving end. This is a more or less idealized im¬ 
pedance, 10 since it ordinarily assumes that the network has 
been put together without internal reflections, i.e., that the 
transfer constant 6 is the simple algebraic sum of the trans¬ 
fer constants of the individual sections or half-sections and 
that the image impedances are exactly the same as the end 
sections or half-sections would present if isolated from the 


-e-*■ 

e A ---©ft---e C 3 0-< d A +0 ®)—*■ 



Fig. 8i.—I r Reflections Occur at the Receiving or Sending End, the Actual 
Impedances Zab and Zab Differ from the Image Impedances. 

remainder of the network. Now, deviations from this 
idealized condition must occur in practice insofar as the re¬ 
spective elements of the network may have variations from 
their ideal impedance values due to inaccuracies of manu¬ 
facture, temperature and humidity cycles, computational 
errors, parasitic distributed impedances or admittances, etc. 
The question then is: What is the effect of deviations in the 
impedance elements which make up the network on the 
actual input impedance, looking into either end of a net¬ 
work ? 

Let formula (77) above apply to the general form of 
network, containing several sections, of Fig. 81. This equa¬ 
tion is of the form 

1 -f* u 

Z12 = Z/j - —— > (78) 

where 

_ a = P 2 6 ~ 2g > _ (79) 

10 Of course, since the formula (77) is general, if sections or half sections are not 
matched successively, 6 may be determined as the transfer constant of the entire 
structure (treated as a unit) and Zj x and Z/ 2 similarly determined. The actual 
determinations of the quantities in such a case may be difficult. 
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and if we solve 


explicitly for a we obtain the relationship 


a 


Zn - Z h 
Z 12 + Zi 1 


— ~ c~ 2d 

p 2 € * 


(80) 


By using the Reciprocity Theorem and considering trans¬ 
mission in the opposite direction we obtain likewise, as a 
relationship between the actual input impedance at the 3-4 
terminals, the impedance Z s connected to the 1-2 terminals, 
and the three parameters of the network 


Z34 — Zi 2 

Z34 + Zj 2 


= P i«' 


-29 


(81) 


Equations (80) and (81) express the fact that when an 
irregularity , such as Z R — Zi 2 or Z s — Zi x occurs at one end 
of a network , the reflection coefficient caused thereby at the 
other end of the network (expressed in terms of the actual 
impedance looking in the direction of the irregularity and 
the image impedance at the second end of the network) 
differs from the reflection coefficient at the first end of the network 
(similarly expressed) by a factor which is equal to the square 
of the exponential factor corresponding to the transfer constant . 

Now consider the internal section junction points of the 
multi-section network of Fig. 81. At any junction point 
such as c-d we have for the actual impedance looking to the 
right 

I + p, e~ 2e ° 

Za = Z r - -(8a) 

1 p 2 e 

from which it follows that 


Z c d ~~ Zi t 
Z c d + Z/ 4 


= n 

P2 e > 


(83) 


where 6 c has the significance indicated in Figure 81. The 
reflection coefficient at c-d due to Z R — Z/ 2 differs from 
the reflection coefficient at 1-2 due to the same deviation 
merely by the factor which the latter includes. 
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corresponding to twice the transfer constant of that portion 
of the network lying between c-d and 1-2. Similarly, 



Zab + Zi s 


= p 2 €~ 2(9B+9c) 

_ Z c d ~ Zi t 
Zed + Zi K 


= P2 6 


-2 e B 


-2 (6-6 a) 

Z12 — z 
Z12 + z 


£1 

'1 


6+^. 


(84) 

(85) 


From the formulae for transmission in the reverse direction 


and 


Z a b — Zr 3 
Zab + Z / 3 


= p^~ 29a 


Zed — Z / 4 
Zed + Z/ 4 


€ +2*£ 


— +2((te+0 c ) 

Z34 + Zr 2 



Zed' + Zr 4 


= Pl e- 2 ^+^) 


Z06 Z/3 ^^ 

Z a */ + Z / 8 


= ^ 34 e +20 C 
Z34 + Zj 2 


( 86 ) 

(87) 

( 88 ) 

(89) 


Deviations in Impedance Due to Irregularity in a Series Arm 
If the deviation occurs in one of the internal series arms 
of the network instead of in a terminating impedance, the 
formulae are very similar, i.e., the reflection coefficient at 
any other section junction nearer the transmitting apparatus 
is controlled by twice the transfer constant of the portion of 
the network lying between this junction point and the point 
of occurrence of the irregularity. 

For example, suppose in Fig. 81 that the series arm 
e-f has, instead of the ideal impedance value Z, the value 
Z + A Z, so that A Z is the deviation in impedance of the arm. 
Suppose for the moment that Z fi = Z / 2 and Z s = Zi lf so that 
we need consider the effect of only one deviation at a time. It 
does not matter where in the arm e-f the deviation AZ occurs, 
as far as voltage and current distribution outside of the arm 
e-f is concerned. Therefore, if the deviation occurs partly 
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or wholly to the left of c-d , we may consider it to occur 
entirely to the right of c-d. The impedance Z c< *, because of 
the equality of Z R and Zj, is now 

Z C d = AZ + Zj^ (90) 

and we may, in considering the reflection coefficients set up 
by AZ between it and the generator, consider only the net¬ 
work 1-2 -c-d, terminated in a receiving impedance AZ + Zr 4 . 
From (90) it is evident that the reflection coefficient at c-d 
is given by 

Z c d — Zii _ AZ 

Zed 4 ~ Zj 4 2Zj 4 + AZ 9 


Obviously, if AZ is small in comparison with 2Z/ 4 we may 
neglect it in the denominator on the right, but it will be 
retained here for the sake of completeness. 

Now the reflection coefficient at a-b due to AZ is 



Z a b + Z/ 3 


AZ 

2Z/ 4 -f* AZ 


— 

c > 


and the corresponding reflection coefficient at 1-2 is 



Zi 2 + 2 ^ 


AZ 

2Z, 4 + AZ 


^—2 (0A+0B) . 


(9 2 ) 


(93) 


If the impedance deviation had occurred in the series 
arm containing the point ( d) } we should have had for the 
reflection coefficient at a-b 


Zab - z , 8 AZ 

Zab + Zi z 2 Z h + AZ 


(94) 


and for the corresponding reflection coefficient at 1-2 


Z12 — Zj 4 
Z12 + Z/ t 


AZ 

2Z j s + AZ 


c • 


(95) 
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Deviation in Impedance Due to Irregularity in a Shunt Arm 
When a network differs from the ideal in that the im¬ 
pedance of a shunt arm departs from its ideal value i.e., 
contains an irregularity, we may treat the effect of this shunt 
arm deviation very much as in the case of the series arm 
deviation above. We notice that any reflection coefficient 
may be expressed readily either on an impedance or an 
admittance basis; for example, the reflection coefficient 
between any two impedances Z a and Zb may be written 

Y> ~ Y a Y a -Y b , „ 

Y b + Y a Y a + Yb> W 

where Y a = 1 fZ a and Y& = i/Z&, i.e., the reflection coefficient 
expressed in terms of admittances is the negative of the 
reflection coefficient in which the corresponding impedances 
are substituted for those admittances. The negative sign 
arises through the fact that a positive deviation in an im¬ 
pedance (i.e., an increase in the impedance) corresponds to a 
negative deviation in admittance (i.e., a decrease in ad¬ 
mittance). 

Hence, we may, if convenient, write the reflection co¬ 
efficients in admittance form. The reflection coefficients 
(corresponding to formulae (80) and (84)) due to the fact that 
Zr Zi % are given on an admittance basis by 



and 


Y i2 — y f , r.-r, 
Y a + Y h y, + y,- 


(97) 


and so on. 


Yab — Y I s Yr -j- Y I t 
Yab + Yr 3 ~ Yr - Yr 2 


e -2 (Sb-Hc) 


(98) 


Referring to Fig. 82, if a deviation in impedance occurs 
in shunt arms Z„, so that its impedance is changed to 
Z n + AZ ny and if g-h represents the shunt junction point of 



164 PRINCIPLES OF TRANSMISSION NETWORKS 


two sections of the network, as shown in Fig. 83, so that the 
image impedance on either side of g—h is Z/. = 1 /Y/ 6 , we 
may consider that the deviation has changed the total 



Fig. 82.—Irregularity in the Series or Shunt Impedances of a Network 
Causes the Actual Impedance to Differ from the Image Impedances. 


admittance of the shunt arm from its normal value Y n to the 
value Y n + A Y n . The two separated shunt arms on either 
side of g-h in Fig. 83 thus have as the sum of their admittances 
Y n + AY re . We may consider that the impedance deviation 

—WV 


o- " -'’Wir 

A 

Fig. 83. —Illustrating a T-Section Split Up for Purposes of Analysis. 

A Z n occurs entirely on the receiver side of g-h, i.e., that the 
admittance deviation AY n occurs entirely on that side of g—h. 
Then the effect of the deviation as far as the input impedance 
at the 1-2 terminals is concerned, is given by 



W V " ° j 


WV-3' 



Z12 + Z/j 


~Y 12 - Y Tt 
Yn + Y h 


AY 

2 Y j 5 + AY 


e —2(9 a+Az>), ( 99 ) 


and the effect of the deviation at any series section junction 
point between the irregularity and the transmitting device, 
such as a-b , is given by 



AY 

2 Y j 6 + AY 


e~ 20D . 


Zab + Z/ 


(100) 
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Conclusions Regarding Effects of Individual Deviations 

We may now draw a number of conclusions of practical 
importance regarding the effect, from a network impedance 
standpoint, of an irregularity either in a series arm, a shunt 
arm internal to the network, or in the receiving end terminal 
impedance. 

(1) An impedance irregularity will affect the input im¬ 
pedance of a network or the impedance at any (series or 
shunt) section junction point between the transmitting device 
and the point of occurrence of the irregularity in a measure 
proportional to the exponential factor corresponding to twice 
the transfer constant covering that portion of the network 
between the irregularity and the junction point considered. 

(2) Since the transfer constant is made up of the attenu¬ 
ation constant a and the phase constant the magnitude of 
this exponential factor is given by e~ 2 “ and its phase angle 
by — 2j 3 , hence the reflection coefficient at the input terminals 
or the junction point under consideration will be reduced in 
magnitude, with respect to the reflection coefficient at the 
point of occurrence of the irregularity, by an amount corre¬ 
sponding to twice the attenuation of the portion of the net¬ 
work subtended, and it will be shifted in phase, with respect 
to the latter reflection coefficient, by twice the angle of phase 
shift of the portion of the network subtended. 

(3) Where this portion of the network is highly attenu¬ 
ating, the effect of the irregularity will be damped out, so 
that the actual input impedance of a highly attenuating 
network approaches closely to the image impedance at the 
input terminals. 

(4) Because the phase characteristic of most networks, 
particularly reactance networks, changes continuously with 
frequency, the increment of input impedance due to a devi¬ 
ation will have an undulatory character, passing through a 
complete phase revolution in the interval that the phase 
characteristic of the subtended portion of the network passes 
through one-half cycle. 
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Alternative Method of Dealing with Irregularity in a Shunt Arm 
It is not always convenient to deal with admittances in 
analyzing the effect of deviations in the shunt arms of a 
network, and it is possible to render the effects in terms of 
series arm deviations. Consider Fig. 82 for example. 

Suppose an impedance deviation to occur in shunt arm Z n . 
The result will be equivalent to the introduction of an e.m.f. 

en “ /nAZ n , (ioi) 

which will cause the currents in the network to redistribute 
themselves. Suppose them to be redistributed. By the 
Reciprocity Theorem we know that the change in current 
A I n at 1 -2 (which obviously determines the change in input 
impedance) due to e n = — I n lSZ n , will be the same as that 
which the voltage e n would produce in Z„ if acting in series 
with E. Considering e n as acting in series with E y from 
Kirchoff’s law we have. 


A /„ — A/4 — AJ„ 


(102) 


but A/ 4 can be considered as the change in current which an 
e.m.f. e n acting at the point (a) would cause at the input 
terminals, and — A/ 3 is the change in current which an e.m.f. 

— e ny acting independently at point (c) would cause at the 
input terminals. Hence the result of the deviation A„Z n 
in Z„ is the same as if an e.m.f. e n = — /«AZ n were inserted 
in Z 4 (associated with If) and an equal and opposite e.m.f. 

— e n = / n AZ n were inserted in Z 3 . But these e.m.f.’s 


may be written 


h £ j J AZ n and + h AZ n , (103) 
and the (approximately) normal current ratios -j- and -j are, 


(considering no other deviations anywhere in the network) 


In 

U 


I 




(Od+Be) 

e > 


(104) 


and 
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Li = — _ T = \ ^ll € ( 9 n+ 0 E) _ j 

/ 3 h 'Z It € 


(10 5) 


So that the result of the deviation AZ n in Z« is equivalent 
to the sum of the independent e.m.f.’s, one equal to 


( 9 d+ 6 e) 


existing in Z 4 , and the other equal to 


1 AZ„ 


(106) 


existing in Z3. 


+ / 3 £ 1 - J AZ n (107) 


Simultaneous Effects of Two or More Deviations 
In Fig. 82 we know that the impedance to the 
of c-d is given by 


Zed — Zi t 

Z c d + Z / 4 


= P 2 e- 2 ^ 


right 

(108) 


Z R — Zj 2 being a deviation in Zr from the ideal value Z/ 2 . 
Suppose now that the series impedance arm in which point ( c) 
is located deviates from its normal value Z 4 to Z 4 + AZ 4 . 
Now the input impedance Z i2 is given by 

Zl2 ~ Zf » = ( z cd + AZ 4 ) - Zj 4 

Z12 + Z / 2 (Z c d + A Z 4 ) + Z / 4 

It is desirable to separate out the term which is to express 
the effect of AZ 4 alone. If the two deviations are to produce 
independent increments in Z12, their terms in the expression 
must be independent. Actually, they depend on each other 
to a secondary degree and become independent only when the 
deviations are small. Let us rewrite (109) 



Z12 — Zi x 
Z12 + Zjj 


Zed — 

.Zed + Z/ 4 


+ 


A Z 4 


d 


X 


Zed + Zj 
Zed + Zu 
Zed + Zj 4 + A Z 


:] 


(no) 


-2 (Oa+»B) 
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If AZ4 be small compared to Z C( * + Z/ 4 the second factor on 
the right is approximately unity and we have 


Z12 — Z/j Z C d — Zi^ _ 


2 (0A+0B) 


+ 


AZ4 


€ - 2 (. 0 A + 6 b)' 


Z12 + Zi t Z c d + Z/ 4 ' Zed + Zi t 

If, also Zed — Z/ 4 be small compared to Z cd + Z 
expression becomes approximately 


(111) 
z 4 , the 


Z12 — Z f Zed — Zj AZ4 

- = _ i f — 2 ( 0 A+&B) _j_ f ~ 2 ( 0 A+ 0 B) 

Z12 + Zi t Z c d + Zi^ V-Zi^ + AZ4 

But from (108) and (112) 


(112) 


Z\2 — Zi x 

Z12 + Zi x 


- Pt™ + 


az 4 


2Zz 4 + AZ 4 


e -2 (0a+6b)' 


(113) 


These approximations are ordinarily justifiable, particularly 
in reactance networks, where AZ 4 will ordinarily be a reactance 
and, throughout the frequency regions of transmission where 
the input impedance is most important and most difficult to 
express, Z C d + Z/ 4 will be a large resistance, so that the 
error is small and is one of phase rather than of magnitude. 

If we have any number of impedance deviations which 
are individually small we may, by the above method, express 
the sum of their effects approximately as 


Z\ 2 — Zjj 
Z\2 + Zj, 


= P2€ 29 + 


az 4 


2 Z/ 4 + AZ4 


e - 2 ( 0 A + 0 B ) . . . 


+ 


AZ) 


2 Zi N + AZjv 


-2 bn ... _ 


AFji 


zY 1. M + YY M 


(114) 

e ~ 26 M . . . 


where Z N is the impedance of any series arm the effect of 
whose deviation A Z N is being added, Zi N the image im¬ 
pedance at the corresponding series section junction point, 
and On the transfer constant of the portion of the network 
between AZj^ and the input terminals, also where Y M is the 
admittance of any shunt arm the effect of whose deviation 
AY M is being added, Yi m the image admittance at the corre¬ 
sponding shunt section junction point, and 6 m the transfer 
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constant of the portion of the network between AYm and the 
input terminals. 

Equation (114) shows that the simultaneous effect of a 
number of small irregularities is to produce a reflection coefficient 
at the input terminals of the network which is equal to the vector 
sum of the reflection coefficients which would be caused at the 
input terminals by the individual irregularities acting alone. 
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Electric Wave Filters 



CHAPTER VI 


General—Conditions for Free Transmission and 
for Attenuation 

The preceding chapters have discussed networks of rather 
general form, often without even a specified internal arrange¬ 
ment or configuration of elements, in order that the results 
might be applicable to various specific types of transmission 
networks. We come now to a class of these specific types 
all of which have certain properties in common leading to 
their designation as “wave filters.” 

The properties possessed in common by various types of 
wave filters are those permitting sharp discrimination in 
transmission efficiency between bands of frequencies lying 
in different portions of the frequency spectrum. Low trans¬ 
mission efficiency results in the suppression of certain bands 
of frequencies against which discrimination exists. Let us, 
before considering the properties mentioned in detail, outline 
what an ideal wave filter, if one were physically realizable, 
might be constrained to do. 

i. An ideal wave filter would pass through its structure, 
without hindrance, waves of frequencies lying within certain 
desired bands. This means: first, that the attenuation con¬ 
stant of the wave filter would be zero throughout such 
“transmitted bands,” so that power supplied to the input 
terminals of the filter would neither be dissipated in re¬ 
sistances, nor spent in reactive energy storage, within the 
filter; second, that the image impedances would have fre¬ 
quency characteristics, throughout the desired bands, such as 
to match the impedances of ideal terminating apparatus, 
that is, they would be ordinarily constant resistances, in¬ 
dependent of frequency. 

i. An ideal wave filter would completely extinguish 
(through its inefficiency of transmission) waves of frequencies 
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lying within the undesired frequency bands. This means: 
first, that the attenuation constant of the wave filter would 
be very large throughout such “attenuated bands,” second, 
the image impedances would have frequency characteristics 
throughout the attenuated bands such as to avoid increases 
of transmitted current due to reflection gains, and preferably 
such as to cause large reflection losses at the input and output 
terminals, i.e. the image impedances would ordinarily have 
either very low or very high values throughout these bands. 

3. If any appreciable frequency intervals existed between 
the transmitted and attenuated frequency bands, no require¬ 
ments would need to be prescribed for the ideal wave filter 
here. Often, however, such frequency intervals are very 
small, as in the case of a filter eliminating one of the two 
principal side-bands of modulation, so that the desired and 
undesired bands lie very close together. 

None of the above ideals can in practice be completely 
realized. 1 It is therefore desirable to concentrate our atten¬ 
tion on the attenuating or non-attenuating properties of wave 
filters and consider the approach of ideal impedance charac¬ 
teristics as of secondary importance. The reflection losses or 
gains (at the terminals of a network) and the interaction 
loss occur but once, and will be relatively small except in 
case of large impedance disparities. The importance of 
attenuation lies in the fact that the attenuation of a filter 
to undesired frequencies may be almost indefinitely increased 
by using a composite network, and that the attenuation 
of a filter to desired frequencies is also increased in direct 
proportion. 

§ 36. Wave Filter Properties Confined to Networks Composed of 
Reactance Elements 

It follows from the above discussion that if any types 
of networks exist which have the characteristics of an ideal 


1 These ideals relate merely to simple transmission requirements and not to various 
secondary requirements referred to in Chapter I. 
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wave filter, they must be composed entirely of elements 
which are pure reactances, because the elements of ideal 
wave filters must be devoid of effective resistance. This is 
essential if the attenuation constant of the structure in 
transmitted bands is to be zero, as effective resistances 
within the structure result in dissipation of energy and 
consequent attenuation. Thus the properties of wave filters 
depend principally on the properties of various component 
reactance arms , such as those discussed in Chapter 5. 

This is not to say that every network composed of re¬ 
actance arms possesses properties of sharp frequency dis¬ 
crimination. Some are to be found which have very gradual 
frequency characteristics of attenuation and some are even to 
be found which, in the case of perfect reactance elements, 
transmit all frequencies whatsoever without attenuation. 

It will be observed that those networks sometimes called wave 
filters which discriminate between various bands of frequencies 
by means of a gradually changing loss characteristic are not 
included in the treatment of wave filters in this and succeeding 
chapters. 

We have then to discover how a reactance network having 
filtering properties may be distinguished from others, and 
what the criteria are in such reactance networks, for trans¬ 
mitted and attenuated frequency bands. In other words, 
the question is: Just how does a wave filter operate? This 
question is answered much more easily mathematically than 
by physical arguments, but the two methods will be carried 
along together, in order that the result may have greater 
significance. 

§ 37 . Configurations Most Useful in Wave Filter Design—T and t 
S ections — L-Type Half-Sections 

If no limitations be put on the complexity of the reactance 
arms used in forming filters, or on the configuration in 
which these arms are arranged, then there are an infinite 
number of possible types of wave filters. Engineering con- 
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siderations such as simplicity of design and economy of 
construction will, however, be controlling. For this reason, 
it is desirable to confine ourselves to the simpler types of 
configurations and, within each of these, to examine the 
filter structures available in some order of increasing com¬ 
plexity. By this means, we may force complicated structures 
to justify the increased number of elements they require and 
the design difficulties they involve, by showing advantages 
not possessed by simpler structures. We should keep in 
mind, of course, that if wave filters are to be composited 
from a number of component networks, it is an important 
requirement on the component networks that they possess 
image impedance characteristics such as to permit them to 
be connected to a variety of other desirable types. 

The simplest element arrangements of the general structure 
formed by the various reactance arms of a network are the 
T y Ty transformer, bridged T, lattice and like configurations, 
since the number of independent variables is small in these 
cases. The T and 7r structures may, of course, conceivably 
be dissymmetrical networks and sometimes, as will appear 
later, are desirably so. But this usually involves undesirable 
complications from the fact that the image 2 impedances are 
unequal. We shall restrict our immediate discussion to 
symmetrical T and tt structures, ordinarily termed sections , 
except that those L-type dissymmetrical networks, termed 
half-sectionsy but which in pairs may be considered to form 
symmetrical T or t sections, have properties closely related 
to those of the full sections, and may be used as an index to 
the properties of the latter. 

The basis for omitting the bridged T and lattice type 
structures from the immediate discussion is two-fold: (1) 
these structures are of relatively small importance in wave 
filter design, and (2) they may be treated on the basis of 
their equivalent T and tt sections, once the principles of de¬ 
sign of the latter have been determined. Some of the sections 
discussed in Chapter VII m ake use of mutual inductance; 

2 We shall use the image parameters throughout the discussion of wave filters 
because it is found desirable to build up multi-section filters on this basis. 
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these are the simpler sections of the generalized transformer 
type. It may be observed how they are reduced to equivalent 
T and x forms, so that uniform design methods may be 
applied. 

Suppose then, that the configuration of our reactance 
networks is confined to the choices illustrated in Fig. 84. 
The symmetrical T section (A) having an image impedance 



Fig. 84. —Showing how the T and it Structures Are Formed from the Funda¬ 
mental Inverted L-type Half Sections. 

♦ 

Zj at either pair of terminals, can be made up of the two dis¬ 
symmetrical L-type half-sections ( B ) having image im¬ 
pedances Zi at one pair of terminals, and Z/ at the other 
pair of terminals. The symmetrical x section (C) may be 
formed from the two dissymmetrical L-t ype half-sections (D). 
We may now examine reactance networks having these 
configurations to determine whether or not the networks have 
free transmission bands and attenuation bands, and to 
investigate in what frequency regions these bands occur. 

§ 38. Criteria for Transmission 3 Bands andfor Attenuation Bands — 
Limiting Frequencies of Transmission and. of Attenuation 

Figs. 8 $A y By C and D represent the condition where the 
various types of sections of Fig. 84 are assumed to be working 

3 In this and subsequent sections, what have been called free transmission bands 
will be termed simply “ transmission bands." These are the frequency bands in which 
the attenuation would be zero in a filter having perfect reactance elements. 
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between their respective image impedances, so that each 
section or half-section is terminated without reflection effects. 

The first significant fact to be proved about the re¬ 
actance networks of Fig. 85 is the following: 




Fig. 85. —Networks Terminated on an Image Basis to Avoid Reflection Effects. 

The image impedances of any reactance network must both 
be real quantities (pure resistances) or imaginary quantities 
{pure reactances ), and : 

(/) If the image impedances,are pure resistances , the net¬ 
work has no attenuation and is therefore freely transmitting ,, 
but 

{2) If the image impedances are pure reactances , the network 
has attenuation and does not freely transmit. 

We may amplify this as follows: 

When the image impedances of a network are pure 
resistances the network is capable of absorbing real power 
efficiently from a transmitting device. Since none of this 
real power can be dissipated in any of the arms of a reactance 
network, it must be passed on to a receiving device. If the 
receiving device is equal in value to the second image im¬ 
pedance of the network, it absorbs all of this power efficiently. 
Thus attenuation of the currents carrying the real power 
does not occur. 

If, on the other hand, the image impedances of a net¬ 
work are pure reactances, and the network is terminated on 
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an image basis it is incapable of absorbing any real power, 
and thus can pass none on to the receiving device. This 
device, as a matter of fact, being a pure reactance also, would 
be incapable of dissipating any. Thus the network has only 
a churning action, taking energy from the generator during 
alternate quarters of each current cycle, storing this energy 
momentarily in the electromagnetic fields of the inductance 
coils and electrostatic fields of the condensers of the network, 
but releasing and returning an equal quantity of energy to 
the generator during the successive quarter-cycles. Under 
these conditions attenuation exists. 

Relationships of Open-Circuit and Short-Circuit Impedances to 
Attenuation 

To prove these statements, we need to remember that 
the image impedance at one end of a network is always the 
geometric mean of the impedances looking in at that end with 
the other end first open-circuited and then short-circuited. 
(See (45) and (46) Chapter III.) The actual values of open- 
circuit Z 0 c and Z 0 c and short-circuit Z S c and Z S c im¬ 
pedances will of course depend on the transfer constant 
of the network and will be different for the T or t, and the 
L-type, networks. But the geometric mean of the two will 
in each case be equal to the image impedance as shown. 

If the open-circuit and short-circuit impedances are pure 
reactances, as they must be for all reactance networks, the 
image impedance may have three possible values depending 
on the sign of the reactances. 

1. When Zoc and Zsc are opposite in sign 

■Zr = jX 0 c)( T jX sc) = Ri • (1) 

2. When both are positive, or both negative 

■Zj = V(± jXoc)(dz jXsc) = ± jXi. (2) 

Similarly Z/ may be Rf or dt jX / 3 and if Z/ and Z/ 
are both reactances they may be opposite in sign. 
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The relationship of image impedances to attenuation may¬ 
be proved in various ways. The following is one of the 
simplest: 

The open-circuit and short-circuit impedances of a net¬ 
work are its input impedances when it is so terminated that 
the magnitude of the reflection coefficient is unity. For the 
short-circuit condition the reflection coefficient is 


Zb - Zt' o - Z/ _ 

Z* + Z/ o + Z/ 

and for the open-circuit condition 

Z B - Z/ oo - Z/ _ 
Z R + Z/ " oo + Z/ 1 


( 3 ) 

( 3 ') 


When the actual input impedance looking in at the 1-2 
terminals is Zsc (see Eq. 8o, Chapter V), the reflection 
coefficient at the input end is 

f SC ~-5 - = (- l)e“ 2 " = - <r* = - *-"1- 2/3, (4) 

Zsc + Zr - 


but on open-circuit, the reflection coefficient is 

Z ° C ~ = (l)*- 2 " = 2/3. (5) 

Zoc + Zji - 

From (4) and (5) we see that if Z/ /V a reactance (we 
remember that Zsc and Zoc have the same sign) the input 
end reflection coefficients cannot be unity for finite values of 
Z S c, Zoc, and Z r . Hence 

| e -201 = e -2« < 1 (6) 

for this to be true 

a > O (7) 


and free transmission does not occur . On the other hand, if 
Zr is a resistance, the input end reflection coefficients must 
have unity magnitude for all finite values of Zsc, Zoc and Zj. 
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We note that when a filter is attenuating, from (4) and 
(5), the input and output end reflection coefficients are 
numerics. Hence the phase constant /3 is given by 

20 = ± n-K (10) 

or 


n 

j8 = ± — 7T. 
2 


(II) 


where n is any integer, i.e., the phase shift must be exactly 
an integral number of quadrants. Since this is true for a 
half-section, a symmetrical full section (composed of two half¬ 
sections) is even more restricted, since here n is even and 

n . . 

0 = dh“7T = i WJ7T, (l2) 

where m is any integer, i.e., the phase constant must corre¬ 
spond to exactly an integral number of half-cycles. These 
facts do not mean that the phase constant in an attenuation 
band is necessarily independent of frequency but that if it 
does change, it does so by discontinuous intervals amounting 
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to integral numbers of quadrants or half-cycles, respectively. 


Alternative Proofs of Relationships of. Image Impedance to Attenu¬ 
ation 

By methods less mathematical and more physical we may 
prove a portion of the statements made above, namely 
that 

(1) If a filter (or other reactance network) has pure 
resistance image impedances, it is freely transmitting, and 

(2) If a filter (or other reactance network) is attenuating, 
it has pure reactance image impedances. 

For proof of (1), if the image impedances are pure re¬ 
sistances the generator E in Fig. 8 $B supplies real power to 
the input terminals of the network equal to 

P = \h\ 2 Zl =|/l| 2 i? 7 , (13) 

where h is the network input current. Since none of this 
real power can be dissipated in any of the reactive elements 
of the network it must all be supplied to the receiving im¬ 
pedance Zi = Ri'. Whence 

p = \I 2 \ 2 Zi = |/i| 2 Zr, (14) 


where / 2 is the network output current. 

But since for any network with resistance image im¬ 
pedances which is terminated on an image basis, 

|/ 2 | 2 Z/ = \I 1 \ 2 Z 1 \r 29 \ = |/i| 2 Zie" 2 “ (15) 

it follows that 

€" 2 “ = 1, (16) 

and therefore that 

a = o. (17) 


That is, if the current It differs in magnitude from h only 
by the ratio corresponding to the change in impedance level 
encountered, then the attenuation constant is zero. One 
can hardly ask more of a freely transmitting network than 
that, having resistive image impedances which permit efficient 



CRITERIA FOR TRANSMISSION BANDS 183 

transfer of power from the generator to the input of the net¬ 
work and from the output of the network to the receiving 
device, it actually delivers to that receiving device all the 
power imparted to it by the generator. 

Now the above assumes that the image impedances at the 
two ends of a section are, at any frequency, both resistances 
or both reactances. But the only alternative supposition is 
that one image impedance be a pure resistance and the other 
a pure reactance in which case, if the reactive image im¬ 
pedance were put at the receiving end of the section, we 
should have the spectacle of a network absorbing real power 
through the resistive image impedance at its input end but 
having no means of dissipating the energy of that real power, 
either in the reactance elements of the network or in its 
reactive receiving-end terminating impedance (matching the 
image impedance at that end). Since this alternative sup¬ 
position is absurd, it follows that if the image impedance at 
one end* of a network is a pure resistance {or a pure reactance ) 
the image impedance at the other end* of the network is likewise 
a pure resistance {or a pure reactance). Hence the assumption 
mentioned is justified. Evidently, this proof of the assump¬ 
tion is needed only in the case of half sections or other dis¬ 
symmetrical networks, for in the case of symmetrical net¬ 
works, the two image impedances are identical, by symmetry. 

Let us now prove (2). If a network is attenuating, it 
supplies less volt-amperes to its receiving end impedance 
than it receives at its input terminals. But the receiving 
impedance may be assumed to represent a similar network, 
or a chain of networks with matched junction points, termi¬ 
nated in the appropriate image impedance at its distant end 
(compare Figs. 85R and 87). If the volt-amperes are suc¬ 
cessively diminished by each section we need take only a 
sufficient number of sections so that the number of volt- 
amperes reaching the final terminating impedance (Fig. 87) 
is very small. Under these circumstances the final termi¬ 
nating impedance can play very little part in determining 
the input impedance of the network at its transmitting end. 
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Hence the latter impedance approaches simply that of a 
combination of reactances, which is to say, of course, a purely 
reactive impedance. But the terminating impedance of the 
network of Fig. 85Z? is exactly the same as that of the first 
section (nearest the generator) of Fig. 87. Therefore the 



Fig. 87. —Chain of Networks Each Terminated on an Image Basis. 


input impedance in Fig. 85Z? is likewise a pure reactance. 
Hence, when any reactance network is attenuating , its image 
impedances at either end, (therefore at both ends ) are pure 
reactances . 


Relationships Between Series and. Shunt Impedance Arms for Trans¬ 
mission and. Attenuation Bands 

The fact which we have noticed, that the open-circuit 
and short-circuit impedances at either end of a section or 
half-section are reactances of opposite sign when the network 
is freely transmitting, and are reactances of like sign when 
the network is attenuating, gives us simple relationships 
between the impedances Zi and Z2 of which the arms of the 
network are formed, or to which they are proportional, which 
enable us to determine the limiting frequencies of the trans¬ 
mission and attenuation bands. 

In Fig. 84.Z?, looking in the 1-2 terminals, when the 3-4 
terminals are open-circuited, 

Zx 

Zoc = — + 2Z2 (18) 

and when the 3-4 terminals are short-circuited 
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We have for their ratio 


negative in transmission bands 
and 

positive in attenuation bands. 
For the L-type network reversed as in Fig. 84D 


Zoc _ 4Z2 

z 7 c~ 1 + zT 



Zoc — 1Z1 

(20) 

and 

'z r Z1Z2 

(21) 


Zsc ~iZ 1 + 2 Z 2 ‘ 

whence 

Zoc 4^2 

Z s<; ’ ~ 1 + Z, 

(22) 


For the symmetrical T section of Fig. 84^, at either end 



Zoc — \Z\ + Z2 

(23) 

and 

\Z\Z<l 

Z aa = \Z 1 +* 

T Z /2 

(24) 

whence 

z„, _[■+§]' 

Zsc 4^ 2 3 

1 +17- 

(25) 


which is positive or negative according to whether 
4 Z 2 ... 

1 + — is positive or negative. 


For the symmetrical x section of Fig. 84C, at either end 


, 2Z 2 (Zi + 2Z2) 
oc ” Zi + 4Z2 

(26) 

r, , 2Z1Z2 

Zsc Z 1 + 2 Z i ’ 

(27) 


and 
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whence 



as for the symmetrical T section, and is therefore positive 
or negative according to whether 

4^2 ... 

I + -77- is positive or negative. 

Zi 

It might have been 

afforded a criterion of transmission or of attenuation by 
recalling the fact that the image impedances are pure re¬ 
sistances for transmission regions and pure reactances for 
attenuation regions, and hence that two reactance networks 
having one image impedance characteristic in common must 
have the same transmission and attenuation bands. The limit¬ 
ing frequencies marking the boundaries between transmission 
and attenuation bands, called “cutofffrequencies ,” therefore 
occur when 

(A) i+^ = o, 

whence 

z L= _ 

4Z2 1 

or 

(B) 1 +^= 00 

Zi 

(provided Z\ or Z 2 changes sign at this frequency), whence 



proved that the quantity 1 + 


4Z2 

zT 


(3°) 


or 


Zi = o, but Z 2 t* 5 o 
Z 2 = 00, but Zj 5^ 00. 
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Formula (29) may alternatively be written 

4Z2 


Zi 


< — 1 in transmission bands 


(thus the ratio is always negative in these bands) and 
4 Z 2 

—— > — 1 in attenuation bands. 

Or, writing the reciprocal of this ratio 


and 


o > > — 1 in transmission bands 

4Z2 


or 


A 

4Z2 

Zx_ 

4Z2 


> o 


< - I 


l in attenuation bands. 


(3 1 ) 


( 3 2 ) 


( 33 ) 


( 34 ) 



Fig. 88.—Illustrating the Value Which the Ratio of the Series Impedance 
to Four Times the Shunt Impedance May Assume in the Attenuation and 
Transmission Regions. 

These results are shown schematically in Fig. 88. Thus there 

Z 

is but one range of values which —— may have for trans- 

4-^2 

mission bands, namely, that in which the ratio is negative 
and less than unity in magnitude; but there are two ranges of 
z 

values which —— may have for attenuation bands, namely, 

4-^2 

those in which the ratio is positive, or is negative and has a 
magnitude greater than unity. 
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As a numerical example of this (Fig. 89), \Z\ consists 
of an inductance coil %Li of 50.0 millihenries in series with 
a condenser element 2C1 of .020 mi¬ 
crofarads, and 2Z2 consists of a con¬ 
denser |C 2 of .05 mfd. The impe¬ 
dance of this network is given in 
Table I for three chosen frequencies. 



The intermediate frequency (5500 Fig. 89.— Network Whose 
\ • 1 r , _• ■ „ j Impedance Characteristic Is 

cps) provides free transmission and Shqwn in <p ABLE j 
it is seen that both image impedances 

are pure resistances, while the two other frequencies lie in 
the attenuated bands and the image impedances are pure 


reactances. 

The symmetrical T section and x section to be formed by 
pairs of the half-sections illustrated in Fig. 89 are those of 
Fig. 90. The values of Z/ and Z/ for the symmetrical 
sections are those given in the table for the half-section, 
though the individual open-circuit and short-circuit im¬ 
pedances will be different for Zj. The transfer constant, 
and therefore the attenuation and phase constants, of the 


S0MN.QA2MT. 002MT. SOMH. 




SYMMETRICAL IT SECTION 

Fig. 90.— Symmetrical T and it Sections Formed from the Half-Section of 

Fig. 89. 


symmetrical sections will be the same, each being equal to 
twice the corresponding constant of the L -type half-section 
of Fig. 89. 
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§ 39. Image Impedances in Terms of Full Impedances Z\ and* Z 2 of 
Series and* Shunt Arms 

It will now be desirable to obtain direct expressions for 
the image impedances Z/ and Z/ in terms of the full 4 series 
impedance Zi and full shunt impedance Z 2 of the T and t 
type sections and L-type half-section. This will make it 
unnecessary, unless desired, to deal with open-circuit and 
short-circuit impedances and will make possible the shaping 
at will, to a certain extent, of the image impedance frequency 
characteristics by means of some chosen relationship con¬ 
necting Zi and Z 2 . 

For the L-type half-section we have 



Sometimes it is convenient to express the corresponding 
image admittance Yi and Y/ in terms of the full series and 
full shunt admittance Yi and Y 2 . They are 



4 By full series and full shunt impedance are meant here the total series or total 
shunt impedance of a full symmetrical T or ir section. 
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For the symmetrical T section we expect the image 
impedance and admittance to have the values of Z* and Yj 
of the half-section, respectively, and this is the case, for 



as before. 

Likewise, for the symmetrical tt section, the image im¬ 
pedance and admittance are Z/ and Yi given by the half¬ 
section, since 



The impedance Zi and the admittance Yi are ordinarily 
referred to as the mid-series image impedance and mid-series 
image admittance , because they occur at those junctions at 
which a half-section or a T section ends in the impedance, 
^Zi, as if split off from a longer network in the middle of the 
impedance of a full series arm. The impedance Z/ and the 
admittance Y/ are ordinarily referred to as the mid-shunt 
image impedance and mid-shunt image admittance , because 
they occur at those junctions at which a half-section or a t 
section ends in the impedance 2Z2 (admittance ^Y 2 ), as if 
split off from a longer network so as to divide in two the 
admittance of a full shunt arm. The T and tt sections are 
said to be mid-series terminated and mid-shunt terminated , 
respectively, at such junction points. The half-section is mid¬ 
series terminated at one end and mid-shunt terminated at 
the other. 

A number of facts may be gathered from the preceding 
formulae which will be of assistance. 



192 


ELECTRIC WAVE FILTERS 


(1) If we take the impedance transformation ratio of a 
half-section as the ratio of the mid-series to the mid-shunt 
image impedance, it is given by 


Zr Y/ = Z x Y 2 

Z/ Y r 1 + 4 z 2 I+ 4 y 1 


( 45 ) 


from (36) and (38). In the example this ratio was 3.11, 
.506, and — 2.83 at the successive frequencies of 2000, 5500, 
and 8000 cycles per second. 

(2) The impedance VZiZ 2 is a geometric mean of the 
image impedances Zj and Z/ and the admittance VY1Y2 is a 
geometric mean of the image admittances Yi and Y /. 
That is, 

VzS = Vz^z? (46) 

and 

Vyjyj = W 7 y 7 , (47) 

or, in alternative form. 


VZ^ Z/ 
Zr “ VZ^ 

and 

Y/ 

Yr “ VY1Y2’ 


(48) 


( 49 ) 


In the numerical example referred to above, at 2000 cps, 
^ZiZa = V( — 76692) ( — y’795) = -.72310; 

also 

VZjZ/' = V( - 74070) ( - 71310) = - 72310. (50) 

(3) Since a filter transmits when 


the limiting frequencies of free transmission bands, or the 
cutoff frequencies, are all of those for which either 
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Zy_ 

4^2 
or 

Zi_ 

4-Z2 

The first condition may be satisfied in either of three ways, by 

(a) Zi being zero when Z 2 is finite 

(b) Z 2 being infinite when Zi is finite 

(c) Zi being zero and Z 2 being infinite simultaneously. 
The second condition is satisfied {d) when Zi and Z 2 are both 
finite but of opposite sign and are in the ratio indicated. 
These four cases include all the possible ways in which cutoff 

frequencies , or transmission band limits , can arise. In the 
example of Fig. 89, there will be a cutoff frequency of class ( a ), 
since Z x will be zero at its resonant frequency while Z 2 
will be finite at all finite frequencies. There will be no cut¬ 
off frequencies of classes ( b ) or (c), since Z 2 does not become 
infinite at any finite frequency. There will, however, be a 
cutoff frequency of class (, d ), since above the resonant fre¬ 
quency of Zi, Zi and Z 2 are opposite in sign and their ratio 
passes through all values from zero at this resonant frequency 
to infinity at infinite frequency, hence must be equal to — 1 
at some finite frequency. 

We may inspect formulae (42) and (44) for the four cases 
and tabulate the mid-series and mid-shunt image impedance 
values for any filter section or half-section under the various 
conditions as shown in Table II. Thus it is only in the 

TABLE II 


Image Impedance Values at Cutoff Frequencies 


fl 

Value of Zi 

Value of Z 2 

Mid-Series 
Image Im¬ 
pedance Zi 

Mid-Shunt 
Image Im¬ 
pedance Zi 


0 

Finite 

0 

0 

mm 

Finite 

00 

00 

00 

■1 

0 

00 

Finite 

Finite 

B 

Finite 

Finite 

0 

00 


(52) 

(53) 
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single case of Zi being zero and Z 2 being infinite simultaneously 
that the image impedances may be finite at a cutoff frequency. 
As will appear later, however, this exceptional case corre¬ 
sponds to a cutoff frequency only in the sense that the 
structure to which it belongs may be considered a special 
case of one with a more complex attenuation characteristic 
in which an attenuation band is reduced to zero width and 
two transmission bands lie “confluently” together on either 
side of this “cutoff frequency.” 

( 4 ) We note finally that in all attenuating regions Z 7 , 
as a pure reactance, takes the sign of Zi, and that Z/, also 
a pure reactance, takes the sign of Z 2 . Hence in the numerical 
example of Fig. 89 the mid-shunt image impedance must 
always be a negative reactance in attenuation bands, while 
the mid-series image impedance will be a negative reactance 
in attenuating regions below its resonant frequencies, and a 
positive reactance in attenuating regions above these fre¬ 
quencies. This is borne out by the table. 

§ 40 . Relation Between Transfer Constant , Attenuation Constant , and 
Phase Constant , and the Series and Shunt Impedances Z x 
and Z 2 

Having established the relationships of the image im¬ 
pedances and image admittances of filter sections and half¬ 
sections to the impedances of the full series and full shunt 
arms, we now come to the most essential formulae relating to 
the operation of filters. The question is: Assuming a filter 
section or half-section to be terminated in its image im¬ 
pedances, how is current attenuated and shifted in phase in 
passing through it? Also what are the relationships of the 
attenuation constant and phase constant to the component 
impedances Zi and Z 2 of a full series or full shunt arm? 

We may start with equation (5) which expresses the 
transfer constant 0 = a + j(3 in terms of the open-circuit and 
image impedances, or equally well with equation ( 4 ) involving 
the short-circuit and image impedances. From (5) 



TRANSFER CONSTANT RELATED TO Z x AND Za 


195 


e -29 = g 2a I 2 p = 


'OC 


Zz 


Zoc + Zi 


Zoc — VZocZsc 
Zoc + VZocZ 


sc 


#2 


Z S c 


— I 




(54) 

( 55 ) 

(56) 


Zsc 


+ 1 


[This is a formula which is frequently encountered 5 in 

another form, for if we rearrange it as follows: 

I + e ~ 29 e 9 + e~ a 


'Zoc 


>sc 


— e-28 


or 


Zsc 


c.0 — e-6 


Zoc e e e 9 


= tanh 6 


we have it in the hyperbolic form 

6 = tanh _I -\C^l • 

ZjQC -I 


( 57 ) 

( 58 ) 

( 59 ) 


The transfer constant 6 in the above expressions is that 
of a half-section if the open-circuit and short-circuit im¬ 
pedances are those of a half section, and is that of a full 
section if these impedances correspond to measurements on a 
full section. 

We may now express the transfer constant 6 and its 
component parts, the attenuation constant a and the phase 
constant (3 directly in terms of the impedances Z x and Z 2 . 
This is particularly desirable since the latter parameters 
occur in the T and x sections as well as in the L-type half- 


8 As for example, K. S. Johnson, “Transmission Circuits,” p. 131. 
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section, while the individual open-circuit and short-circuit 
impedances are in general different. Furthermore, upon the 
character of the impedances Z\ and Z 2 is based the method of 
constructing multi-section filters. 

We have as before 


Zoc _ 4Z2 
Zsc Zi 


(60) 


for the half-section, whence from (56) 



Here again the region of values in which Z1/4Z2 must lie for 
free transmission or for attenuation is readily obtained. If 
e~ 2B is to have unit magnitude (a = o) for free transmission, 
Vi + (Z1/4Z2) must be in quadrature with Vzi/^Za, because 
| a + b | = | a — b | only when a and b differ in phase angle by 
71-/2 radians (see Fig. 86 ). By inspection of (61) it is seen 
that this can only occur when Z1/4Z2 lies between o and — 1. 
For all other values of Z1/4Z2 for a reactance network. 


Vi -f- (Z1/4Z2) is in phase with VZ1/4Z2 and e~ 29 must have 
a magnitude less than unity, hence there must be attenuation. 
In logarithmic form 



(62) 


where cq 
section. 


is the attenuation constant, in nepers, for a half- 
The phase constant is 


jS* = half the angle of 


V i+ S + a 5 

yl. 


(63) 
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For a full section of either T or x configuration the transfer 
constant is doubled. Here, if «i be the attenuation constant, 
/3i the phase constant of a full section, 


«1 = 2a i = loge 


and 




j 3 i = 2/^ = the full angle of 



fzT 

4Z2 

_ aI 

fzT 

4Z2 ' 

4Z2 

^ I+ s + 


(64) 


/ , Zi fzT 

\ 1 H y \-y" 

4Z2 4Z2 


( 65 ) 


These formulae involve the magnitude and phase of the 
vector quantity 

VT+l + -fa 

, , — - f=> C 66 ) 

Vi + a —V« 


where a — Z1/4Z2. While not a vector quantity for reactance 
networks, i.e., non-dissipative filters, a is really unrestricted; 
and in dissipative filters having effective resistance com¬ 
ponents in the impedances of its elements, a will be generally 
a vector quantity. 

The formulae (62), (63), (64), and (65) for the attenuation 
constants and phase constants of a half-section and a full 
section, respectively, hold whatever the character of Zi and Z 2 . 
Although the discussion preceding them had to do with 
reactance networks, none of the steps in their proof require 
this limitation. Hence ( 62 ), (63), (64), and (63) give the 
respective attenuation and phase constants of symmetrical 
T and x, and of L networks of any character whatever , 
as indeed do formula (35) to ( 44 ), inclusive , give the image 
impedances of such structures. Thus, when effective resistance 
is present in the elements of a wave filter, we may still 
employ the above formulae; in the latter case Z1/4Z2 will 
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not in general be a pure numeric; and 6 will have both real 
and imaginary parts. 

We may plot charts of the attenuation constant and 
phase constant for convenience of design, in terms of Z1/4Z2, 



Fig. 91.—Relation between the Attenuation Constant per Section, <x, 
of any Ladder Type of Structure and One Fourth the Ratio of Its Series 
to Its Shunt Impedance. 


from the above formulae. We may either plot the attenuation 
and phase constants separately in terms of the magnitude 
(K = | Z1/4Z2 1 ) and phase (dh <p = IZ1/4Z2) of Z1/4Z2, as in 




Figs. 91 to 97 and Fig. 98, respecti 

4 = U+jV, 


mmm 




mmmm\ 


mama 


man 


.20 .24 .28 .32 .36 .40 .44 AQ .52 .56 .60 .64 J68 .72 .76 .80 .84 .88 .92 .96 UO0 


Fig. 92.—Relation between the Attenuation Constant per Section, a , 
of Any Ladder Type of Structure and One Fourth the Ratio of Its Series 
to Its Shunt Impedance. 

and plot the attenuation and phase constants upon a series of 
charts, 6 as in Figs. 99 to 101 inclusive. In these three figures 


6 The series of charts, Figs. 91 to 98, were supplied by Mr. K. S. Johnson, and 
the charts, Figs. 99 to 101, are taken from “Transmission Characteristics of Electric 
Wave-Filters” by Otto J. Zobel, Bell System Tech. Journal, October. 1924. 
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the attenuation and phase constants are for a full section, 
and the values obtained are to be halved when a half-section 
is under computation. 




Fig. 93. —Relation between the Attenuation Constant per Section, a , 
of Any Ladder Type of Structure and One Fourth the Ratio of Its Series 
to Its Shunt Impedance. 

Referring to Figs. 91 and 94, the two limiting curves, 
for <p — o° and 180°, are identical except that the latter is 
displaced by an amount equal to \Zil^Zi\= 1 along the 
| Z1/4Z2 1 axis. This may be readily proven by substituting 
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a new variable in (64) such that 


Z/ = 4 - Zl 

tZi 1 + 4 z* 


( 68 ) 



Fig. 94.—Relation between the Attenuation Constant per Section, a , 
of Any Ladder Type of Structure and One Fourth the Ratio of Its Series 
to Its Shunt Impedance. 


and finding that the attenuation is unchanged. For large 
values of | Z1/4Z2 1 , these limiting curves merge, all curves for 
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intermediate angles lying between, so that the attenuation for 
large values of IZ1/4Z2I is independent of the phase angle of 
Z1/4Z2. We notice that in the vicinity of Z1/4Z2 = i |=fc 180° , 
which corresponds to one type of cutoff frequency, relatively 



Fig. 95.—Relation between the Attenuation Constant per Section, a , 
of Any Ladder Type of Structure and One Fourth the Ratio of Its Series 
to Its Shunt Impedance. 


small changes in the angle of Z : or Z 2 produce large changes 
in attenuation (as also, in the phase curves of Fig. 98, large 
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changes in phase are produced). On the other hand, here 
both and Z 2 are ordinarily neither very large nor very 
small quantities individually and a small effective resistance 
in the elements of an essentially reactive network produces 
only a small change in <p ; whereas in the vicinity of |Zi/ 4Z 2 | 
= o, the other condition for cutoff frequencies, either Zi = o or 
Z 2 = 00 (see Table II, page 193), the effective resistance of the 



Fig. 96. —Relation between the Attenuation Constant per Section, a, 
of Any Ladder Type of Structure and One Fourth the Ratio of Its Series 
to Its Shunt Impedance. 


elements almost entirely controls the angle <p and relatively 
large changes in <p may be produced. Thus, for the two 
kinds of cutoff frequencies, dissipation in the essentially 
reactive elements produces approximately equal changes in 
attenuation. Like reasoning holds, in the phase curves of 
Fig. 98, to show that effective resistance in the elements of a 
filter produces approximately equal changes in phase under 
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the two conditions. From the limiting phase curve of Fig. 98 
(<p = 180 0 ) we notice that the phase constant 18 may have 



Fio. 97. —Relation between the Attenuation Constant per Section, a, 
of Any Ladder Type of Structure and One Fourth the Ratio of Its Series 
to Its Shunt Impedance. 
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any angle whatever from — w to + x radians in free trans¬ 
mission bands, but that in attenuation bands fi = o or ± x, 
remaining constant as long as Z1/4Z2 does not change sign. 
We further note that for large values of IZ1/4Z2I, the phase 
curves become parallel and /3 would equal <p if expressed in 
the same units. That is as plotted in Fig. 98, 


<p 

P = - radians, when 

TT 


Z 1 


4Z2 


becomes large. 


(69) 



Fig. 98. —Relation between the Phase Constant per Section, f}, of Any 
Ladder Type of Structure and One Fourth the Ratio of Its Series to Its 
Shunt Impedance. 


To illustrate the use of the attenuation and phase charts of 
Figs. 91 to 98, if either (1) Z x — 200 + jo ohms and Z 2 = 100 
+ jo ohms, or (2) Zi = o + j 1000 ohms and Z 2 = o + ^500 
ohms, or (3) Zi = 400 — y’400 ohms and Z 2 = 200 — /200 
ohms, then Z1/4Z2 = .5 |o° and 

a. = 1.32 nepers or 11.46 db; (1 neper = 8.686 db). 
j8 = o radians. 
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Secondly, if Zi = 432 [78° and Z 2 = 119 {83°, then Z1/4Z2 
= .908 |i6i° and 

a = .66 nepers or 5.75 db; 0 = 2.18 radians. 

2 

Finally, from Table III, if = 495 |o-i 8 o° 
a = 7.6 nepers or 66 db. 



Fig. 99.—Relation between the Attenuation a and Phase, c( 3 , and 

_L = u 4.r = ± 1 has the Sign of V. 

4Z2 


The attenuation for values of Z1/4Z2 above 20 as given in 
Table III are almost independent of phase. If Z1/4Z2 is 
large compared to unity 


a 


2.3026 logio 


Zi_ 

4Z2 


or if ZJ4Z2 is small compared to unity 
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Referring to Figs. 99 to 101 c$ — ± i /3 such that c has 
the sign of V in U + jV. The curves of constant attenuation 
consist of a family of confocal ellipses with foci at (U = 1, 
V = o) and (U = 0, V = o) the limiting ellipse for a. = o 
flattening into the straight line lying between the foci, i.e.. 



Fig. ioo.—Relation between the Attenuation a and Phase, c 0, and 
—- = U +jK c ~ ± 1 Has the Sign of V . 


between Z1/4Z2 = o and Z1/4Z2 = — 1. On the other hand, 
the constant phase curves consist of a family of confocal 
hyperbolae centered at U = 0.5, V = o and having the same 
foci as the attenuation curves. Fig. 99 covers the region in 
and about the transmission bands. Fig. 100 on a smaller scale 
the region of moderate attenuations for negative and small 
positive values of U and Fig. 101 similarly the region of 
moderate attenuations principally for larger positive values 
of U. As an example of the method of using these charts, 
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suppose Zi = ioo — j ioo and Z 2 = 200 +750; then Z1/4Z2 
= U jV — .0883 — 7.147, whence a = .72 nepers and /3 
= — .39 radians. Or, if Zi = 40 + 7400 and Z 2 = 5 — 7200, 
then U jV — — .499 +7.063, whence a = .125 nepers 
and /? = + (7r/2) radians (approximately). 
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§ 41. Vector Diagrams of Wave Filters 

Vector diagrams have been used to a very great extent 
in the theory of electric power transmission circuits where a 
single frequency only is transmitted; but the value of vector 
diagrams to picture the operation of wave filters is limited 
because of the large number of frequencies transmitted, and 
the complexity of the circuits. 

For the sake of correlating filter theory with the circuit 
theory found elsewhere in the literature, some of the aspects 
of filter operation are discussed from the standpoint of vector 
diagrams. 

For simplicity, let us assume that a filter is ideally termi¬ 
nated in its image impedances and notice the changes which 
the currents and voltages undergo as we pass through the 



Fig. 102.—A T-Type Section of Wave Filter Terminated in Its Image 

Impedances. 

frequency region of a transmission or an attenuation band. 
They will of course be closely related to the ratios which must 
exist between series and shunt impedances for free trans¬ 
mission or for attenuation. We shall discuss first a single¬ 
section filter and later multi-section filters. 

Fig. 102 shows a symmetrical T network terminated on 
both ends by impedances equal to its image impedances Zj 
and having an electromotive force E acting in the sending 
apparatus. A 7r section or an L-type half-section might 
have been chosen equally well. 

Conditions for Transmission in an Ideal Wave Filter 
Suppose the wave filter of Fig. 102 is freely passing a 
current of a given frequency. The arms of an ideal wave 
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filter are pure reactances and the image impedances are pure 
resistances for frequencies in the transmission band. 

We may then draw the vector diagram for the T-type 
wave filter of Fig. 102 as follows: The current h is in phase 
with E. The impedance Zi may be either a positive or a 
negative reactance, but the vector analysis of the problem 
where Z\ is negative will simply result in vectors whose 
phase angles are equal but of opposite sign to those occurring 
for the case where Zi is a positive reactance. Let us take 
Zi positive, then the rotating vector representing the potential 
drop V x caused by the current Ii flowing through \Zi will be 
90° ahead of h. In Fig. 103, 

V, = jh ■ y • (70) 

The potential drop across Z 2 may be determined by solving 
KirchhofFs equation for the first mesh (remembering that 
I\Zi = El 2), that is, 

J'i-f + (-V 1 ). (71) 

Since the vectors E /2 and — V\ are fixed in direction the 
resultant V<i must always lie in the fourth quadrant of the 
vector diagram. As pointed out above, if Z x had been taken 
as a negative reactance, then V 2 would always lie in the first 
quadrant. 

The current flowing through Z 2 must be either ± 90° 
from Vi because in an ideal filter Z 2 is a pure reactance. 
Whether Z 2 is a negative or a positive reactance will depend 
upon whether the current / 2 leads or lags V<i by 90°, re¬ 
spectively. To determine whether the vector / 2 lies 90° 
ahead of or 90° behind V 2 we note that / 2 is determined by 
the equation, 

/ 2 =/i+(-/*)• (72) 

Now I\ is fixed in direction and I R is equal in magnitude to 
/1, but may be at any phase angle whatever with respect 
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to 7 i. But we also observe that no matter where Ir lies, the 
resultant / 2 of the components I x and — Ir will always lie 
either in the first or the fourth quadrant. The locus of 
the terminal of / 2 will be on the circle, shown in Fig. 103, 
whose center is on the horizontal axis at o' which is at a 
distance I x from the point o. 



Fig. 103.—Vector Diagram of the Currents and Voltages When an Ideal 
Wave Filter Is Transmitting. 

Since we have shown that / 2 is confined to the first 
and fourth quadrants, it cannot occupy the third quadrant 
and therefore must lead by 90°. This condition can exist 
only when Z 2 is a negative reactance. In this way we draw 
the conclusion that Zi and, Z 2 must be of opposite sign for 
frequencies in the transmission bands. For example if Z x is 
inductive, then Z 2 must be capacitive in the transmitting 
bands, and vice versa. 

It will now be shown that for free transmission the ratio 
of Zi to Z 2 must keep within certain limits. Let us increase 
Zi from the present value, keeping I x constant, and determine 
the upper limit of Z x for free transmission. The voltage r* 
as we have observed, must always lie in the fourth quadrant 
for positive values of Zi, and / 2 must be at right angles to 
it no matter how large Z x may be. As has been“pointed out 
previously, for positive values of Zi, / 2 must lie in the first 
quadrant and its terminal will be along the upper half of the 
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circle whose center is at o'. We reach the upper limit of Z\ 
for free transmission, therefore, when /2 is in phase with I\ 
(and equal to 2/1) and 180 0 out of phase with Ir. This case 
is shown in Fig. 104. The drop in potential across Z 2 is 

= I B Zi + Ir — ( 73 ) 

2 



Fig. 104—The Relations Existing between the Currents and Voltages 
in an Ideal Wave Filter When the Cutoff Frequency Corresponding to 

—- = — 1 Is Reached. 

4Z2 


But for this special limiting frequency 

— 1 1 = I n-> 

Z x 

so that we have V 2 also equal to — I\Zi — 1 1—. 
bining this with (70) and (71) we have 



( 74 ) 
Com- 

( 75 ) 


This equation cannot be true unless 


and then 



( 76 ) 

( 77 ) 
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Also for this special 

case we have 



V 1 — 2 /xZ 2 ; 

( 78 ) 

therefore 

-/i^= 2 IA, 

( 79 ) 

and the ratio 

Z l 

(80) 


1 


determines either the highest or lowest frequency that can be 
freely transmitted. 

Now suppose we decrease Zi (keeping Iy constant) and 
determine the lower limit of Zy for free transmission. As Zy 
is diminished, Vy becomes smaller and V 2 will approach 
Ef 2 in phase and magnitude. As / 2 is at right angles to V 2 
it will decrease along the circle whose center is at o', and 
the current I R becomes identical with h. From physical 
conditions it is seen that the only conditions under which 
I R = Iy are that: 


(1) Zi is zero when Z 2 is finite 

(2) Zi is zero when Z 2 is infinite 

(3) Zi is finite when Z 2 is infinite. 

These three conditions are also satisfied by the ratio 


Z x 


4Z2 


= O, 


(81) 


and this ratio fixes either the highest or lowest frequency 
that may be transmitted. The frequencies which will be 
freely transmitted, therefore, will lie in the region such 
that 

Z x 

I < < O. 

4^2 


(82) 
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Conditions for Attenuation in, an Ideal Wave Filter 
In this case the image impedance is a pure reactance 
quantity, and I\ will either lead or lag E depending on 
whether Zj is a negative or positive reactance. 

Suppose that Zi and Z 2 are of unlike signs and that Z/ 
is positive; plot Eli 90° ahead of I x as in Fig. 10$A. 



(A) (B) 

Fig. 105.—Current and Voltage Relations When the Ideal Filter Is Attenu¬ 
ating; (A) Both Z x and Z 2 Inductive, ( B) Both Zj and Z 2 Capacitive. 

If we assume as before that Zi is positive, then V x will be in 
phase with Eji , because 

(S3) 

and the potential drop V 2 across Z 2 will be 180° out of phase 
with £/2, since 

(84) 

and V x must be greater than Eji. The latter is shown to be 
true by an inspection of Eq. (36), for Zj rises from zero at 
cutoff to Z1/2 when Zi becomes infinitely large (unless Z 2 
increases with Zi, in which case the ratio Zi/ 4Z 2 = — 1 
would be preserved) and 

f = Ii Z,. (8j) 

Since 


iSi + Zr* 


(86) 
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and since V 2 is decreasing while Zi and Zi are increasing, 
must decrease, approaching zero as Zi approaches infinity. 
From Eq. (72), / 2 must also decrease and approach I x . 

Again, if Z x and Z 2 are of like sign, we have a circuit 
of like reactances in which all the currents, and all the 
voltages are in phase, the phase relation of each current 
to the corresponding voltage being determined by the sign 
of the impedance. The vector diagram for this condition is 
shown in Fig. 105.Z?. It is obvious that Ir can never quite 
equal I\ for this condition, and that the region in which 
Zi and Z 2 are both inductive, or both capacitive, reactances 
is an attenuation region. ; 

Vector Diagrams for Typical Wave Filters 
Let us examine the output-current characteristics of a 
typical dissipationless filter section (Fig. 106) when it is 
terminated in its image impedances. The general attenuation 
and phase characteristics are as indicated in Fig. 107. At 
zero frequency, the output current is zero since the attenu¬ 
ation is infinite. The output current, for a given input 



Fig. 106.—Non-dissipative Filter Section Terminated in Its Image Impedances. 

current, increases as we approach the lower cutoff frequency 
fit and decreases in the same manner through the upper 
attenuation band. Within the attenuation band the phase 
shift of the output current with respect to the input current 
is — 7r radians. 7 As soon as the lower cutoff is passed, the 
phase shift increases rapidly throughout the free trans¬ 
mission band, traversing, in fact, a complete cycle so that 

7 Note that the phase shift is considered positive when the actual current is made 
to lag the reference current. That is, the current lags the reference current by an 
angle /8. Refer to footnote i. Chap. IV. 
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it is + x radians at the upper cutoff, A circle diagram 
showing the locus of the terminal of the vector representing 
the output current for the filter section of Fig. 106 is given 



Fig. 107.—General Attenuation and Phase Constants of the Filter Section 

of Fig. 106. 


in Fig. 108. The reference current 7 i, not shown in the 
diagram, would be the radius of the circle along the axis of 



Fig. 108.—Locus of the Terminal of the Vector Representing the Output 
Current for the Filter Section of Fig. 106 Combining Both the Attenuation 
and Phase Characteristics. 

reals. This diagram combines the effects of both the attenu¬ 
ation and phase characteristics. As the frequency increases 
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from zero, the current moves outward on its locus from 
the center of the circle, passing successively, for example, 
the points /a and Jb at which I R is .316 and .501, respectively, 
of the magnitude of / B ( max .) (the value in the transmission 
band). These points correspond to attenuation of 10 db 
and 6 db, respectively. At the lower cutoff frequency fi the 

<? '75T'—1 | f [ I—- J T(T % 


& 

Fig. 109.—Typical Filter Section. 

circumference of the circle is reached and the current moves 
clockwise around the circle, passing successively points such 
asand f Fj where the phase shift is — (tt/2), o, and ir/2 
radians, respectively. At the upper cutoff fi the circle has 
been completely traversed. The current vector now moves 




inward along the radius back to the origin, and passes points 
such as fc and /d, where the attenuation is 6 db and 10 db, 
respectively, on its way to the center. 

The filter section of Fig. 109, which has the attenuation 
and phase characteristics of Fig. 110, has the circle diagram 
of Fig. hi. The circle diagram is very similar in its general 
shape except that the current starts at a finite value and 
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passes through zero before moving out to the circumference. 
The process is reversed in the upper attenuation band, where 
the current passes through zero and lodges, at infinite fre¬ 
quency, at a finite value on one side or the other of the point 



Fig. hi.—Circle Diagram for Filter Section of Fig. 109. 

/ = o. The current at zero and at infinite frequency must lie 
at some point on the X-axis to the right of the center of the 
circle. 

When several filter sections (either like or unlike), with 
common cutoff frequencies and equal image impedances, are 



Fig. 112.—Filter Having Component Sections of Figs. 106 and 109. 

put together, the attenuation and phase shift of the resulting 
filter are the sums of the attenuations and phase shifts, 
respectively, of the individual sections. We may, therefore 
obtain, in multi-section filters, circle diagrams in which the 
received current undergoes a phase shift of several cycles in 
passing through the band of transmitted frequencies. 
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Fig. 112 shows a filter having the component sections of 
Figs. 106 and 109. The attenuation and phase shift charac¬ 
teristics of such a filter are given in Fig. 113 and are obtained 



Fig. 113.—Attenuation and Phase Characteristics of Filter of Fig. 112. 

by adding the attenuations and phase shifts, respectively, of 
Figs. 107 and no. In the circle diagram for the filter of Fig. 
112, which is shown in Fig. 114, the current traverses two 



complete cycles between the lower limit of free transmission f% 
and the upper limit fa. 

In circle diagrams, which represent the output current of a 
filter with reference to the input current, the features made 
most evident are: 
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(1) The magnitude of the received current is 

(a) constant in the transmission bands 
0 b ) continuously changing in the attenuation bands, 

(2) The phase shift of the received current is 

(a) continuously changing in the transmission bands 

( b ) variable by half-cycles only in the attenuation 

bands. 

In other words, transmission bands are characterized by the 
fact that the current locus is the circumference of the circle; 
attenuation bands have the horizontal diameter of the circle 
as the current locus. 



CHAPTER VII 


The More Common Types of Filter Sections 

Having derived the general formulae governing the image 
impedance and transfer constant (including attenuation and 
phase constants) characteristics of a wave filter section or 
half-section, we come to consider the great variety of specific 
types of networks, when Zi and Z2 are each given some 
specific form corresponding to one of the types of two-terminal 
reactance arms of Chapter V. We must seek some method 
of classifying and correlating these various types of networks, 
in order that we may quickly compare or contrast the charac¬ 
teristics of different types when a multi-section filter is to 
be constructed to give desired overall characteristics. 

§ 42. “ Constant k” Types of Wave Filter Sections and Half-Sections 

We find that the most useful types of wave filter sections 
or half-sections may be conveniently classified as belonging 
to what is called the constant k group, or as capable of being 
derived from constant k structures. They thus have some 
characteristics in common with, or simply related to, those 
of the corresponding constant k types. 

A constant k type of reactance network is one in which 
Zi and Z2 are inverse reactance arms (see Chap. V). That is 
to say, 

ZiZ2 = k\ (1) 

where k is a constant, independent of frequency. Every 
constant k structure is therefore a special case of a structure 
in which Zi and Z2 have the configuration of potentially 
inverse arms but are not necessarily in inverse relationship, 
i.e., they may not have their inductance and capacitance values 
associated in the inverse relationship. 
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To find the various types of structures in the constant 
k group, we have simply to consider the various distinct types 
of two-terminal reactance arms in ascending order of com¬ 
plexity, and will find one constant k structure (with T, 7r, 
and L forms) for each distinct type of reactance arm. This 
we will proceed to do for the more common and useful types, 
but first it is desirable to see what simplifications in the 
general formulae for the mid-series image impedance, the mid¬ 
shunt image impedance, and the transfer constant occur 
through the constant k relationship. We let k = R in the 
following formulae, since it must be a pure resistance if Zi 
and Z2 are pure reactances of opposite sign. For the mid¬ 
series image impedance Z/ we have 



Thus for any value of ZfiR the mid-series image impedance is 
proportional to R; its variation with frequency is consequently 
dependent only on Zi/iR. For the mid-shunt image im¬ 
pedance Z/, 



For given values of Zi/iR , Z/ is also proportional to R, and 
depends for its variations with frequency only on ZfiR. The 
mid-series and mid-shunt image admittances are of course 


and 



( 5 ) 

( 6 ) 
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where G = l/R. Evidently, the mid-series and mid-shunt 
image impedance {and admittance ) characteristics are in in¬ 
verse relationship at all frequencies , since 

ZjZf = R\ ( 7 ) 

and 

Y iY 1 = G 2 . (8) 

Thus the simplifications in impedance (and admittance) 
relationships for constant k structures make it only necessary, 
having chosen R from a consideration of terminal impedance 
conditions, to deal with one variable, say Zi, for variations of 
impedance (and admittance) with frequency. If the values 
of either the mid-series or the mid-shunt characteristic are 
known, the values of the other may be quickly obtained 
from the inverse relationship. If, for example, R = 600 
ohms and Z x = o + 71000 ohms, then Z2 = o —736 o ohms, 
Z,liR = + 70.833, IZJiRJ = - .694, Vi + [Z,/2i?J = .553, 
hence Z T = 322 +70 ohms, Z/ = 1085 + yoohms, Yj = 3.01 
X io -3 + jo mhos, and Y/ = 0.921 X io -3 + 70 mhos. But 
if, say, Zi = o +/2000 ohms, then Z 2 = o — /180 ohms, 
Zif'iR = + 71.667, IZf'iRJ = - 2.778, Vi + [Zi/2#] 2 
= 7 I * 333 > hence Zr = o +7800 ohms, Z/ = o —7450 ohms, 
Yi =0—71.25 X io -3 mhos, and Yj = o + 72.22 X io -3 
mhos. The signs of the reactive quantities in the results 
follow from the fact that in attenuation bands in reactance 
networks Zj has the sign of Zi and Z/ that of Z2. 

The numerical examples bring to our attention that 
[.ZijiRf is always a negative numeric, if Zi is a pure re¬ 
actance. Hence 

( 9 ) 


(10) 
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The sign of Zi plays no part in the formulae except to indicate 
the sign of Z/ and Y/ in attenuation regions, the signs of 
Zi and Yi being then opposite. Consequently, constant 
k reactance networks follow at all frequencies only those attenu¬ 
ation constant and phase constant curves of Figs. 91-97, and 98 
of Chapter VI for which <p = =L 180°. Moreover, true cut- 
off frequencies occur only when Z^j^Z^ = [ \Z\fiR~f = — 1. 
For if, as we vary the frequency, Z1/4Z2 becomes zero, this 
can only be because Z\ — o and Z 2 = °° simultaneously ; and 
as we pass through the values Z1/4Z2 = o, the sign of Z1/4Z2 
does not change. Hence free transmission exists on either 
side of this value of frequency, even infinitesimally close to 
it; and the frequency is not a true cutoff frequency. The 
structure possesses what may be called a continuous double 
transmission band. This is because constant k structures 
are special cases of more complex structures, in which the 
configuration of elements is the same, but in which Z\ and Z2 
are not inverse arms. When Z\ and Z 2 are brought into 
inverse relationship, in general one or more attenuation bands 
are wiped out by being reduced to zero width along the 
frequency scale. The transmission bands formerly on either 
side of such attenuation bands merge into double trans¬ 
mission bands. 

Finally, since Z1/4Z2 = [XfiRf = U + jV and since 
V — o for these non-dissipative structures, we may put 
formulae (9) and (10) into the forms 

Zi = R^T+~U; Yi = -== ; ( 11 ) 

Vi + U 

Z/ = -=£= ; Yl = Ga/T+T, (12) 

Vi + U 

so that the attenuation-phase charts in terms of U + jV 
(Figs. 99, 100, and 101 of Chapter VI) may be used to deter¬ 
mine the image impedances (or admittances) when the attenua¬ 
tion or phase shift of a structure, and the value R (or G), 
are known. 
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As for the transfer constant of a constant k section, we 
may, considering the inverse relationship, rewrite (62) of 
Chapter VI as 


ai = ia h — log € 


\ 


-zr 

_ 'iR _ 

2 

+ 

(i) 

yj 

u 

z x - 

.2 R_ 

2 

-l 

tl) 


(13) 


= l°ge 

and (63) Chapter VI as 


VT+17 + Vt7 


Vi + U - Vl 7 


P x = 2 p i = angle of 




AT + Z'A 

LiRi + 


(§) 


Mil-© 


(h) 


(15) 


angle of 


VT+77 + VZ7 
+ u - W ’ 


(16) 


and the attenuation constant and phase constant depend 
solely on the ratio Z x /iR and involve but one variable, Z x . 


Low Pass Filter , Constant k Type 

The simplest physical forms which Z x as a reactance 
arm can assume are those of an inductance coil and a con¬ 
denser, respectively. For an inductance coil, 

Zi - jwL, ( 17 ) 

where L is the inductance of the coil. The inverse reactance 
arm is then a condenser of capacitance C such that 
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R having any desired constant value. Fig. 115 illustrates T 
and 7r sections and a half-section of this type of low pass filter. 



Fig. 115. —T and v Sections and a Half-Section of a Constant k Low Pass 

Filter. 


From (9), the mid-series image impedance is 



is the cutoff frequency corresponding to 

Zi _ cop 2 LC 

4Z2 4 

The mid-shunt image impedance, from (10), is 



If Zr and Z/ be plotted against frequency for the constant 
k low pass filter, from (19) and (20), they are found to vary 
with frequency as shown in Figs. 116A and 116B. The im¬ 
pedance characteristics change from resistance to reactance 
at frequency / 0 , which is thus the cutoff frequency, being the 
frequency at which 

z L= r z^r 

4Z2 


1. 
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High Pass Filter , Constant k Type 
When Zx corresponds to a condenser, 


Zx 


I 

W 


(21) 


where C is the capacitance of the condenser. The inverse 
reactance arm is, of course, a simple inductance L such that 



(22) 


R having, as before, any desired value. Fig. 118 illustrates 
T and t sections and a half-section of this type of filter. 



(A) (B) (C) 

Fig. 118 .—T and tt Sections and a Half-Section of a Constant k High Pass 

Filter. 


From (9), the mid-series image impedance is 


Z, - K -J 1 - [^ J - * 


4c c 2 LC 


= R 


where 

, _ 1 

*0 — - 7 => 

4 xVIC 

is the cutoff frequency corresponding to 




(23) 


(24) 


Zx_ = _ = 1 

4Z2 1 4 co 0 2 LC' 
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The mid-shunt image impedance, from (10) is 


2 / = 


R 


R 


'MSI 


(25) 


All frequencies below the value/ 0 correspond to an attenuation 
region and reactive image impedances; all frequencies above 
the value / 0 correspond to a transmission region and resistive 
image impedances. It is for this reason that the filter is 
termed high pass. If Z/ and Z/ be plotted against frequency 
for the constant k high pass filter, they are found to vary 
with increasing frequency in the manner that the low pass 



Fig. 119.—Variation of Mid-series Image Impedance (A) and Mid-shunt Image 
Impedance ( 5 ) with Frequency for a Constant k High Pass Filter. 


constant k filter image impedances vary for decreasing fre¬ 
quencies, the cutoff frequencies of the two being assumed 
the same. That is, in the expressions for the high pass filter 
image impedances, /<>//" replaces the factor f/f 0 of the low pass 
filter image impedance expressions. The characteristics for 
Zi and Z/ for the constant k high pass filter are illustrated 
in Figs. 119^ and 119 B. 

We note that the cutoff frequency is that at which 

z L = rz L T= _ 

4Z2 LkJ I; 

also, that as we decrease the frequency continuously below/o, 
Zi = i/jooC increases continuously, and from Table III of 
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Chapter VI (<p — ± i8o°), the attenuation of the filter like¬ 
wise increases indefinitely. The phase curve of Fig. 98, 
Chapter VI, however, shows that the phase shift is constant 
at — 7r radians for all values of frequency below / 0j but 


<A) 

Fig. 120.—Attenuation (A) and Phase Shift ( B ) Curves of the Constant k 

High Pass Filter. 

gradually passes from the value of — x to zero as we ascend 
the transmission band. The attenuation and phase shift 
curves of the constant k high pass filter section are illustrated 
in Figs. 120 A and \ioB. 

“ Confluent ” Band Pass Filter , Constant k Type 
The next simplest forms which Zi can have are those of a 
simple resonance, or a simple anti-resonance arm, respectively, 





(A) (B) (C) 

Fig. 121 .—T and it Sections and a Half-Section of a Constant k Confluent 

Band Pass Filter. 

two reactance elements being involved in Zi in either case. 
In the former case, when Zi is a simple resonance arm, 
Z 2 must be a simple anti-resonance arm of inverse type, i.e., 
being anti-resonant at the frequency of resonance of Zi. 
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This leads, we shall see, to a filter in which all frequencies 
below one cutoff frequency /1 and above a second cutoff 
frequency / 2 are attenuated, while all frequencies in the 
band between these two cutoff frequencies are transmitted. 
For this reason the filter is called a "‘band pass” type. 
Figs. 111A , B and C illustrates T and 7r sections and a half 
section of this type. 

If Zi and Z 2 are to be inverse networks with respect to 
any value of resistance R , it follows that 


or 


therefore 


C 2 Ci * 




VL1C1 — 

From (9), the mid-series image impedance is 

z ' = ^ i+ s=W i+ [y 2 - 


Since 


Zi = ''(■“ Li - i) - > Li ( 1 - 555) 

. r / \ , / co \ 


(26) 

( 2 7 ) 

(28) 

(29) 

(30) 

(31) 


where co OT = — 7 === 

VlaC! 

of Zi, we have 


corresponds to the frequency of resonance 


Zi T= r^tr 

2 R\ ~ L 2R J L 

i r w 

= Oirn L\C 2 

4 L co 7 ft 



( 32 ) 

( 33 ) 
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To eliminate Li and C 2 from this expression, we first determine 
the expressions for the cutoff frequencies f\ and / 2 which are 
the only remaining significant frequencies; thus at/ 2 


whence 


then (32) becomes, 


A 

4 Z 2 

z 1 y 2 

■ 4 ■ ** 

( 34 ) 

,r^- 

L 03 m 

03 m 1 ^ f a ’2 03 m ~1 

- 03 m C 2 -I = I 

C 0 2 J L 03 m 03 2 J 

(35) 

r w 2 

03ml 2 4 

(36) 

L o) m 

032 J O 3 JUC 2 

** 

P 03 03 m ~| 2 


r^T 

L 03 m 03 J 

(37) 

L*J 

1 

-1 

1 “ 

1 

1 £ 

1 § 

to 


L 03 m 03 2 J 



rz._4T 

_ Yu / J 

\fi_uY 

Yu / 2 J 

Thus the mid-series image impedance is given by 


( 38 ) 


Z r = R 



( 39 ) 


Had the cutoff frequency fi been taken, we should have 
obtained 



Zj = R 


(40) 
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From this it follows, since fi is not equal to/ 2 , 


or 


fi _ fm 
fm fi 


( 41 ) 


fm = 2. 


( 42 ) 


Thus, the frequency f m of resonance of the series arm of a 
constant k simple hand filter is the geometric mean of the two 
true cutoff frequencies f\ and / 2 of the filter. But the frequency 
f m is that at which Zi is zero and Z 2 is infinite. Hence it is 
the frequency at which two simple transmission bands touch, 
or become confluent , as in the more general structure from 
which it is derived, the shunt and series arms of the filter 
are brought into inverse relationship. For this reason the 
type of filter is known as a “ confluent ” band pass filter, or 
commonly, as the simple confluent type of band pass filter 
(since there are other more complex confluent types). The 
frequency f m is called the midfrequency of the transmitted 
band. 

The mid-shunt image impedance Z/ may be derived in a 
similar fashion, or, more simply, from the facts that (1) under 
open-circuit and short-circuit conditions, respectively, T and 
7 r sections represent inverse networks with respect to R and 
(2) the image impedances are in geometric mean relationship 
to the open-circuit and short-circuit impedances,*we find that 
the mid-series Z/ and mid-shunt Z/ image impedances them¬ 
selves vary with frequency in an inverse manner with respect 
to R y and hence 



Plotting typical curves of Z/ and Z/ against frequency/, 
we find them to vary as shown in Figs. 122^ and 122 B. 
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We note that Z/ is capacitive in the lower attenuation 
band, passing through zero and becoming resistive at the 
lower cutoff frequency /i, rising to a maximum value of 
resistance R at the mid-frequency f m , declining to zero at 
the upper cutoff frequency / 2 , becoming inductive at that 
point* and continuing as an increasingly large inductive re¬ 
actance for increasingly higher frequencies. On the other 



/ (A). (B) 

I 

I 

I 

i. 

Fig. in. —Variation of Mid-series Image Impedance {A) and Mid-shunt 
Image Impedance (B) with Frequency for the Constant k Confluent Band 
Pass Filter. 

hand, Z/ is inductive throughout the lower attenuation band, 
becoming infinitely large at the lower cutoff frequency/ a ; as a 
resistance in the transmitting band, it drops to a minimum 
value R at mid-frequency f m and rises again to infinity at the 
upper cutoff frequency / 2 ; in the upper attenuating band it 
is a decreasing negative reactance with increasing frequency. 
Both the curve for Zj and that for Z/ are symmetrical about 
f m when plotted on a logarithmic frequency scale, except for 
the change in the sign of the reactances, that is, the magnitude 
of Zj, or Zi' y is the same for frequencies of which f m is the 
geometric mean. 

Special cases occur either when the lower cutoff frequency 
/i is set equal to zero, in which case the filter becomes the 
low-pass type already discussed, or when the upper cutoff 
frequency / 2 is set equal to infinity, in which case the high- 
pass type discussed above results. 

The attenuation-frequency curve of the simple confluent 
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band pass filter is obtained by following the ± 180° limiting 
curve of Fig. 94 of Chapter VI from the very large values 
which Z1/4Z2 = [ZxjiKJ has at very low frequencies to 
zero value corresponding to frequency / m , and reversing the 
process as Zi increases continuously for higher frequencies. 
The curve is illustrated in Fig. 123^. 



Fig. 123.—Attenuation (A) and Phase Shift ( 5 ) Curves of a Constant k Con¬ 
fluent Band Pass Filter. 

The phase-frequency curve is obtained from Fig. 98 of 
Chapter VI and is shown in Fig. 1 13B. It remains constant 
at — 7r radians per section throughout the lower attenuation 
band, moves continuously from — 7r to + tt across the free 
transmission band (becoming zero at mid-frequency/™), and 
remains constant at + 7r radians per section throughout the 
upper attenuation band. The attenuation curve is sym¬ 
metrical about f m on a logarithmic frequency basis, i.e., has 
equal values for frequencies of which f m is the geometric 
mean, whereas on the phase curve, the magnitude of the 
phase shift is the same for such frequencies but the sign is 
reversed. 

Band Elimination Filter , Constant k Type 
A fourth specific type of constant k filter is that for which 
Zi is a simple anti-resonance arm and Z2 the corresponding 
simple resonance arm which is inverse with respect to R. 
This type of filter excludes, or attenuates, all frequencies 
lying between its two cutoff frequencies, but freely transmits 
all frequencies above and below this band. It is therefore 
commonly called a “band elimination” filter, and also a 
“low-and-high pass” filter. 
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Fig. 124 illustrates T and ir sections and a half section of 
the constant k band elimination type, where 


or 


from which 



'VLiC’i — A/L2C2. 


( 44 ) 

( 45 ) 

(46) 



Fig. 124 .—T and x Sections and a Half Section of the Constant k Band 
Elimination Filter. 


From (9), the mid-series image impedance Z/ is 


Since 


where 




jo)Li jca^Li 


oy 2 

Woo 

£0 

o 

03 

Woo 

1 

I 



^ILiCi VL 2 C 2 


( 47 ) 

(48) 


corresponds to the anti-resonant frequency of Zi and the 
resonant frequency of Z%. 
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iR] ~ L iR J * 



\0iJL1Cz 
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~ CJqq _ 03 ~| 2 

- " W oJ 


But, for the cutoff frequencies, for example,/i. 



( 49 ) 

(50) 

(51) 

( 52 ) 

(53) 

( 54 ) 

(55) 

(56) 


so that 



238 

and, as well. 


ELECTRIC WAVE FILTERS 



From considerations of inverse network relationships 
between Zj and Zi with respect to R for a constant k re¬ 
actance structure. 



Evidently, as in the case of f m for the simple confluent 
band filter, 

f. = (60) 


or 


h_ = A. 
A A * 


( 61 ) 


The frequency f M is that at which Zi is infinite and Z 2 is 
zero, whence the attenuation is infinitely great at this point. 
By inspection, this is the only frequency at which infinite 
attenuation can occur, since neither Z\ is infinite nor Z 2 is 
zero at any other frequency. Hence, the simple constant k 
band elimination filter has infinite attenuation (neglecting 
dissipation due to effective resistance) at a finite frequency / w , 
which is the geometric mean of the cutoff frequencies , 
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Typical curves, of Zj and Zj against frequency /, are 
shown in Figs. 12 $A and B. 

There are two portions of each characteristic which are 
resistive, namely, those corresponding to the free trans¬ 
mission regions or pass bands for low and for high frequencies. 
At each cutoff the impedances are zero for Z x and infinite for 
Zj . In the attenuation band the image impedance becomes 
anti-resonant at the frequency/^ of infinite attenuation in the 
former case, and resonant at the same frequency in the latter 
case. The image impedance characteristics are symmetrical 
about / w on a logarithmic frequency scale, except for the 
change in sign of the reactances. 


i 

» 



(A)' (B) 


Fig. 125.—Variation of Mid-series Image Impedance {A) and Mid-shunt 
Image Impedance (B) with Frequency for the Constant k Band Elimination 
Filter. 


Special cases occur when either the lower cutoff frequency 
/1 is set equal to zero, when 

/oo = V/i/2 = °J (62) 

the structure becoming that of the constant k high pass filter, 
with infinite attenuation at zero frequency; or when the upper 
cutoff frequency/2 is set equal to infinity, whenis infinitely 
great and the structure becomes that of the constant k low 
pass filter. 

The constant k low pass and high pass filters may either 
be regarded as special cases of simple confluent band pass 
filters or of simple band elimination filters. 

The attenuation-frequency curve of the constant k band 
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elimination filter is obtained by following the ± 18o° limiting 
curve of Fig. 94 and Table III of Chapter VI from zero 
to infinite values of Z1/4Z2 (since Z\ varies in this way with 
frequency) and the reversing path. There results a curve 
similar to that of Fig. 126^, which is symmetrical aboutif 
frequency be plotted on a logarithmic basis. Similarly, the 
phase shift curve may be obtained from Fig. 98 of Chapter VI 
by following the i 180° curve for Z1/4Z2 in the same manner. 



Fig. 126.—The Attenuation { A ) and Phase Shift ( 5 ) Curves of a Constant k 
Band Elimination Filter. 

The phase shift-frequency curve of Fig. 1 2,65 results. The 
phase shift for frequencies below /„ resembles the corre¬ 
sponding curve for the constant k low pass filter; the phase 
shift for frequencies above f^ resembles that of the constant 
k high pass filter. The discontinuity of 2 tt radians at the 
frequency of infinite attenuation is arbitrarily chosen, in 
order that the phase shift may be zero at zero frequency or 
infinite frequency, for either of which cases the impedances 
of the reactance elements of the filter disappear from the 
structure. 

Method of Inspecting Zi and 4Z1 Curves to Determine Location of 
Transmitted and Attenuated Bands 

Wherever a filter section or half-section is of the constant 
k type, with impedance arms which are inverse, it is a simple 
matter to determine the transmission and attenuation bands 
by sketching either the impedance Zi or 4Z2 against frequency. 
We know from (9) that when the magnitude of the series 
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reactance is less than 2i?(o > U > — 1) the image im¬ 
pedances are resistive, indicating free transmission; whereas 
if the magnitude of the reactance exceeds 2 R the image 



Fig. 127.—Illustrating the Method of Locating the Transmission and 
Attenuation Band of a Low Pass Filter. 

impedances are pure reactances, indicating attenuation. For 
example, referring to a low pass constant k section the 
reactance of Zi, which is coL, is positive and proportional to 



Fig. 128.—Method of Locating the Attenuation Bands of a Confluent Band 

Pass Filter. 

frequency, and the cutoff frequency/ 0 occurs when wL equals 
iR. In Fig. 127 the portion of the frequency spectrum in 
which o)L > 2 R is indicated as an attenuation band whereas 
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the region for which coL < iR is indicated as a transmission 
band. For example, if R = 600 ohms, the cutoff frequency 
/o is that at which Zi = juL = jiioo ohms. 





-o 


Fig. 129.—A More Complex Constant £-type Filter. 


Likewise, for a simple confluent band pass section (refer 
to Fig. 128), as long as the reactance Xi lies within the 
limiting values of 2 R and — 2i?, free transmission exists. 
If R = 600 ohms, this occurs when 


Z. =jo>U [1 -“] 

lies between the values of + 1200 ohms and — 1200 ohms. 

Finally, for constant k structures of greater complexity, 
the same method may be followed. For the structure of 



Fig. 130.—Reactance Characteristic of the Filter of Fig. 129 Showing the 
Location of the Attenuation Bands. 


Fig. 129, the reactance characteristic of Zi is shown in Fig. 130, 
and the attenuation characteristic with three pass bands and 
three attenuation bands, is as shown in Fig. 131. 

A similar method may be followed with the reactance 
frequency curve of 4Z2 which, for free transmission, must lie 
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outside the limits of =b iR. The frequencies of infinite 
attenuation will, in this case, however, occur when Z 2 = o. 



Fig. 131.—Attenuation Characteristic of Fig. 129 Showing the Three Pass 
Bands and Three Attenuation Bands. 


Character of Phase Shift Curves 

In the four structures of constant k type listed above, 
we may notice that all of the phase characteristics are changing 
continuously with frequency throughout pass bands , but remain 
constant in attenuation bands except for discontinuities at fre¬ 
quencies of infinite attenuation. This is characteristic of the 
phase shift curves of all dissipationless filters. 

Furthermore, the phase characteristics as we pass through 
a transmission band, always have a positive slope. This is true 
of all dissipationless filters; phase shift curves with negative 
slopes are not obtainable therein. This follows from the fact 
that reactance meshes themselves have positive reactance- 
frequency slopes except at anti-resonant frequencies, for 
referring to (16), U = Zyj^Z^ increases positively with in¬ 
creasing frequency and the phase angle of 


VI + U + Vt7 
Vi + u - Viz 


(63) 


has a positive slope for all values of U less than unity in 
magnitude. 

For a full section, the phase shift must always be ± mr 
in any attenuation band (n being any integer or zero), except 
that in constant k structures, n must be an integer. For 
half-sections, the phase shift is of course ± n(x/2) in attenu¬ 
ation bands. 
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§ 43. Derived m-Types of Filter Sections 

Suppose that it be desired to obtain filter sections or 
half-sections one or both of whose image impedances are 
equal to those of some constant k filter but whose con¬ 
figuration, attenuation, and phase characteristics are, in 
general, different from those of the constant k type. Such 
sections or half-sections could be connected to constant k 
sections or half-sections without reflection losses occurring at 
the junction points, and the combined multi-section filter 
would have for its total attenuation or phase shifts the sum 
of the attenuations or phase shifts of the individual sections 
or half-sections. Furthermore, if more than one such type 
were discovered which had one or both image impedances 
equal to those of some constant k structure, any number of 
these types could themselves be connected together without 
internal reflection losses. This, obviously, would permit of 
greater flexibility in the design of a multi-section network to 
meet given overall requirements. 

Series Derived m-Types 

Let us take a half-section of constant k type as our basis. 
We have at the left hand terminals 

Zr = "VZsc-Zoc* (64) 

If the structure is to be changed internally, with Zj remaining 
unchanged, then if Z S c is to be altered by any constant factor 


m 



Fig. 132.—The Series Derived w-type Half Section Having the Same Mid¬ 
series Image Impedance as a Constant k Half-Section. 

m in the process, Z oc must be altered by the factor ijm. 
Whether the altered open-circuit and short-circuit impedances 
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would then correspond to any physically realizable structure 
could of course only be determined subsequently. We have 
then, as the series impedance of such a changed structure 

mZ sc = \Zxm = m\Z Y (65) 

for the short-circuit impedance is simply equal to the im¬ 
pedance of the series arm of the half-section. The open- 
circuit impedance must be 

Z 0 c 2^1 + 2Z2 Zi 2,Z 2 

-=-= -- 1 - ( 66 ) 

m m im m 


In the unchanged half-section we notice that 


Zoc ~ Zsc — 2Z2, (67) 

so that, making use of this observation, we have for the 
changed structure. 


Zi 2Z2 mZi 

iZtfn =- 1 - 

im m 1 


( 68 ) 


T r I — m 2 ~\ 

= ^ )+ [^H (iZi) (fi9) 

and the new shunt arm must be comprised of an impedance 
whose configuration is that of iZ% but which is altered in 
magnitude in the ratio 1 Jm , in series with an impedance whose 
configuration is that of Z1/2 but which is altered in magnitude 
in the ratio (1 — m 2 )jm as shown in Fig. 132. 

For all values of m which are positive and less than unity , 
the shunt arm required can be physically realhed , for both 1 jm 
and (1 — m 2 )}m are positive. Within this range , m may have 
any value we desire , and hence there are an infinite number of 
specific types of derived structures which may have the same mid¬ 
series image impedance as has a given constant k structure . 
The value of m will in general be fixed by design considerations , 
as will appear later. 

The derived half-section having the same mid-series image 
impedance as a constant k half-section is shown in its general 
form in Fig. 132. 



246 


ELECTRIC WAVE FILTERS 


Corresponding T sections or x sections may be formed 
from a pair of the derived half-sections. Such T and x 
sections are shown in general form in Fig. 133^? and B. 


m-g rn-g 

o—VA-1-VW— 0 




<«) 


O 


z im 


O 


mz ( 



(B) 


Fig. 133 .—T and it Sections Formed from a Pair of Derived tw-type Half 

Sections. 


The T section may be joined at either end to a constant 
k section or half-section of mid-series image impedance Zi. 
The x section may not be so joined but it will have the same 
attenuation and phase characteristics as the T section and 
may be joined to the latter or to a constant k section through 
the medium of an m-type half-section matching the respective 
image impedances , as shown in Fig. 134. 



Fig. 134.—A v Section Joined to a T Section by Means of an ot-type Half 
Section Which Matches the Respective Image Impedances. 

The mid^shunt image impedance characteristic Zi m ' of the 
series-derived m- type sections needs now to be expressed. 
From open-circuit and short-circuit impedance measurements 
on the right-hand end of the derived half-section. 



where Z\ m and Z^ m are the m- type full series and shunt im- 
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pedances and [Zi/4Z 2 ] to is one fourth the ratio of the former 
to the latter. From this, since 

Zim = ( 71 ) 


I I — Wr 

Z 2jn = —Z 2 H-Zi, ( 7 2 ) 

m 4 m 

and thus 



The factor 1 + (1 


2 \ ^ 


modifies the mid-shunt 
half-section (and x section) 


image impedance of the w-type 
from the value Zj corresponding to the constant k structure 
from which it was derived. The extent of the modification 
will depend on the particular value chosen for m as well as upon 
the frequency characteristic of Z1/4Z2 = 
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Shunt Derived m-Types 

Had the half-section of constant k type structure in the 
preceding section been considered at its right-hand terminals, 
a different class of derived types of sections would have 
resulted. Here the mid-shunt image admittance of the half¬ 
section is 

Y1 = <Y SC 'Y„ C '. ( 77 ) 

If the structure is changed internally so that the image ad¬ 
mittance Yj is to remain unaltered , and if Yof is to be altered 
by the factor m in the process , Ysc must be altered by the 
factor ijm. But the open-circuit admittance Y oc is 

Y of = ~~~ = m ~^f' ( 78 ) 

The short-circuit admittance must be 


Y 


sc 


Ysc 

m 


Y> v 

-b 2Yx 

2 


m 


Y2_ + YYl 

im m 


( 79 ) 


If we subtract the admittance m\Y 2 of the changed shunt arm, 
the remaining admittance will be that of the changed series arm 
of the half-section. Thus 


2 Y lm 


Y 2 2Y1 mY 2 
im m 2 


(80) 


= h ( - 2Y ^ + 

m 


1 — m 2 Y 2 
m 2 


(81) 


Here again the value of m must in general lie between the 
limits 1 o and 1. The altered series arm thus contains 
two parallel branches, whose respective admittances are 

^ • On an impedance basis, the 

1 Some types of sections are physically realizable when m > 1, by the use of 
mutual inductance between inductance coils with series aiding connections. 


I I — m* 

-(2 YD and- 

m m 
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two parallel impedances forming the series arm are m ( — | 
and j j, anc ^ impedance of the shunt arm 


m-g- 

f-WWH 



Fig. 135.— A Shunt Derived tw-type Half Section. 


is —(2Z2). The derived type of half-section is thus as shown 
m 

in Fig. 135. 



mzi 


rVMn 



(B) 


Fig. 136.—Corresponding T and tt Sections Formed from a Pair of Shunt, 
derived tw-type Half Sections. 


Corresponding T sections or ir sections may be formed 
from a pair of these shunt derived 772-type half sections. Such 
T and t sections are shown in general form in Fig. 136. 



Fig. 137.—A T Section Joined to a it Section by Means of an w-type Half 
Section, Which Matches the Respective Image Impedances. 


The t section may be joined at either end to a constant 
k section or half-section of mid-shunt image impedance Z /. 
The T section may not be so joined but it possesses the same 
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attenuation and phase characteristics as the 7r section and may 
be joined to the latter or to a constant k section through the 
medium of an m -type half-section, matching the respective 
image impedances, as shown in Fig. 137. 

The mid-series image impedance characteristic of the 
shunt-derived m -type sections may now be expressed: 





I + (I 


+[£] 


just as for the corresponding series-derived w-type. Since 


Y y -r F ‘ + i ~ m \ 

* lmX 2 m — 1 - 12 

L m 4 m 


y.jw) 

- YtY 2 [ 1 + (1 - »» 2 )^] 
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The mid-series image impedance Z Im of the shunt de¬ 
rived m -type sections differs from the mid-series impedance 
Zi of the corresponding constant k section by the factor 



which was the ratio appearing in 


(75) for the relation between the mid-shunt image impedances 
of constant k types and series derived w-types. Thus, 



(90) 


or, if the prototype is a constant k structure, 

ZimZim = Z1Z1 = R 2 . ( 9 1 ) 

Thus, the mid-series image impedance Z Im of the shunt 
derived type and the mid-shunt image impedance Z T J of the 
series derived type are in inverse relationship , when the deriva¬ 
tions are based on the same constant k structure. 


§ 44. Characteristics of m-Type Sections 

Since derived m -type sections may be connected to each 
other and to constant k sections through equality of image 
impedances at the various junction points, so that a com¬ 
posite wave filter having different types of sections but no 
internal reflections is formed, it is desirable to know just 
what elasticity in design is afforded by the use of the derived 
sections, i.e., especially how the attenuation and the non¬ 
constant k image impedance in each case differ from the 
characteristics of the constant k structures themselves. 
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Attenuation Characteristics of m-Type Sections 
We must note first however that the various transmission 
and attenuation bands of the m-types and of their constant k 
prototypes exactly coincide , for otherwise the equality of the 
image impedances whose phase angles depend on the character 
of these bands could not hold. The various cutoff frequencies 
of the m- type structures and their constant k prototype are 
thus identical. Another way of reaching the same conclusion 
is to note in (73) and (85) that when 



and that thus the conditions for cutoff frequencies are 
simultaneously satisfied by m-type sections and their constant 
k prototypes, whatever the value of m chosen. 

Thus the attenuation characteristics of m-type sections may 
differ from those of constant k structures only in the manner 
in which the attenuation varies within each attenuation band. 
The attenuation of the m-types depends on [Z1/4Z2IU; and 
since Z1/4Z2 = [Z1/2.RJ is a negative numeric which with 
increasing frequency alternately increases from zero to infinity 
in magnitude, decreases from infinity to zero, etc. (depending 
on the complexity of Zi), thus being capable of having any 


Z 

possible negative value, the factor 1 + (1 — m 2 ) —— may 

4Z2 

be either positive or negative. The factor changes sign when 


or 


1 + (1 — 

Zx_ 

4Z2 


2 \ 

m 2 )-~r = o 

4Z2 


— m 2 


( 94 ) 

( 95 ) 


that is, whenever the magnitude of Z1/4Z2 is given by 
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1/1 — m 2 . But at these frequencies, where the constant k 
structures have finite attenuation corresponding to this finite 
value of Z1/4Z2, the m -type structures have infinite attenu¬ 
ation due to the fact that [Z1/4Z2IU = 00 . On the other 
hand, whenever the constant k structure has infinite attenu¬ 
ation, i.e., when Z1/4Z2 is infinite, the m-types will have a 
finite attenuation depending on the value of m , for from (73) 



The nearer m approaches unity, the higher this attenuation 
will be. We thus gather that the general difference between 



Fig. 138. —The Attenuation Constant of a Constant k Low Pass or High Pass 
Filter and Several Derived jw-types. 

the attenuation characteristics of 7 W-type and constant k type 
sections lies in their having different arrangements of the 
attenuation “peaks” within the attenuation bands. We may 
illustrate this by specific examples, such as that of Fig. 138, 
where the attenuation curves are shown for a constant k low 
pass or high pass filter and typical wz-types derived there¬ 
from, the values of m being as given in the figure. 

The configurations of the zzz-types for the low-pass and 
high-pass constant k structures are shown in Fig. 139. 

In the case of any of the m -type structures, if we have 
the attenuation curve of the constant k prototype, we may 
locate the peaks of infinite attenuation as being directly 
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over the points on the constant k curve for which the attenu¬ 
ation corresponds to the value of Z1/4Z2 given by ( 95 ). 





SERIES-DERIVED 
M TYPE HALF SECTION 
(A) LOW RASS STRUCTURES 



rV 0 


SERIES-DERIVED 
M TYPE HALF SECTION 
(B) HIGH PASS STRUCTURES 



SHUNT-DERIVED 
M TYPE HALF SECTION 



Fig. 139.—Configurations of the ot-types for the Low Pass and High Pass 
Constant k Structures. 


A second example of the attenuation characteristics 
possessed by 02-type structures is shown in Fig. 140, where the 



Fig. 140.—Attenuation Characteristics of w-type Structures Where the 
Attenuation Characteristic of a Constant k Band Filter Section for the 

h 

Ratio of the Cutoff Frequencies — = 1.20. 
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COqL = 1 R 


iR 1,200 

L = — =-= iq. i X io 3 henries 

CO o 20,000X 

giving the value of the full series inductance of a constant 
k section. 

Then 


4 - 


R 


or 


L 19.1 X io -3 

C = K -( 655 P- -°53 x IO- farads. 

If we wish the frequency of infinite attenuation to be 
12,500 cycles, at this point, from (95) 


1 _ a = _r 

1 — m 2 4Z2 L 


z* T 

iR\ 


-mi- 


r.-|. r^T 

LcooJ LiOjOOOJ 


or 


m 


= \ 1 —V- = 0.60. 
^ 1-563 


Thus in Fig. 139^, the values of the elements of the derived 
half-sections would be in this case 


m ~- 5-73 X io“ 3 h. 
— m 2 L 

-= 10.18 X io -3 h. 

m 1 


m — = .0159 mf. 
2 


m 2 C 


m 


.0282 mf. 


and similarly for the elements of the corresponding T and 7r 
sections. 
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( B ) For a high-pass constant k structure with cutoff of 
10,coo cycles, we find similarly that 


and 


L — 4.77 X 10 3 henries, 
C = .0133 X io~ 6 farads. 


If the frequency of infinite attenuation is chosen as 
8,000 cycles, m has the value of 0.60 used above for the low- 
pass structures, and in Fig. 139$, 


2L 

— = 15.9 X io -3 h. 
m 

m 

-- iL = 8.95 X io -3 h. 

1 — rrr 


2C r 

— = .0441 mf. 


m 


m 


- m 2 


iC = .0248 mf. 


and similarly for the elements of the corresponding T and tt 
sections. 

(C) In the case of the constant k band filter, the solution 
for element values is only slightly different. Because the 
magnitude of Z1/4Z2, if plotted on a logarithmic frequency 
scale, would be symmetrical about the mid-frequency f m 
(at which Z1/4Z2 = o), the two frequencies of infinite attenu¬ 
ation will be symmetrically located about f m) that is, 

f m = JfZJZ = (97) 

where /i*, and / 2w are the lower and upper frequencies of 
infinite attenuation, and /1 and / 2 the lower and upper cutoff 
frequencies. We may therefore choose arbitrarily only one 
frequency of infinite attenuation, say / 2a0 , and determine the 
other from 

/- = f -- (98) 

/ 2oo 

Suppose we let the mid-frequency f m equal 10,000 cycles, 
and the upper cutoff frequency / 2 equal 12,500 cycles, so 
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that fi is 8000 cycles. Let also / 2oo equal 15,000 cycles, and 
then / loo becomes 6667 cycles. Then for the constant k 
half-section of Fig. 141, 

Zi .L\ .1 . Lx ( u m 2 \ 

2 ^2 ^ 2coCi 2 \ 1 W 2 / 

But at/ 2 = 12,500 cycles, 

Z x LxY uJ-\ 

— = C0 2 — I-a = I 2 , 5007 r(l — .04) Lx 

2 2 L CO2 2 J 


= i2,5oo7r(.36)Li = R = 600. 


Whence 


Then 


uuu „ . 

Lx =- 7—77 = 42.4 X 10- 3 h. 

i 2 , 5 oott(. 36 ) 


Cl = —TT = .00598 mf. 

u m Lx 


Since 


Li = (6oo) 2 (.oo 598 X io“ 6 ) = 2.155 X io“ 3 h. 

and 

^ 42.4 X io -3 

Ci= (600 )»- "- 1177 mf - 

We next have to find the value of m for the value of/ 2oo 
chosen. At the latter frequency, in the constant k structures 

Zx r Zx ~| 2 r co 2 oo Z/i / co^x-i 2 . . 

ptUju - (99) 

( 4000 \ 2 1 

1200 ’^/ 1 — m 2 
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Hence 


1 — m 2 — .29, 
m = Vi — .29 = .842. 


For the m -type structures in Fig. 141 we may now write 
the element values of inductance and capacitance as follows: 


mLi = 35.7 X io -3 h. 


Cl r 

— = .00711 mf. 

m 


U 

— = 2.56 X 10 3 h. 
m 


mC 2 = .099 mf. 


1 — m 2 
47 n 

4 m 

1 — m 2 
and so on. 


Lx = 3.67 X 10 3 
L2 = 24.9 X io -3 


h. 

h. 


——- -Ci = .0692 mf. 

1 — m 2 

1 — m 2 

-C 2 = .0102 mf. 

4777 


Phase Shift Characteristics of m-Type Sections 

The principal differences between the phase shift charac¬ 
teristics of constant k structures and of their derived 777-types 
are: 

(1) Since at frequencies of infinite attenuation, [ \Zxl^Zf] m 
changes sign, the phase shift is not always ± ir radians per 
section in the 777-types as in the constant k types but has 
this value only in the region between each cutoff frequency 
and the neighboring frequency of infinite attenuation. The 
phase shift becomes zero for all other frequencies within 
attenuating bands. 

(2) Within the freely transmitted bands, the phase 
shift characteristic will traverse the same values in going 
from one cutoff frequency to another, but because [Zxj^Zf] m 
varies differently with frequency than Z1/4Z2, the slope of 
the phase shift curves of each 777-type will not in general 
equal that of the corresponding constant k structure. 
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When the phase is zero within the band for the constant k 
structure it is also zero for every m- type. The modification 
of phase shift slope for the wz-types is generally such that at 
frequencies near the center of the transmission band the 
slope is less but the m -type phase shift slopes turn, for fre¬ 
quencies near the edge of this band, more sharply upward to 



Fig. 142.—Phase Shift Curves for a Simple Confluent Band Pass Section and 
One of Its Derived *»-types in Symbolic Form. 

+ 7r, or downward to — tt than does the constant k slope. 
The phase shift curves for a simple confluent section and one 
of its derived w-types are shown in symbolic form in Fig. 142 
and are denoted respectively by k and m. 


Impedance Characteristics Peculiar to m-Type Sections 


Because the factor 



which expresses 


the relation between the image impedance of a mid-shunt 
terminated mid-series derived m- type, or of a mid-series 
terminated mid-shunt derived m- type, to the image im¬ 
pedance of the prototype, is also, except for the constant m , 
the factor connecting the ratios Z1/4Z2 and it 

might be expected that peculiarities of these image im¬ 
pedances could be readily associated with corresponding 
features of the attenuation and phase characteristics of the 
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w-type sections. This is found to be the case. In the 
attenuation bands it still holds true of course that Z Im and 
Zirr! have their signs determined by the signs of Z\ m and 
Z 2m , the impedance of series and shunt arms of the shunt- 
derived and series-derived types, respectively. But at fre¬ 
quencies of infinite attenuation, Z\ m and Z<i m become «> and o 
respectively and change sign, so that Zi m and ZiJ are con¬ 
strained to act in similar fashion. In general, therefore, Z Im 
and Zim will pass through a larger number of positive and 
negative reactance regions in the attenuating bands than will 
Zi and Zi. A peculiar situation exists when Z Xm and Z^m are 
both zero, or both infinity, for the ratio is finite 

and the attenuation is finite, yet the image impedance Z Im or 
Zi m r under consideration will be zero or infinite, i.e., will 
have one of the values ordinarily ascribed to cutoff frequencies 
or frequencies of infinite attenuation. This always occurs , 
in the m-types , at those frequencies at which the constant k 
prototype had infinite attenuation. 

A particularly valuable feature of the image impedances 
peculiar to m-type , which leads very frequently to the use of 
772-type half-sections, at least, at one or both ends of a multi¬ 
section filter, is the relative constancy of image impedance 
which they are capable of maintaining throughout the major 
portion of their transmission bands. This constancy of image 
impedance at one or both ends of a filter, of course, makes 
it possible to join the filter to a terminating impedance or 
impedances with only small reflection effects at the input and 
output terminals of the filter. 

Not all 772 -types possess this feature to any marked 
extent. The range of values of m for which it thus exists 
depends on the relative widths of the various transmission 
bands. For values of m very close to unity the property is 
absent, for the 772-type approaches the constant k prototype; 
for values close to zero the impedance in the transmission 
band may even be effectively of inverse form, so that re¬ 
flections again arise comparable with those of the constant k 
terminations. 
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The character of Zi m and ZjA within transmitting bands 
is brought out in Fig. 143, where their variations with respect 
to R are plotted against IZ1/4Z2I of the constant k proto¬ 
type. The curve for m = 1.0 is that of the constant k 
prototype. Although | Z1/4Z2 [ does not vary in a manner pro¬ 
portional to frequency and hence the curves of Fig. 14.3 do not give 



Fig. 143. —Character of the Image Impedances of Several ot-type Structures 
within the Transmission Band. 

an exact picture of the variation of image impedance with 
frequency , the ordinates of each curve give the exact range of 
values through which the image impedances for various values 
of m pass in transmitting bands. The proportion of the total 
range of Z1/4Z2 for which the image impedance is approximately 
constant in each case gives a rough basis of comparison of the 
proportion of the total transmission band over which , in each 
case , this image impedance is constant. For values of m less 
than about 0.6 the mid-series image impedance Zi m rises 
appreciably above the value R before it drops to zero at the 
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cutoffs, and ZjJ drops appreciably before rising to infinity. 
For values of m approaching zero Zi m simulates Z/, a mid¬ 
shunt image impedance, closely throughout the greater 
portion of the transmission band and ZiJ simulates Z/, a 
mid-series impedance, as well. For values of m near 0.6 , 
the image impedances Zi m and Zirf are practically constant 
throughout the greater portion of the range of Z1/4Z2 and the 
greater portion of the transmission bands as well. 


■KJXtm 



Fig. 144.—The General Relation between the Mid-series ( A ) and Mid¬ 
shunt (5) Image Impedances for a Simple Confluent Constant k Section and 
the Derived m -type Sections. 


The image impedances Zj m and ZiJ are shown in general 
form, together with Zj and Z/', for the w-types of a simple 
confluent constant k section, in Figs. 144 A and B. 

§ 45. Complex m-Type Sections 

In the above discussion of m -type sections it has been 
assumed that m was a constant, independent of frequency. 
If however, the short-circuit impedance can be altered by any 
factor and the open-circuit impedance by its reciprocal, so 
that physically realizable series and shunt arms for a section 
are obtained, the conditions for equality of image impedance 
between such a section and its constant k prototype will be 
fulfilled. The formulae for two terminal reactance arms in 
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Chapter V suggest that factors dependent on frequency might 
be employed of the character: 


1 


f 

j-r 



etc. 


We find, within limits, that this method is quite feasible 
and that in some cases it leads to rather simple types of 
derived sections. Among these are the so-called three-element 
sections having two elements in one full arm and one in the 
other, and the jour-element su-p-pression type sections , having 
two elements in each arm, all of the above sections possessing 
single band pass characteristics. 


§ 46. Double-m-Type Sections 

{In the following sections concerning double-m-type structures , 
it should be borne in mind because of the complexities of five- 
element and six-element sections , that their use in wave filters 
is chiefly for the purpose of economizing on the number of 
elements used. As far as overall characteristics are concerned , 
the same theoretical results can usually be obtained by the use 
of simpler types of sections .) 

This use of a parameter of “m” which varies with fre¬ 
quency is inconvenient, however, from a design standpoint. 2 
It moreover, leads to the same result as the use of two or 
more different but constant values of m(mi, m 2 , etc.), each of 
which applies only to certain inductance or capacity elements 
of a section. 

For example, in the simple confluent band filter sections 
of Fig. 121, 

Zi = - j~£T = j<*L 1 ( 1 -fp ) • (100) 


2 Refer to “Theory and Design of Uniform and Composite Electric Wave-Filters” 
by O. J. Zobel in the Bell System Technical Journal, January, 1923. 



DOUBLE w-TYPE SECTIONS 


26 5 


If this impedance be multiplied by the factor 


we have 




(101) 


The resonance frequency of Zi is changed from f m to /1, in¬ 
ductance Li being unchanged and capacitance Ci altered by 
the factor f m 2 ffi. If we consider L\ to be multiplied by a 
factor mi (in this case unity) and Ci by a factor i/wz 2 (in this 
case fmjfi), we may change the series arm so as to secure any 
particular impedance characteristic which a simple resonant 
arm is capable of giving. The question of how the respective 
elements of the shunt arm are to be influenced by mi and m^, 
and in what configuration they need to be arranged so as to 
produce a double m structure with one constant k image 
impedance, may be arrived at in the following way. We may 
use the confluent band pass filter as an illustration, and will 
confine discussion to the half-section of series-derived type. 
The shunt-derived types may then be obtained in a similar 
manner, using admittances instead of impedances, or may be 
written down as composed of inverse networks of the arms of 
the series derived types. 

If in the series arm of a constant k confluent half-section, 
Likfi is multiplied by mi and 2,Cu by 1 /m 2) then 


Zi . Lik ( Wm \ 


(102) 


The mid-series image impedance is given by 

Zi = V ZocZsCy (103) 


where Zac is equal to Z1/2 in (102). If Z1/2 is to be changed, 
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and Zj to remain constant, Zoc must be altered in inverse 
ratio. The mid-series open-circuit impedance is resonant at 
the two cutoff frequencies, anti-resonant at the mid-frequency 
of the pass band, and at very low and very high frequencies is 
controlled, respectively, by iC\ k and Lu/2 (see Fig. 121 B). 
It is therefore expressible by 



or as 


„ 1 Lih 

£>oc — - -CO, 

JCO 1 


As altered, it must be 


(Zoc) «j, m 2 • 


(■ -$X'S) 

(■-5) 

, , ,(--5X'-g) 

co 2 m 1 \ 
oj nh ) 


jo)lCi h m 2 


or 


(Zoc) 


m x 


m 2 


_ 1 ^ Jlk 
jw 1 


2 


m 



m 2 




(io 4 ) 


(105) 


(106) 


(107) 


In other words, Zoc must represent an arm of the type shown 
in Fig. 145 (without considering for the moment the values of 
the elements of the anti-resonant arm) such that it is resonant 
at /a and f 2 , the cutoff frequencies. This bears a close relation¬ 
ship to the open-circuit impedance structure obtained in the 
case of single-w-type structures (mi = m 2 ). If we subtract 
out the impedance of the altered series arm, we have for the 
altered shunt arm the arm of Fig. 146, in which the values of 
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the series inductance and capacitance may be compared to 
those of Fig. 141 (upper middle). We may relate the values 
of the elements of the anti-resonant portion of the above arms 


_L ,*-»% 
rtii v 2 > 


m 2 (2c,K) 






Fig. 145. —The Mid-series Open-circuit Impedance of a Double ot-derived 
Section Must Represent an Arm of This Type. 


to Lzk and Cm for the sake of maintaining the similarity to 
Fig. 141, but the product of its inductance and capacitance 
must, from (106) be {mifm^LikCM and we thus have only to 
determine the additional design parameter b in Fig. 145 by 
equating the open-circuit impedance to zero at either cutoff 


o 


m 

mPT 


-> wtT/ ( 2C,k) 

> II 

—k 000 [j — 


11 

_1,_ 





Fig. 146. —The Shunt Arm of a Double tw-type Section. 


frequency. Unless b is the same for either cutoff frequency, 
the image impedance conditions will not be satisfied but 
from the constraints put on the short-circuit impedance 
above, this cannot happen. Substituting for Lm , Ci k , Lt k 
and Cm their values in terms of the cutoff frequencies and 
nominal impedance, viz., 


L\ k — 

Cm = 


R 


*(/* -A) 

A ~ A 

471-/1/2# ’ 


Lik ~ 
Cm = 


(/» -/OR 
a*AA 

1 

KA ~A)R 


(108) 


we may redraw Fig. 145 as given in Fig. 147. 
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At either frequency of resonance the reactance of the 
simple resonant arm of Fig. 147 is equal and opposite to that 
of the anti-resonant arm, whence the product of the reactance 
of the former and the susceptance of the latter is unity. 


I—j|—I 


Fig. 147.—Fig. I45 Redrawn Substituting for Lik , Cm , Lu , C 2 * Their Values 
in Terms of the Cutoff Angular Frequencies. 

Thus, at either cutoff frequency (represented by <01 
(or co 2 )) 


R «i(or co 2 ) R «i«2 1 

mi o)% — coi m 2 o>2 — coi(or co 2 ) 


Hence 


f mi coi(or co 2 ) 

m 2 CO1CO2 

1 ] 

|_ Rb CO2 — coi 

> 2 \ 
^ -1 

$ 

1 

e 

coi(or co 2 ) J 


(109) 


7---^ I — co x (or co 2 )-wiw 2 —7-r 

(0J2 — coi ) 2 [_ m\ m 2 «i(or C02) J 

X £wicoi(or co 2 ) — rrhu ico 2 ^ ( or w ) J 
---- - 1* wi 2 (or co 2 2 ) + co 2 2 (or coi 2 ) 

(u 2 — c*>i) L 


(110) 


m 2 mi 

— - CO 1CO2-CO1CO2 

mi m 2 


The value of b is thus obviously independent of whether coi 
or C02 is chosen in equating the impedance to zero. Therefore 





SHUNT DERIVED 

DOUBLE-M TYPE STRUCTURES 

DERIVED FROM CONSTANT K CONFLUENT BAND PASS TYPE 

Fio. 148. —Double m ~type Structures Derived from the Constant k Confluent 

Band Pass Type. 

Thus we may construct the T, ir, and half-section forms 
of the series-derived and shunt-derived double-w structures 
as in Fig. 148. 
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Characteristics of Double-m-Type Band Pass Sections 
We may now discuss briefly the characteristics of the 
double-772-type sections derived above. 

The resonant frequency of the series arm and anti¬ 
resonant frequency of the shunt arm, coinciding, determine 
the location of the cutoflf frequency which marks the con¬ 
fluence of the two adjacent transmission bands. At this 
point the phase shift will be zero. As departs from 

unity, increasing or decreasing, one of the confluent bands 
will narrow and the other correspondingly widen. One of 
these bands vanishes when 


m = fx 
772 2 / 2 

or 

772 2 _ fi 
772i fx 

because the point of coalescence then coincides with a cutoflf 
frequency. A true single transmission band then exists and 
the sections are the three-element and four-element sections 
discussed below. 

Thus there are two restrictions on 7721 and 772 2 . Neither of 
them may exceed unity (without mutual inductance) and 
their ratio must lie within the limits 


(113) 

(114) 


ll > ^_i > h. 

fx = 772 2 = / 2 


( 115 ) 


§ 47. Six-Element Dissymmetrical Sections 

In its general form the above structure is called a six- 
element structure, because two impedance elements are re¬ 
quired in one full arm and four in the other. It is referred 
to as dissymmetrical because of the dissymmetry (about the 
mid-frequency on a logarithmic scale) which the derived image 
impedances and the attenuation and phase characteristics 
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exhibit when m x is not equal to m 2 . The derived image 
impedance characteristics are given as follows: 


Mid-Shunt Image Impedance of Series Derived Double-m Structures 
From the method of derivation, the structures are related 
to constant k structures by 


SC) m 1 m 2 — 


also 


whence 


1 — 


co 2 mi 

Um 2 m 2 Zi 

— = m 2 


co 2 m x 
(Om 2 m 2 


(116) 


CO 


CO 2 2 
2 


CO 2 


< 8 Cy 


I — 


co* 


CO 2 


I — 


(Zoc) m, m t ZqC 


CO, 


m 2 co 2 m x 

u>m 2 rn 2 




- 

co 2 

T 

(Zoo) m 1 m 2 

Zoc 

I “ 

C0 m 2 

J 

(Zsc) m 1 m 2 

Z S c 

m 2 

1 - 

CO 2 

C0 TO 2 

m 2 J 


(117) 


(118) 


From this point on we shall drop the double subscripts m x m 2 
and use the single m even though the double-w structure is 
being considered. We know that 



iZi, 


2Z2 


= 1 + 


2 Z Xm + 2Z2, 


— I 


'lm 


I + 


2Z2, 


iZi 


1 + 


1 

ZoCm 
Z SCm 


I 


(ll 9 ) 



TJ 1 

and 
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therefore 


<oc 


Z x 

-h 2Z2 

2 


1 sc 


hZx 


1 ^ Zx ’ 

4Z2 



(120) 


I 




(121) 


It will be noticed that this expression reduces to (74) when 
mi = m<i. Now 
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Thus the derived mid-shunt image impedance charac¬ 
teristic of six-element unsymmetrical structures is altered 
from the mid-shunt constant k image impedance by the factor 
indicated in (122). It coincides approximately with Z z when 
Zi is zero at the mid-frequency; is zero at those two fre¬ 
quencies in the respective attenuation bands where 


4Z2 



(123) 


Since this expression is not symmetrical (on a logarithmic 
scale) about f my the frequencies of zero impedance are not in 
geometric mean relationship to f m . The former are, from 
( I2I )> points at which infinite attenuation occurs. In the 
transmission band the tendency toward uniformity of im¬ 
pedance displayed by single-w? derived structures holds if m\ 
does not differ greatly from wz 2 ; otherwise the impedance 
curve is dissymmetrical, since as the cutoff frequencies are 
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approached it is dominated by the ratio mi/m 2 or its reciprocal. 
An illustration of a typical Z Im ' curve for a dissymmetrical 
six-element section is given in Fig. 149 A with the corresponding 
constant k characteristic plotted thereon. 
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Fig. 149.—Mid-shunt ( A ) and Mid-series ( B ) Image Impedance for a Dissym¬ 
metrical Six-element Section together with the Constant k Characteristic. 


The double-;# mid-series image impedance characteristic 
of the shunt derived structures bears an inverse relationship 
(with respect to R ) to the mid-shunt impedance discussed 
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above. It is therefore given by 



and approximates Z/ at the mid-frequency; is infinite at the 
two frequencies of attenuation at which (123) above holds. 
As in the case of Zj m ', the mid-series image impedance Zi m 
approaches symmetry in the transmission band only when 
Wi/w 2 is nearly unity. A typical curve of Zj m when m^m* 
— .99 is given in Fig. 149 B. 

The attenuation characteristics of the dissymmetrical six- 
element sections differ from those of the single-w structures 
mainly in that the restriction is removed whereby frequencies 
of infinite attenuation must be related to the mid-frequency in 
geometric mean proportion. An additional design parameter 
is thus afforded. Each frequency of infinite attenuation may 
be independently located at any point within its particular 
attenuation band. For this reason, the symmetrical (single- 
m) types of six-element sections are infrequently employed. 

In choosing appropriate values of mi and m 2 so that 
desired frequencies of infinite attenuation will be secured for 
given cutoff frequencies, we may solve for mi and m 2 in (123), 
inserting the frequency expressions for Zi and Z2, and obtain 

hh . , /i» 2 , , , 

7—1£ + » 7-7" + S 

Jiao 1 /l / 2 / -\ 

rn = - —and m 2 =-+ -7-5-, (125) 

J loo J loo 

1 “A? 1 "A? 

where 



(126) 
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Thus if the cutoff frequencies /1 and / 2 and lower and upper 
frequencies of infinite attenuation /i* and are known, 
mi and m 2 and hence b may be secured, and the values of the 
inductances and capacitances of the six-element sections 
determined. 

Alternative Form of Six-Element Dissymmetrical Sections 
Since the sections of Figs. 148 each contain arms having 
four impedance elements (two inductances and two capaci¬ 
tances) each section is capable of being expressed, through 
the equivalences of Fig. 63, Chapter V, in four variant 
structures. The arm of Fig. 63^, Chapter V is found rather 
generally to contain desirable values of inductance and 
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Fig. 150.—Full Series and Full Shunt Arms of the Series-derived ( A ) and 
Shunt-derived ( B ) Type of Six-element Structures. 


capacitance, neither very large nor very small, when used 
as the shunt arm of a series-derived section, and its values 
will be expressed here in terms of the significant frequencies. 
Fig. 150 A shows full series and full shunt arms of the series- 
derived type of structures. Likewise, the arm of Fig. 63.E, 
Chapter V is a generally desirable form to employ in the 
shunt-derived sections and Fig. 150 B shows full-series and full- 
shunt arms for a shunt-derived structure using this type of 
arm. The values of the several elements are given in the 
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formulae of Fig. 150, where 



(127) 

(128) 

(129) 

(130) 


§ 48. Five-Element Confluent Band Pass Sections 

A special case of considerable importance occurs when the 
six-element type band pass structures reduce to five-element 
structures (three elements in one arm and two in the other) 
either through the lower “peak” frequency being set at zero 
or the upper “peak” frequency at infinity. 


Infinite Attenuation at Zero Frequency 
In the first case, we note from (125) and (126) that 

m 2 = 1, (131) 

and that 

£ = D (132) 

whence 

6 = 0. (133) 

The series-derived and shunt-derived structures are shown 
with full series and full shunt arms in Fig. 151^ and B. 

For these structures, since m 2 = 1, the attenuation peak 
on the lower side of the pass band has receded to zero fre- 
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quency and the lower transmission band has the general form 
(but not quite as large an attenuation) as in the case of a 
confluent section. Depending on the value of mi chosen, the 
upper peak may be located anywhere within the upper trans- 



Fig. 151.—Series-derived {A) and Shunt-derived ( B ) Five-element Struc¬ 
tures Having Infinite Attenuation at Zero Frequency. Shown with Full 
Series and Full Shunt Arms. 


mission band. These five-element sections thus approximate 
the constant k section below their transmission bands and the 
six-element sections above their transmission band. 

Infinite Attenuation at Infinite Frequency 
Alternate forms of five-element sections having an attenu¬ 
ation peak in the lower attenuation band, but none in the 
upper, are obtained when, instead of m 2 , mi is placed equal 
to unity. Then 

m = L (134) 

and 

h = 1 , ( 135 ) 

also 

C = O. (136) 

The series-derived and shunt-derived structures are shown 
with full series and full shunt arms in Fig. 152. 
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The two structures thus formed approximate in attenu¬ 
ation the constant k sections at frequencies above the trans¬ 
mission bands, and the six-element sections below the trans¬ 
mission bands. 

The value of five-element sections from a design stand¬ 
point thus exists largely in the case where frequencies to be 


Li 



Fig. 152.—Series-derived ( A ) and Shunt-derived ( B ) Five Element Struc¬ 
tures Having Infinite Attenuation at Infinite Frequency. Shown with Full 
Series and Full Shunt Arms. 


suppressed either do not symmetrically group themselves 
about the transmission band, or do not require, on either 
side, the same degree of attenuation for their suppression. 

§ 49. Four-Element Sections with Attenuation Peaks 

A class of very useful wave filter sections which, from a 
derivation standpoint, may be regarded as arising from a 
special case of the six-element unsymmetrical sections occurs 
when either attenuation peak is brought so close to the 
adjacent cutoff frequency as to coincide with it. As men¬ 
tioned in the section on characteristics of double-?w band pass 
sections, one of two confluent transmission bands disappears, 
since the intermediate “cutoff frequency” coincides with the 
merged peak and cutoff frequencies. Thus we have sections 
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with a single transmission band having the same impedance 
characteristics as sections of the confluent type. 


Four-Element Sections Possessing Lower Frequency Peak 
In this case, 

m. = fi 
m 2 fl 



( 137 ) 


(138) 


Simplifying accordingly the six-element structure formulae, 
we have the structures of Fig. 153, the first of which is the 
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Fig. 153. —Series-derived { A ) and Shunt-derived ( B ) Four Element Struc¬ 
tures Shown with Full Series and Full Shunt Arms. 


series-derived type and the second the shunt-derived type. 
The attenuation characteristic of these structures is shown 
symbolically in Fig. 154^ there being but a finite attenuation 
at every frequency above the transmission band. 

Four-Element Sections Possessing Upper Frequency Peak 
In this case 



FOUR-ELEMENT SECTIONS 



The physical configuration of elements and the formulae 
for inductances and capacitances of the elements are exactly 
the same, as for the sections shown in Fig. 153 but the in¬ 
ductance and capacitance values of the elements are different 
because of the changed relationship of the constants m x 
and m%. 

The attenuation characteristic obtained when the peak 
frequency lies above the transmission band is shown sym- 



Fig. 154. —Attenuation Characteristics of Fig. 153 when the Peak Fre¬ 
quency Lies Below and Above the Transmission Band, Respectively. 

bolically in Fig. 154.Z?. In this case, there is but a finite 
attenuation at every frequency below the transmission band. 

The series-derived and shunt-derived configurations are of 
course respectively those of Fig. 153^ and B. 

It should be added that the attenuation characteristics of 
Fig. 154^ and B differ merely, in general, when plotted on a 
logarithmic scale, in that they are reversed with respect to 
the mid-frequency of the transmission band. This assumes, 
of course, as a basis that the peak frequencies of the two types 
are symmetrical about the mid-frequency. 
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§ 50. Three-Element Band Pass Sections 

Further reducing the number of elements required in a 
band pass section, we find that a minimum of three elements 
( two in one arm and one in the other) are required. These, 
too, are among the most important types of sections. Three- 
element band pass sections may be regarded, from a derivation 
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Fig. 155.—Three Element Sections of Series-derived {A) and Shunt-derived 

(B) Structures. 


standpoint, as arising either (1) from a special case of the 
five-element m- type sections in which the remaining peak 
coincides with the adjacent cutoff or (2) from a special case 
of the four-element peak type sections in which the single peak 
is far removed from the transmission band, being placed either 
at zero or infinite frequency. 

Since of the two in s {m x and m 2 ) used in the six-element 
unsymmetrical sections, one will have become unity in the 
process of simplification and that remaining will involve 
simply the cutoff frequencies (there being no choice of 
location of peak frequency as a design parameter), i.e., 
either 


or 


m 2 = 1 while m x 


A 

A 


m x = 1 while m 2 = 


A 

A 


(141) 


The m’s may be dropped from the 


design formulae for capaci- 
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tance and inductance values, and the latter will then be 
expressed in terms of the resistance R and the two cutoff 
frequencies. The structures of the two types of three- 
element sections arising when the peak is moved down to 
zero frequency are those of Figs. 1 and B. The corre- 



Fig. 156. —Attenuation Characteristics of Figs. 155 and 157, Respectively. 


sponding attenuation characteristic of these (respectively) 
series-derived and shunt-derived structures is that of Fig. 156^. 

When, however, the peak frequency of the four-element 
section possessing a lower frequency peak is moved up to 
infinity, we have the three-element structures of Figs. 157^ 
and B with the capacitance and inductance formulae there 
given. The attenuation characteristic of these two structures 
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Fig. 157. —Three-element Sections of Series-derived ( A ) and Shunt-derived 

(B) Structures. 


is shown symbolically in Fig. 156)?, for both the series-derived 
and shunt-derived cases. The two attenuation characteristics 
of Figs. 156^ and B are symmetrical as in the case of the more 
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general four-element structures, about the mid-frequency, 
when frequency is plotted on a logarithmic scale. 

A further correlation between the various three-element 
structures is that the mid-series image impedance of the 
shunt-derived structure of Fig. 157$ is identical with the 
mid-shunt image impedance of the series-derived structure of 
Fig. 1for the same band width. Under the same con¬ 
ditions, the mid-series image impedance of the shunt-derived 
structure of Fig. 155R is identical with the mid-shunt image 
impedance of the series-derived structure of Fig. 157 A. 

Thus we have the oddity that pairs of sections may be 
found which match in impedance when split in one manner 
but have inverse characteristics when split in the alternate 
manner. 

§ 51. Other m-Type Sections 

It is obvious that using the three-element structures 
(say) as a basis, further w-types could be derived very much 
as in the manner followed for constant k types. These 
structures lack flexibility of use, however, because they lack 
constant k terminations at either end and formulae will not be 
derived. The method of deriving m -types is not confined to 
constant k prototypes but applies to any sections of the T, 
7T or L types; the same range of values for m (between o 
and 1) is permissible in any case. 

A large class of filter sections, some having important 
characteristics, exist which contain mutual inductance between 
pairs of component inductance coils. The equivalent T and 
7T structures may be readily derived. The action of some of 
these sections then appears to be either (1) the same as that 
of sections already discussed or (2) to differ only in that a 
negative inductance element is present in certain positions 
within the configuration. 3 


3 For a detailed discussion, see “Mutual Inductance in Electric Wave Filters with 
an Introduction on Filter Design,” by K. S. Johnson and T. E. Shea, Bell System 
Tech. Journal, January, 1925. 
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Analysis of lattice-type and bridged-T type wave filter 
sections may likewise be made by reducing the structures 
to T or ir form, and then applying the methods described 
above. 4 

4 For general methods of analyzing T or w reactance structures of any desired 
complexity, see “Physical Theory of the Electric Wave-Filter,” by G. A. Campbell, 
Bell System Tech. Journal, November, 1922. Also “Theory and Design of Uniform 
and Composite Electric Wave-Filters,” by O. J. Zobel, Bell System Tech. Journal, 
January, 1923. 


CHAPTER VIII 


The Formation of Multi-Section Filters —Low Pass, 
High Pass, Band Pass, and Band 
Elimination Types 

This chapter will recapitulate the properties of (a) low 
pass, 0 b ) high pass, (c) band pass, and (d) band elimination 
sections and the methods of combining them to form multi¬ 
section filters. We shall, however, first need to make some 
general comments with respect to dissipation , and equivalent 
types of sections. 

§52. Effects of Dissipation in Wave Filters 

The arms of the filters discussed in Chapter VII have 
been assumed to be purely reactive, and the characteristics 
are thus for ideal wave filters. The question now arises: 
what happens to these characteristics when effective resistance 
is present? Since the essential features exhibited by wave filters 
arise from a consideration of reactance arms , and since these 
features must be preserved , the question is rather: To what 
degree may effective resistance be allowed to enter the elements 
of a wave filter without too great detrimental effects? That is, 
how free must the elements be from effective resistance? 
When this has been determined we may then ascertain 
whether satisfactory elements can be constructed. 

Experience shows that the amount of dissipation per¬ 
missible in filter elements is usually such that satisfactory 
elements may be constructed. There are, however, always 
economic and physical limits beyond which we may not go. 

It is found convenient in computations to use as a measure 
of dissipation in coils and condensers either the ratio Q of 
the reactance of an element to its effective resistance or the 
reciprocal ratio d of resistance to reactance. 

286 
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For a coil, 


o>L 



and 


dz 


1 Rl 
Ql <*>L 


For a condenser. 


Qc 


1 

CoCRc * 


and 



(1) 


(2) 


The convenience of these ratios lies in that, for a given volume 
and type of construction, the various coils of a filter will have 
values of Q or d which do not vary greatly, at any frequency. 



Fig. 158.—Variation of the Dissipation Constant d with Frequency for 
Air-core Solenoidal Coils for Various Values of Inducatance. These Coils 
Are Designed to Operate between 20 and 40 Kilocycles. 


with the value of inductance or capacitance, and that, for any 
value of inductance or capacitance, the values of Q or d do not 
vary as widely with frequency as do the effective resistances 
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themselves. Common or average values of Q or d may there¬ 
fore be used, in ordinary cases, for the various coils or con¬ 
densers without appreciable computational errors. As a rule, 
condensers have very much less dissipation than coils and in 
comparison with the latter may usually be assumed free from 
resistance. When the dissipation constant d c of condensers 
is small compared with that cIl of coils but is nevertheless to 
be considered, an effective value o{d = d L + d c may be 
used in those formulae which otherwise include only coil 
dissipation effects; the approximation is sufficient for all 
ordinary filters. The dissipation of coils alone will therefore 
enter into formulae in subsequent sections. The dissipation 
constant d will be employed instead of its reciprocal Q. 
Fig. 158 shows the variation of d with frequency for typical 
air-core solenoidal coils, for several values of inductance. 

The effect of dissipation is to change the impedance of 
a coil from juL to (d L + and the admittance of a 

condenser from ycoC to (d c + ji)o>C. On this basis we may 
express Zi and Z 2 for any type of filter section in terms of 
frequencies, the parameter R , and d L (and d c ). The effects of 
dissipation in filter coils, is to alter in phase angle and magni¬ 
tude the ratio Z1/4Z2. The ratio Z1/4Z2 is no longer a pure 
numeric but a complex quantity U + jV which may have 
any phase angle from o to ± 180°. 

Dissipation of course has effects in changing the image 
impedances in phase angle and magnitude; but these changes 
may usually be neglected in determining terminal reflection 
and interaction losses. 

As a simple example of the change in Z1/4Z2 brought 
about by dissipation consider the constant k low pass section. 
Here, with coil dissipation we have 


Zi (d ji)wL 

4Z2 4 

juC 


(1 -jd) 


jcaL 

4 

>C 



( 3 ) 


Therefore, letting 
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and 



(4) 

(5) 


since, from equation (9) Chapter VII, Z1/4Z2 is always a 
negative numeric for a constant k structure when Zi is a pure 
reactance. The values of d for coils and condensers which 
are reasonably obtainable and satisfactory depend on the 
frequency range involved. In general, for a given volume of 
material, di, decreases with increasing frequency throughout 
the range for which the coil is designed; at high frequencies, 
coils may be designed to be relatively free from effective 
resistance. At very low frequencies, coils with low values of 
d L are difficult to obtain and filter requirements must be 
modified accordingly. On the other hand, a given fractional 
portion of a frequency range amounts to only a small actual 
interval at low frequencies, and requirements need not be 
as severe as at high frequencies. Values of d L between .02 
and .0067 are satisfactory for most purposes; occasionally 
values as low as .004 are needed, and at times also values as 
high as .05 must be tolerated. At radio frequencies values 
°f di* equal to, say, .005 are readily obtained; at frequencies 
below 100 cycles, values less than .02 to .04 are difficult to 
obtain. 

The value of dc on the other hand, may be expected to 
increase generally with frequency. Values below .001, for 
example, are common at 100 cycles, and at higher frequencies 
up to 100,000 cycles, if mica condensers are used the dissi¬ 
pation constant may be assumed to be below this figure. 
Paper condensers at carrier frequencies, however, may have a 
value d c of .01 to .005. At radio-frequencies, condenser 
dissipation may in some cases exceed coil dissipation, even in 
air condensers. Here d c may usually be made, by using con¬ 
densers of proper construction, to lie considerably below .01. 
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§ 53. Equivalent Types of Sections 

In order to minimize as far as possible the number of 
individual sections whose characteristics must be discussed, 
we shall observe at this point that: 

(1) For each kind of six-element section (series-derived or 
shunt-derived), there are four variant forms. These arise 
from the four-element reactance arms contained in such 
sections having each four variant forms, as discussed in 
Chapter V, Section 31. We shall choose only one of each four 
variant forms, and assume that the reader will consider, if 
desirable, in completed filter structures, the substitution of 
various equivalent two-terminal reactance arms; 

(2) For each kind of five-element section, there are 
likewise two variant forms, merely because the three-element 
reactance arms contained therein have each two equivalent 
forms. Again, we shall in subsequent discussions choose only 
one of each pair of variant forms; 

(3) The six-element sections referred to may be either 
band pass or band elimination sections; the five-element 
types are necessarily band pass filters; 

(4) No such alternative choices of equivalent reactance 
arms are possible in the ordinary types of low pass or high 
pass sections. 

§ 54. Formation of Low Pass Filters from Individual Sections and 
Half-Sections 

Neglecting in this chapter the effects which arise through 
failure of terminating impedances to match image impedances, 
the frequency characteristics which low pass filters are capable 
of possessing depend on the individual characteristics of only 
three types of sections and half-sections. These are: (1) the 
constant k type, (2) the m- type which is series-derived from 
the constant k prototype, and (3) the m -type which is shunt- 
derived from the same prototype. 

These types are listed in Fig. 159* together with (1) pictorial 
representations of their mid-series and mid-shunt image 
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impedance, attenuation, and phase shift characteristics on a 
non-dissipative basis, and (2) formulae for element values, 
image impedances, the impedance ratio Z1/4Z2 on non- 
dissipative and dissipative bases, cutoff frequencies, and fre¬ 
quencies of maximum attenuation. 



Fig. 159. —Information Useful in the Design of Low Pass Filters. 


The configurations shown are symbolic only. To form a 
half-section, we should connect a series arm of impedance 
and a shunt arm of impedance 2Z2 in the manner described 
in previous chapters; similarly, two series arms each of 
impedance \Z X and a shunt arm of impedance Z 2 would be 
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required for a full T section; or, two shunt arms each of 
impedance 1Z2 and a series arm of impedance Z\ would be 
required for a full 7r section. The impedance ratio expressions 
of course , correspond to the attenuation constant and phase 
constant of a full T or ir section , the attenuation constant and 
phase constant of a half-section being exactly one-half the 
corresponding full section values. 


TABLE IV 

Attenuation per Section in Nepers, of Non-Dissipative 
High Pass and Low Pass Filters 


Attenuation per Section 

HR 

m 

a = 1.02 

a = 1.05 

a = 1.10 

Si 

II 

lo 

Or 

a = 1.50 

a = 2.00 

HI 

H 

1.01 

1.80 

1.00 

•71 

.46 

•38 

•33 

.26 

1.02 

00 

1.56 

1.04 

.68 

•54 

.46 

.40 

1.05 

1.54 

00 

1.88 

1.12 

.87 

•74 

.61 

1.10 

1.03 

1.86 

00 

1 -7 1 

1.26 

1.05 

.88 

1.15 

VO 

00 

1.44 

2.47 

2.34 

1.60 

1.30 

1.07 

1.20 

•75 

1.24 

1.96 

3.20 

1.91 

1.51 

1.24 

1.30 

.64 

1.04 

1.56 

3-46 

2.57 

1.89 

1.51 

1.40 

.58 

•93 

J -37 

2.57 

3-47 

2.24 

1.72 

1.50 

•55 

•87 

1.26 

2.23 

00 

2.59 

1.92 

1.60 

.52 

.83 

1.19 

2.03 

3 - 7 6 

2.97 

2.08 

1.70 

.50 

•79 

mgm 

1.91 

3.20 

3-39 

2.25 

1.80 

.48 

•77 


1.82 

2.91 

3 - 9 1 

2.38 

1.90 

.48 

.76 

MEM 

1.76 

2.72 

4.76 

2.52 

2.00 

•4 6 

•74 

mm 

i.yi 

2.59 

00 

2.63 


A parameter a = f w \f c has been used in Fig. 159 which is 
usually more convenient for design purposes than m\ it is 
related simply to the latter as shown. 

Since the series-derived and shunt-derived 772-types have 
exactly equal attenuation constants and phase constants, 
even when dissipation exists, the choice of sections and half¬ 
sections to be employed is more limited than the number of 
kinds of structures. Evidently, the value of having available 
both the series-derived and shunt-derived m-types resides merely 
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(/) in the greater flexibility obtained in arranging half-sections 
and sections within a filter , ( 2 ) in the greater variety of image 
impedance characteristics obtainable y and (j) in the alternative 
choice of T or tt sections from the standpoint of cost or difficulties 
of construction. Indeed, regarding the constant k type as a 
limiting case of either of the m-types (that in which m = 1 
or a = 00 ) 5 the variety of component attenuation and phase 
shift characteristics available is merely that obtained by letting 
m vary over the range from o to 1. 



the Cutoff Frequency, f Cy for Various Values of a — —. 

That is, we may plot sectional characteristics for various 
values of m (or practically, for values of a between 1 and °o) 
and may then choose (with exact desired values of a) only 
such a combination of these sectional or half-sectional charac¬ 
teristics as seem best to fulfill the total attenuation or phase 
shift requirements of the filter. 

A group of such typical sectional attenuation charac¬ 
teristics are plotted (and tabulated in Table IV for design 
purposes), for frequencies above the cutoff frequency on a 
non-dissipative basis in Fig. 160. Characteristics for inter- 
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mediate values of a are readily obtained from the ratio 
Z1/4Z2 of Fig. 159 and the attenuation constant charts in 
Figs. 91 to 97 of Chapter VI. 

The influence which dissipation has on the attenuation 
constant of a typical full section (a = 1.10) is shown in Fig. 
161 A, B, and C. Here more complete attenuation charac- 



Fig. 1 61A. —Influence of Dissipation on the Attenuation Constant of a 
“i.io Section” for d = .04. 

teristics are given on a dissipative basis for values of d equal 
to .04, .01, and .005, respectively (i.e., values of Q equal to 
25, 100, and 200, respectively). One may observe that sub¬ 
stantial departures from the non-dissipative characteristic 
occur in the first case, yet the features essential to wave filter 
action are even here fairly well preserved. The departures 
occur mainly in the frequency region (1) at, and just below, 
the cutoff frequency and (2) at, and just above and below, 
the frequency of maximum attenuation. The latter may or 
may not be important; the former is usually a distinct 
limitation on the performance of a filter, so that the value of 
d is assigned accordingly. Note that just above the cutoff 
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frequency, in the attenuation band, the desirable attenuation 
is actually increased by dissipation. 

The curves of Figs. 161 B and C show the attenuation 
departures to be reduced markedly. What were distinct 
limitations on efficiency of transmission below the cutoff 
frequencies now become less important limitations of a 
different character. The value of d chosen determines how 



Fig. i 6 i 5 .—Influence of Dissipation on the Attenuation Constant of a 
“i.io Section” for d = .01. 

close to the upper limit of the transmitted band of frequencies 
the theoretical cutoff frequency may be placed; this in turn 
determines in part what frequency interval must be allowed 
before the attenuation constant becomes substantially large 
in the attenuated range of frequencies, or at least diminishes 
the number of sections required to effect filtering action 
within a given frequency interval. In precise maneuvering 
of sections to meet difficult requirements, the exact value of 
the maximum attenuation at the peak frequency may also 
be important. 

Had a different value of a been chosen for this illustration. 
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the results would have differed somewhat. For progressively 
larger values of a , the importance of dissipation at, and in 
the vicinity of the peak frequency, would have become 
correspondingly less (in relation to the total attenuation 
offered at other frequencies) and the attenuation introduced 
at and below the cutoff frequency would, as a general rule, 
be lessened in the same manner. For smaller values of a, 
dissipation would have a more important influence in the 



Fig. 161C.—Influence of Dissipation on the Attenuation Constant of a 
“i.io Section” for d = .005. 

vicinity of the peak frequency (which in cases where a = 1.01 
or 1.02 may indeed be one of the most important regions for 
the section) and the attenuation at and below the cutoff 
frequency would, as a general rule, be increased. 

The influence of dissipation in the important frequency 
region just below the cutoff frequency may be observed in 
Table V, where values of a for values of d equal to .02 and .01 
are given for various frequencies (expressed fractionally with 
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respect to the cutoff frequency) and for the various values of 
a chosen in the curves of Fig. 160. 

TABLE V 


Attenuation Constants, per Section, or Dissipative Low Pass Filters 
(Values also Hold Approximately for High Pass Filters) 
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d = .02 

Attenuation of Sections Having Various Values of a 



■ 

a = 1.25 
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A relationship of very considerable importance and con¬ 
venience for the purpose of making approximate preliminary 
estimate is the following: The attenuation constant in a 
dissipative section at frequencies below the cutoff is approxi¬ 
mately proportional to the value of d. This may be verified in 
Table V. The smaller the value of <2, the greater are the 
departures from this rule which occur just below the cutoff 
frequency, and the further one must recede from the cutoff 
frequency to obtain a close correspondence; but it will be 
observed that these limitations are not severe. 
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Image Impedance Characteristics 

In view of the importance of the image impedances 
presented at the ends of a filter from a standpoint of satis¬ 
factory terminating conditions, it will be of interest to examine 
typical image impedance characteristics for various values of 
a y both in the transmitting and attenuating frequency ranges. 
These will be given on a non-dissipative basis only; the 
effects of dissipation on image impedances may usually be 
neglected. 

Fig. 162 shows the mid-series image impedance of typical 
shunt-derived 772-types, expressed fractionally in terms of R , 
for frequencies in the transmitting range. The curve for 
a = 00 is the mid-series image impedance of the constant k 
type. It is apparent that the most nearly constant image 
impedance characteristics are obtained when a lies between, 
say, 1.10 and 1.25. The value of a which might be chosen 
for a terminating half-section y from this standpoint, would 
depend on how intensively the theoretical transmitting range 
of the filter were used; i.e., how close to the cutoff frequency 
the maximum frequency lay which it was desired to transmit. 
Thus, a “1.10 section” may provide an image impedance 
which varies only between the limits f R and %R up to about 
.98/c, whereas with the “ 00 section” (constant k), the same 
image impedance variation will be obtained in merely the 
range below .67/0 On the other hand, were frequencies 
below .gofc of chief importance, a structure with a value of a 
somewhat less than 1.25 (perhaps 1.20) would be desirable 
and would have an image impedance variation of only 
approximately 5%. Reference to Figs. 50 and 54 of Chapter 
IV will show that terminal losses are likely to be so small 
in the latter case that the exact value of a chosen is un¬ 
important. 

Practically speaking, one seldom chooses the exact value 
of a for a terminating half-section solely on the basis of image 
impedance variations (excluding the constant k half-section); 
the attenuation characteristic must also be considered and a 
compromise value of a usually chosen. However, in those 
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filters whose requirements are severe, so that d is made small 
and losses from different sources must be precisely weighed, 
one is warranted in assigning considerable importance to 
constancy of image impedance in the transmission band, 



Various Values of a in the Transmission Band. 

with a view to minimizing reflection and interaction losses. 
Note that in Fig. 162 there is usually some frequency not far 
below the cutoff frequency at which the image impedance 
characteristic attains again the value R\ here of course the 
corresponding reflection loss, and the interaction loss as well, 
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are zero, since a perfect match of impedances exists (assuming 
the terminal impedance to be also equal to R ). 

TABLE VI 


Variation of Mid-Series and Mid-Shunt Image Impedance for Various 
Values of a in the Attenuation Band 


A l 

7 °r - 

Values of - d — o r -- 

R Zxm 

J Jc 






a = 1.03 

a = 1.10 

a = 1.25 

a = 00 

1.01 

+j 3-63 

+j -901 

+j -407 

+j -Hi 

1.02 

+710.1 

+/' 1 * 2 4 

+7 -603 

+j .201 

1.05 

-j 8.43 

+/ 3 - 6 ° 

+7 1.09 

+j - 3 21 

1.10 

~j 3 - 3 1 

00 

+7 2.03 

+j - 45 8 

1.15 

~j 2 - 3 ° 

- ft - 1 ! 

+J 3- 6 9 

+j .568 

1.20 

—7 1.86 

- J 3 - S 3 

+j 8.50 

+J - 66 3 

1.30 

~j 1 - 4 ° 

->2.12 

—710.2 

+j -831 

1.40 

—7 1.16 

-71.58 

-J 3-85 

+j -980 

1.50 

-j .998 

-71.30 

~j 2 -54 

+71.12 

1.60 

~j .885 

-71. 1 2 

-7 1.96 

+71.25 

1.70 

-j 798 

-7 .990 

—7 1.62 

+ 7 I -37 

1.80 

~j - 73 ° 

—7 .890 

-J 1 -39 

+ JI.50 

2.00 

—7 .626 

~j -75 

—7 1.11 

+ 7 I *7 3 


Fig. 162 also gives in reciprocal fashion the mid-shunt image 
impedance of the series-derived m-types. Due to the inverse 
relation (with respect to R) between the two types of image 
impedance characteristic, values of Zi m /R correspond to 
values of i?/Z/ OT ' for the latter. Thus, where in the former 
case, a “1.10 section” attains a maximum image impedance 
of 1.3+ft, approximately, and then drops through the value R 
to zero at the cutoff frequency, in the corresponding mid¬ 
shunt image impedance of the series-derived 772-type, the 

characteristic would drop from R to R = -66/?, approxi¬ 
mately, and then rises through the value R to infinity at the 
cutoff frequency. However, since an impedance ratio and its 
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reciprocal both correspond to the same terminal losses, the curves 
of Fig. 162 may be used conveniently for either series-derived 
or shunt-derived »2-types. 

In the attenuation range of frequencies, the non-dissi- 
pative image impedances are reactances. They are plotted in 
Fig. 163 (and tabulated for design use in Table VI) for typical 
values of a. There is a marked difference in the characteristic 
for a = 00 and those for the usual finite values of a, although 
the latter of course approach the former as a is increased 



Fig. 163. —Variation of Mid-series and Mid-shunt Image Impedance for 
Various Values of a in the Attenuation Band. 

indefinitely. For small values of a (1.03 to 1.10, say) the 
image impedance characteristic varies in an extreme manner 
in a limited frequency range. Using both Figs. 162 and 163, 
we see that the characteristic for a “1.10 section ” in the fre¬ 
quency range from .85/ c to 1.25/ c has approached a maximum 
resistive value, passed through this maximum, dropped to 
zero at the cutoff frequency, changed in character to a 
positive reactance, increased to infinity, changed sign, and 
decreased in value to a negative reactance little more than 
2.5 times as large as R. Now a “ 1.03 section*’ would perform 
similarly in the range between .93/c and 1.13/0 and so on. 
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At very high frequencies, the characteristics become stabilized, 
and the corresponding reflection losses may be expected to 
vary gradually. Incidentally, and anticipating some of the 
discussion of Chapter IX, the value of reflection loss (or gain) 
at one end of a filter due to the image impedance charac¬ 
teristics of Figs. 162 and 163 may be examined in detail by 
following the curves of Fig. 50, Chapter IV, for corresponding 
values of impedance ratio. The curve in the latter figure for 
zero phase angle should be used for the resistive image im¬ 
pedances of the transmitting range (on the assumption of a 
constant terminating impedance equal to R ) and the curve 
for impedances in quadrature relationship should be used for 
the reactive image impedances of the attenuation range (on 
the same assumption). 

Example of Formation of Low Pass Filter—Total Attenuation 
Characteristic 

The foregoing discussion may be exemplified by con¬ 
sidering a composite wave filter employing sections and half¬ 
sections with different values of a. Let us make the following 
assumptions: 

(1) At one end a constant k image impedance is desired 
(as might be the case, for example, if the filter were con¬ 
nected into a modulator or demodulator circuit); this should 
be such as to offer a very low impedance at the higher fre¬ 
quencies in the attenuation region. 

(2) At the opposite end, no impedance requirements exist 
other than indirectly through insertion loss requirements; 
but preliminary examination of possible filters which will 
meet the design requirements suggests the desirability of a rela¬ 
tively constant image impedance at frequencies below .9 $of c . 

(3) The attenuation constant must exceed 3 nepers at 
frequencies from 1.1 of c to 1.45/c, and must exceed 4 nepers 
from i-55/c to 2.0 of c . It is particularly desired to suppress 
strongly, by 7 nepers, the frequency i.$qf c . 

(4) In the frequency range below .95/c the attenuation 
constant must be less than .10 nep. 
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Now these requirements imply that a tentative choice of 
f e has already been made, for they are derived from consider¬ 
ation of actual frequencies of existent waves. The effects of 
terminal losses are deferred to Chap. IX and it must be 
assumed that the attenuation constant actually corresponds 
to the desired degree of suppression of various currents. On 
the other hand, we shall not attempt to find the best possible 
filter structure; there is no such unique structure; we shall 
merely find one which, as a first trial meets the attenuation 
requirements. No single example can be a substitute for the 
painstaking and patient efforts which are required if moderate 
improvements in performance or moderate reductions in the 
complexity of the filter are important. This is not a condition 
unique to wave filters; it indicates a situation where numerous 
design possibilities exist. By making changes in the structure 
chosen, improvements resulting from trial methods may be 
secured. 

We start with the attenuation range and neglect dissi¬ 
pation except at peak frequencies where d = .01. Let us 
select an a = 1.50 section with which to accomplish much of 
the required suppression of the frequency 1.50 f c - This section 
is capable of providing the constant k image impedance 
desired at one end. We observe that the requirements are 
not met in the region from 1.1 of c to 1.35/c also above 1.58/0. 
We add an a — 1.10 half-section. This may be joined to the 
a = 1.50 section at the end opposite that where a constant 
k image impedance is desired; one end of the resulting 
structure will have a relatively constant image impedance at 
frequencies below .95/ c . Combining the attenuation con¬ 
stants, we observe that the total attenuation is still slightly 
below the requirements (1) from 1.12 f c to 1.23/0 (approxi¬ 
mately), (2) at i-So/cy and (3) above 1.65/0. We add an 
a = 00 half-section; the total attenuation constant now 
exceeds the requirements at all frequencies in the attenuating 
range by about .4 nepers. 

We may now ascertain what value of d is required in order 
that the attenuation to frequencies below .95/c be less than 



3 ° 4 


ELECTRIC WAVE FILTERS 


.10 nep. A trial value of d = .01 gives us the total loss of 
.08 nep. at .950/ c . Since the attenuation constant is approxi¬ 
mately proportional here to d , we might presumably permit d 



Fig. 164. —Example of the Formation of a Low Pass Filter, Illustrating How 
Various Sections Are Chosen. 


to equal .0125, approximately. But some margin must be 
provided, aside from terminal losses, for inaccuracies in filter 
construction and we shall let d stand at the value of .01. 

We therefore have a filter of the configuration of Fig. 164. 
If the cutoff frequency f c chosen were 3000 cycles and the 


Fig. 165. —Complete Low Pass Filter Showing Element Values. 

value of R were 1000 ohms, then the half-section and section 
values of inductance and capacitance for the elements would 
be (see Fig. 159) as given in Fig. 164. When the sections 
and half-sections are combined, the filter of Fig. 165 results. 

§ 55. Formation of High Pass Filters from Individual Sections and 
Half-Sections 

There is so much in common between the design of low 
pass and high pass filters that, in this section, we need only 
to relate the design formulae and methods of the former to 
those of the latter. The fundamental relation is this: 

If for the frequency ratio f[f c used with a low pass filter 
structure , the reciprocal ratio fjf be substituted , the charac- 
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teristics become those of a high pass filter structure having the 
same cutoff frequency. 

Thus, we have again only three types of high pass sections 
and half-sections: (1) the constant k , (2) the series-derived 
m- type, and (3) the shunt-derived m- type. The charac¬ 
teristics of the latter two do not differ in attenuation and 
phase shift; they are inversely related in image impedance 
characteristics. The constant k type may be regarded as a 
limiting case of the 772-types where a — 00 . The attenuation 
characteristics are then merely those which a range of values 
of m from o to 1 (values of a from 1 to 00) afford either of the 
772-types. Impedance considerations then control the choice 
of alternative sections. 

The characteristics of high pass sections are depicted in 
Fig. 166 and design formulae given. The attenuation constant 
and image impedance characteristics may be examined in 
typical cases by referring to Figs. 160, 161, 162 and 163, if it 
be kept in mind that reciprocal frequency ratios may be used. 

Indeed, a simple method of designing high pass filters is 
to convert the requirements into those of a hypothetical low 
pass filter, using reciprocal frequency ratios, and when the 
various as have been determined, as well as d> high pass 
sections having these values of a may be chosen and com¬ 
posited into the desired high pass filter. 

To make clearer the correspondence between low pass and 
high pass filters, let us from Figs. 160, 161, 162 and 163, 
make the following comments on high pass sections: 

(1) The maximum attenuation of a high pass section will 
be exactly the same as that of a low pass section with the 
same values of a and d. For an a of 1.25, for example, the 
peak frequencywill be located at fpji.iS = «8c f c> being of 
course below the cutoff frequency. 

(2) The attenuation constant in the transmitted band of a 
high pass section will diminish with increasing frequency, 
above the cutoff frequency. In the transmitted band, how¬ 
ever, the attenuation constant will be again approximately 
proportional to d , at any given frequency. 
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(3) To obtain a relatively constant image impedance 
characteristic in a high pass section, a value of a should be' 
chosen between 1.10 and 1.25, approximately. A 1.10 section 
will have an image impedance which will lie between the 



Fig. 166.—Characteristics and Design Formulae for High Pass Filters. 


limits of fi? and fjR, approximately for all frequencies above 
i.oifc. A 1.25 section will have an image impedance which 
will lie between .96 R and 1.04R, approximately, for all fre¬ 
quencies greater than f c = 1.1 6f c . 
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Example of Formation of High Pass Filter—Total Attenuation 
Characteristic 

Let us assume that, in order to meet expressed attenuation 
constant requirements, a high pass filter containing (1) one 
constant k section, (2) one 1.10 section, and (3) one 1.25 
section were required. We shall examine four possible 
arrangements of the filter structure; they are shown in Figs. 
167 Ay By C, and D. 



Fig. 167. —Four of the Possible Arrangements of Three-section High Pass 

Filter. 


(1) Let us assume that an m- type characteristic is desired 
at either end of the filter. We shall choose the mid-series 
characteristic of the shunt-derived m- type. Either the 1.10 
or the 1.25 section may be split into half-sections for the 
purpose, and the unused section, together with the 00 section, 
placed between these half-sections (Fig. 167A). 

(2) With the same half-sections used for terminating 
purposes, we may use the ability of the constant k half-section 
for connecting structures of inverse image impedance charac- 
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teristics. Splitting the oo section into half-sections and 
placing them appropriately against the terminating half¬ 
sections, we are left with an m -type section which must be 
of the series-derived type (Fig. 167 B). 

(3) Let us assume that a constant k image impedance, 
mid-series, is desired or permissible at both ends of the 
filter. We may place the 1.10 and 1.25 sections between two 
constant k half-sections (Fig. 167C). 

(4) Or, if we choose mid-shunt constant k image im¬ 
pedances for either end of the filter, we may place two series- 
derived wz-type sections appropriately between two constant 
k half-sections (Fig. 167Z)). 

Other possible arrangements of these sections exist, which 
may be investigated. The method of using the data of Figs. 
160, 161, 162 and 163 in the design of high pass sections may 
be clarified by plotting the total dissipative attenuation of any 
of the above filters; also the inductance and capacitance values 
may be computed from the formulae in Fig. 166, on the assump¬ 
tion of numerical values for the cutoff frequency/ c and for R. 
The sections may then be combined very much as in the 
case of the low pass filter example of Section 54. In making 
this combination it should of course be remembered that the 
value of two inductances ( L a and Lb) connected in parallel is 
L a L b 
L a + Lb 

The example just given is typical of most filter designs in 
respect to the number of possible configurations available, 
from which a choice must be made. Sometimes impedance 
considerations determine the choice, sometimes cost (involving 
the number, size, and character of the elements) is controlling, 
or again, physical difficulties of construction may be im¬ 
portant. More than likely, each of these factors will in any 
given case play some part. 
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§ 56. Formation of Band Pass Filters from Individual Sections and 
Half-Sections 

Because of the much larger number of relatively eco¬ 
nomical types of band filter sections, as compared with low 
pass or high pass sections, the need is foremost for a means by 
which a proper choice of band filter configurations may be 
made without undue effort and without examination of many 
possible structures. Fortunately, considerable simplifications 
in design methods may be made by means of various equiva¬ 
lences and because of certain practical conditions usually 
encountered. 

We shall therefore ignore the order in which the general 
characteristic of various band pass sections were derived in 
Chap. VII, and consider the available characteristics merely 
from the standpoint of design convenience. 

Equivalence of Five-Element and Six-Element Sections Each to 
Two Simpler Sections 

A large simplification of design practice comes about 
through the fact that the five-element and six-element sections 
give attenuation and phase shift characteristics , each of which 
is simply the sum of the attenuation and phase characteristics , 
respectively , of two simpler sections having appropriate signifi¬ 
cant frequencies. That is, there is nothing to be gained, 
in attenuation and phase shift characteristics by the use of 
five-element and six-element sections which may not be had 
by the use of a sufficient number of 3-element and 4-element 
sections. 

Proof of the specific equivalences given below may be 
had by solving for the equivalent T or t structures corre¬ 
sponding to the respective complex structures which may be 
formed by connecting together two simpler sections: 

(1) A six-element section has the same attenuation and 
phase shift as two four-element sections, one of which has 
an attenuation peak at a frequency below the pass band, 
and the other a peak at a frequency above the pass band. 
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The six-element section may be symmetrical or dissym¬ 
metrical. If the six-element section is series-derived, so is 
each of the four-element sections, so that equality of image 
impedances is obtained; likewise, if the six-element section is 
shunt-derived, so is each of the corresponding four-element 
sections. 

(2) When one-half of a six-element section is required for 
terminating purposes, as discussed in Chap. VII, we note 
that its attenuation and phase shift are the sums respectively, 
of those of two half-sections of the four-element type. Or, 
its attenuation and phase shift are each one-half the attenu¬ 
ation and phase shift of a full six-element section. 

(3) A five-element section has the same attenuation and 
phase shift as one three-element and one four-element section, 
the former simulating the five-element section in having 
infinite attenuation at either zero or infinite frequency, 
respectively, and the latter having an attenuation peak at the 
same finite frequency at which the five-element section 
possessed one. When the five-element section has a peak at 
a finite frequency below the band, the three-element section 
must have infinite attenuation at infinite frequency, and the 
four-element section a peak below the band at the frequency 
mentioned. When the five-element section has a peak at a 
finite frequency above the band, the three-element section 
must have infinite attenuation at zero frequency, and the 
four-element section a peak above the band at the indicated 
frequency. If the five-element section is series-derived so is 
each of the two simpler sections; if, on the other hand, it is 
shunt-derived, the latter must also be shunt-derived. 

(4) A half-section of any five-element type has one-half 
the attenuation and phase shift of the corresponding full 
five-element section, i.e., has one-half the sums, respectively, 
of the attenuations and phase shifts of (1) a three-element 
section and (2) a four-element section. 

(5) The above equivalences hold even when dissipation is 
present, if all the coils and all the condensers have the same 
value of d. 
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(6) The chief value of five-element and six-element sections 
therefore, aside from that value inherent in certain types of 
image impedance characteristics, lies in the economy which 
they effect in the number of filter elements required for a 
given total loss characteristic. Each five-element or six- 
element section requires one less inductance coil and one less 
condenser than would be required if the equivalent simpler 
sections were used. In addition, the inductances and capaci¬ 
tances may in some cases have more desirable values in the 
five-element and six-element sections. 

(7) We may therefore design a band pass filter, as far as 
attenuation and phase shift are concerned, without regard to 
five-element and six-element sections. If a half-section of 
either of these types is required for terminating, we may 
even here translate its performance into terms of the per¬ 
formance of simpler half-sections, when the total attenuation 
characteristic has been obtained, we may then in general 
seek alternative groupings of sections which are economical 
in the use of elements, but we need not expect better per¬ 
formance, as a general rule. 

Relationships Between Three-Element and Four-Element Sections 

Further simplifications in design follow if it be recognized 
that three-element sections are but special cases of four- 
element m-types. They bear a relation to the latter similar 
to that which the low pass 00 type bears to the low pass m- 
types. In the case of four-element sections with peaks below 
the passed band, if the peaks are made to recede to zero 
frequency, three-element sections result. In the case of four- 
element sections with peaks above the pass band, if the 
peaks be located at infinite frequency, alternative three- 
element sections result. There are thus left, so far as attenu¬ 
ation and phase shift are concerned, only (1) constant k 
sections, (2) four-element w-types, with special cases, and 
(3) various equivalent structures. 
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Relationship Between Constant k and Three-Element Sections 

The types of sectional attenuation and phase shift charac¬ 
teristics available are further limited by the fact that the 
transfer constant of a constant k (confluent) band pass 
section is equal to the sums of the transfer constants of 
(i) a three-element section having infinite attenuation at 
zero frequency and (2) a three-element section having infinite 
attenuation at infinite frequency. If the confluent section is 
mid-series terminated, so the three-element sections must be; 
if mid-shunt terminated, the latter must be terminated 
likewise. 

A half-section of the constant k type has of course an 
attenuation (or phase) constant which is the sum of the 
individual attenuation (or phase) constants of two three- 
element half-sections of the types indicated. 

The above equivalences hold even with dissipation, if 
all coils have the same value of d , and all condensers likewise 
the same degree of dissipation. As a result of the equiva¬ 
lences, the chief value of the constant k section, as compared 
with two three-element sections is twofold: (1) it effects an 
economy in the number of elements required (the saving 
consisting of one inductance and one capacity), and (2) the 
half-section of constant k type is particularly convenient 
for connecting mid-series terminated sections (or half-sections) 
to mid-shunt terminated structures. The latter feature is 
similar to that which we noticed was exhibited by the low 
pass 00 half-section. 

Relationships Between Constant k, Five-Element , and Six-Element 

Sections 

From the foregoing equivalences, we may observe that: 

(1) The five-element sections are special cases of un- 
symmetrical six-element sections, in which a peak frequency 
is chosen to be either zero or infinite frequency. 

(2) The constant k section is a special case of the six- 
element section, in which one peak is located at zero fre¬ 
quency, and the other at infinite frequency. 
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(3) The constant k section is also a special case of either 
kind of five-element section, in which the peak which exists 
at a finite frequency is chosen to be as far as possible from 
the pass band. 

Sections Related Through Reciprocal Frequency Ratios 

Additional simplifications in design procedure occur 
through relationships which exist between characteristics 
which have a maximum attenuation on one side of the pass 
band, and those which have a corresponding maximum on 
the other side. 

(1) One important relationship is that between the charac¬ 
teristics of four-element 772-types. If in one section the value 
of fjfm is equal to the value of f m jf M in the other , the entire 
attenuation (and phase) constant characteristics are reciprocally 
related , so that the attenuation (or phase ) constant given for 
any value of f jf m in the one is exactly equal to the attenuation 
{or phase ) constant for reciprocal frequency ratio {f m /f ) in the 
other . Thus the characteristics of Figs. 154 A and 154 B, Chap. 
VII, are reciprocally related with respect to the mid-frequency 
f mj under the conditions stated. We may therefore plot 
charts of attenuation (or phase) constant against frequency 
for one type of section and quickly transfer the computed 
values to charts for the other type of section. 

(2) Another important relationship exists between three- 
element sections having infinite attenuation at zero frequency 
and infinite frequency, respectively. For any value of f jf m in 
one type, the attenuation (and phase) constant is exactly 
the same as for the reciprocal frequency ratio f m jf in the 
other. Again, charts plotted for the one type may be readily 
used for the other type. See Figs. 156^ and 156Z? of Chapter 
VII. 

(3) It will be observed that five-element section attenu¬ 
ation and phase characteristics of the two kinds available 
will have a reciprocal frequency relationship under certain 
conditions, as a result of (1) and (2). What these conditions 
are will be left to the reader to investigate. 
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(4) We may reiterate at this point that the attenuation 
characteristic of a constant k section is symmetrical about f m , 
when plotted on a logarithmic frequency scale. That is, 
its attenuation is the same for equal values of fjf m and fmlf. 
The phase shift characteristic would similarly be symmetrical 
if the sign of the phase constant did not change at the mid¬ 
frequency. Consequently computations for constant k sec¬ 
tions need be made for only the frequency range either above 
or below / m , and charts completed by transferring numerical 
values. 

Tabulation of Sectional Characteristics and Formulce 
Having in mind the above relationships between various 
types of sections, we may now tabulate the various sectional 
characteristics and formulae essential to the formation of 
band pass filters. This is done in Figs. 168, A , B , C, and D. 
Only the important formulae and characteristics are given 
there, in order that the difficulties which arise in practice 
from the existence of a very great number of design alter¬ 
natives may be minimized as far as possible. The remaining 
formulae may be derived and characteristics explored by the 
methods which have so far been used. 


Tabulation of Image Impedances 

Only two kinds of image impedance characteristics (and 
formulae) are presented in Fig. 168. They are those of the 
constant k section (mid-series and mid-shunt) and the addi¬ 
tional image impedances presented by the symmetrical six- 
element sections, by reason of their m- type derivations 
(the symmetrical six-element sections are those for which 

•111 — these or slightly unsymmetrical sections offer the 

Jm J 2 00 

greatest advantages in constancy of image impedance through¬ 
out transmission bands). The medium for connecting from 
series-derived to shunt-derived sections or half-sections is of 
course the constant k half-section. If it is desired to connect 
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Fig. \ 6 % A . —Sectional Characteristics and Formulae Essential in the Forma¬ 
tion of Band Pass Filters. 
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Fig. 16SB .— Sectional Characteristics and Formulae Essential in the 
Formation of Band Pass Filters. Note: (i) The values of L and C given for IIIi 
and III2 hold only for mid-series terminations and the values of L and C given for 
Ills and III4 hold only for mid-shunt terminations; (2) the image impedance char¬ 
acteristics of any of these filter sections may be obtained from “Mutual Inductance 
in Wave Filters with an Introduction on Filter Design,” by K. S. Johnson and T. E. 
Shea, pages 9-12, B. S. T. J., January 1925. 
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Fig. 168C. —Sectional Characteristics and Formulae Essential in the Forma¬ 
tion of Band Pass Filters. 
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Fig. 168Z).—Sectional Characteristics and Formulae Essential in the Forma¬ 
tion of Band Pass Filters. 
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half-sections of types other than constant k or six-element 
into a filter, additional formulae must be derived. 


Tabulation of Attenuation Constant and Phase Constant 
The relationships between the transfer constants of various 
types of band pass structures, given in the first part of this 
section, may be reviewed with a tabulation of the attenuation 
constant and phase constant characteristics and formulae, 
such as is given in Figs. 168 A, B , C, and D, inclusive, at hand. 
By inspecting the character of the formulae and computing 
the characteristics of typical numerical structures, the re¬ 
lationships may be made clearer. 

Dissipative and Non-Dissipative Characteristics of Typical Struc¬ 
tures 

To indicate the form of sectional curves found valuable in 
band filter design, several families of curves for typical 



Fig. 169.—Non-dissipative Attenuation for Three-element Sections for 
Various Fractional Band Widths. Use — for Sections of Types /// 2 and III4 

and for Sections of Types IIIi and III 3 . 


sections are given in Figs. 169 to 174, inclusive. Thus the non- 
dissipative attenuation for three-element sections, for various 
fractional band widths, is given in Fig. 169. The corre¬ 
spondence between the two possible types of attenuation 
characteristics is emphasized by plotting a against f/f m for 
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Fig. 170.—Dissipative Attenuation Curves for a Particular Fractional 

Band Width for a Three-element Section. Use for Sections of Types II1\ 
t J m 

AND Ills AND — FOR SECTIONS OF TYPES Ills AND III4. 



Fig. 171.—Non-dissipative Attenuation Characteristics for Four-element 
Sections. Use — for Sections of Types IP \ and IV% and for Types IP\ 

Jm J 

And 7F|. 
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sections III 2 and III4, and against f m ff for sections IIF 
and III3. Dissipative attenuation curves, for one particular 
fractional band width, are given in Fig. 170. The lack of 



Fig. 17 1 . —Dissipative Attenuation Curves for a Group of Symmetrical Six- 
element Sections as Shown in Fig. i 68 sf . 


symmetry may be particularly noticed in characteristics of 
these sections. 



Fig. 173. —Non-dissipative Image Impedance Characteristics for Mid-series 
Constant k Band Pass Sections. 

Non-dissipative attenuation curves for a group of four- 
element sections are given in Fig. 171. The attenuation 
constant a is plotted against f/f m for IV ! and IV 4 , and against 
fmlf for IV3 and IV 2 . Dissipative attenuation curves for a 
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group of symmetrical six-element sections are given in Fig. 172; 
only a portion of the curves obviously needs to be plotted. 

A group of non-dissipative image impedance characteristics 
for mid-series constant k sections are shown in Fig. 173. 



Fig. 174.—A Group of Non-dissipative Image Impedances for the Mid-series 
Termination of Shunt-derived Six-element Symmetrical Sections. 

Values for the mid-shunt condition may be had through the 
inverse relationship of the image impedances to R. A group 
of non-dissipative image impedances for the mid-series termi¬ 
nation of shunt-derived six-element symmetrical sections is 
given in Fig. 174. 

Example of Formation of Band Pass Filter Total Attenuation 
Characteristic 

A structure 1 is shown in Fig. 175 which contains suc¬ 
cessively: (1) a half-section of the symmetrical six-element 

1 This example is due to O. J. Zobel, and is given in “Theory and Design of Uniform 
and Composite Wave Filters,” B. S. T. J., January, 1923. 
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type (m — .6), (2) a five-element section with peak above the 
transmission band, (3) a five-element section with peak below 
the transmission band, and (4) a second half-section of the 
symmetrical six-element type (m = .6). 



f 2oo = 7489 W 74 ® 9 

Fig. 175.—An Example of a Band Pass Filter Built Up of 2 Half-Sections 

and 2 Full Sections. 

With cutoff frequencies at 4000" and 7000", and a value 
of R = 600 ohms, the peak frequencies are as follows: for 
the symmetrical six-element half-sections, /j 8 = 3739~ an d 
/200 = 7489", and for the five element sections, /i«, = 3300" 
and/2 = 8300", respectively. It is assumed that d — .ox for 
all inductance coils. 



2000 4000 6000 8000 10,000 12000 

FREQUENCY <N CYCLES PER SECONO 


Fig. 176. —Total Attenuation Characteristic of the Composite Filter of 

Fig. 175. 

The total attenuation constant for the structure is plotted 
in Fig. 176. The attenuation constant of the filter may be 
determined as of a structure which contained the following 
types of sections: 

I IV (/i m = 3739), I IV (/2C0 = 7489), 

I IV </i. = 3300), I IV (/ 2 «= 8300), 

i IIIi, and 1 III2, 
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, , , p . h 7000 

and curves plotted for a ratio -r — - = 1.7 c, 

r /1 4000 ' 


similar to 


those given in earlier figures of this section, will furnish the 
section attenuation constants for all important frequencies. 
The attenuation over the frequency range from approximately 
4500 to 6500 is less than .19 attenuation units [[nepers] and 
for frequencies in the attenuating bands does not drop below 
7 nepers. 

Fig. 177 shows the dissipative image impedance at either 
end of the filter. The image impedance Zi m over the trans- 



Fig. 177.—The Dissipative Image Impedance at Either End of the Filter of 

Fig. 175. 


mitting range is practically a pure resistance of 600 ohms. 
The resistance component has maxima at the cutoff fre¬ 
quencies and decreases rapidly to small values in both 
attenuating bands. The reactance component is negative at 
very low frequencies, has a positive maximum at the lower 
cutoff frequency, a negative minimum at the upper cutoff 
frequency, and is positive at very high frequencies. 

An additional example of band pass filter design will be 
given in Chapter IX, in connection with the determination 
of total insertion loss. 

We may observe that had the m -type terminations of 
Fig. 175 been avoided, and simple three-element and four- 
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element sections been used, there would have been required 
12 coils and 12 condensers for the total filter, in place of 11 
coils and 11 condensers. Desirable terminations have thus 
been secured and, at the same time, a substantial saving in the 
number of elements required. This illustrates the advantages 
offered by five-element and six-element sections. 

§ 57 . Impedance Transforming Band Filters 2 

Impedance transforming filters (or transformer filters) are 
differentiated from ordinary filter structures in that they 
provide at all frequencies a certain transformation (step-up 
or step-down) in impedance, in addition to having attenuation 
constant and phase constant characteristics. That is, a 
transformer filter section acts exactly like an ordinary filter 
section plus an ideal transformer. It offers as close an 
approach to realizing effectively the advantages of an ideal 
transformer as may be had. 

In establishing the character of transformer filters we 
shall need to make use of two equivalences, each involving an 
ideal transformer and an associated impedance. These 
equivalences we shall proceed to demonstrate. 

Equivalences Related to Transformer Filters 

Consider the ideal transformer of Fig. 178^ which has in 
parallel with one winding a finite shunting impedance Zf. 
The voltage transformation ratio of the ideal transformer, 
from left to right is <p ; 3 therefore the impedance trans¬ 
formation is <f?. Let the network of Fig. 178^ be set equiva¬ 
lent to that of Fig. 178 B y in which the impedances Z Aj Z B , 
and Z c may have any values. 

From open-circuit measurements on terminals 1—2 of the 
two networks, 

Zf — Z A + Zc- (6) 

2 See Bibliography 129 (E. L. Norton) for a basic discussion of impedance trans¬ 
forming filters. 

3 That is, if <p is greater than unity, the transformer steps up the voltage from 
left to right. 
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From open-circuit measurements on terminals 3-4 of the two 
networks, 

yP’Zss — Zb + Zc. (7) 


We also obtain from the corresponding short-circuit measure¬ 
ments 

Z B Z C 

o = Z A + — —7——, (8) 


or 


O — Zb + 


Zb + Zc* 

ZaZc 
Za + Zc 


( 9 ) 


Only three of the four equations may be taken as independent. 
From three thus chosen, 


Za = (1 — <p)Z s '; ( 10 ) 

Z B = <p(<p — 1 )Zs — — <pZ A ; (11) 

Z c = <pZ s '. ( 12 ) 

From the last three equations, it is necessary that Za, 
Z B , Zc and Zs be alike in phase angle in order that <p may be 
a pure numeric, that is, that the transformation be a simple 



Fig. 178. — An Ideal Transformer with Shunt Impedance {A) Which Is Poten¬ 
tially Equivalent to the T-network ( B ). 

numerical transformation. But it is always necessary that 
either series arm Za or Z B be negative in sign. If <p < 1 
(in the case of a step-down transformer for the direction of 
propagation shown), this will be Z B ; if <p > 1 (in the case of a 
step-up transformer), it will be Z A . There is no condition 
where one of the arms is not negative in relation to the 
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others, for otherwise the transformer could as a whole store 
or dissipate energy. 

It may be incidentally noted that an equivalence between 
the network of Fig. 178 and a tt network of simple impedance 
arms is not practicable to use because the arms of the latter 
are a set of zero impedances, one of which is negative. 



Fig. 179.—Illustrating the Formation of a t-network ( B ) from an Ideal 
Transformer with a Series Impedance ( d ). 


For the second equivalence desired, consider the net¬ 
work of Fig. 179, where an impedance Z s is in series with one 
winding of an ideal transformer of impedance ratio <p 2 . Let 
the network be set equivalent to the tt network of impedances 
in Fig. 179, where Z/, Zb', and Z</ may have any values. 
For convenience, take the reciprocals of the impedances Z A ', 
Zb, and Z c ' as Ya, Y B r , and Yc respectively. 

Short-circuit impedance measurements at terminals 1-2 
and 3-4 successively give 


Ya' + Y b ' = Y s , 
Ya’ + Yb' = Y s - 2 - 

<P 2 


Open-circuit measurements at the same points give 


and 


Yb'Yc' 

Y b ' + Yc' 


o 


Y c ' + 


Y/Yb' 
Y a ' + Y b ' ' 


( 13 ) 

(H) 


( 15 ) 

(16) 


Choosing three of the four equations as independent we may 
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solve with the following results: 


Z/ = ■ - Z s ; (17) 

$ — 1 

Zb' = (18) 

Zc'=-^—Z 3 - <pZ A '. (19) 

I — 

The three impedances of the second network are thus like Zs 
in phase angle, except that one of the shunt arms of the tt 
network must be negative in relation to the other two arms. 
If <p < 1, this will be Za \ if <p > 1, it will be Zf . 

A T network of impedances could not have been prac¬ 
ticably chosen for this second equivalence because a set of 
infinite impedances would result. 

Application of the Above Equivalences to Filter Structures 

In order to illustrate the use of a T or r network of 
finite impedances to replace a finite impedance and an ideal 
transformer in conjunction, let us make application of the 
equivalences just discussed to the confluent band filter 
section of Fig. 180 A which is symmetrical and has equal 
image impedances at either end. That is, it has unity trans¬ 
formation ratio of impedances. If it were possible to insert 
an ideal transformer at A-A' so as to change the impedance 
level in the ratio ^ as we pass to the right of A-A ', then, 
provided that all inductances to the right of A-A' were 
multiplied by <p 2 and all capacitances by ijq? so as to 
accommodate the change in impedance level, the transformer 
filter thus formed would have the same attenuation and 
phase characteristics as the confluent section of Fig. 180 A. 
This is most easily seen from the fact that open and short- 
circuit impedance measurements at the left-hand end of the 
two sections would be identical. The transforming section is 
shown in Fig. i 8 oJ 9 . 

But the elements enclosed by the dotted circle in Fig. 18oi? 
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(the coil Li and the ideal transformer) comprise a network of 
the type shown in Fig. 179/^, and may be replaced by an 
equivalent x network of the type of Fig. 179Z? using the con¬ 
version formulse given above. Substituting such a network, 
we have the section of Fig. 180C. Either the shunt inductance 




Fig. 180.—An Application of the Principles of Equivalences to a Confluent 

Band Filter. 

element whose value is [^/(i — <p)]Li or that whose value is 
[<pf(<p — i)]Li must be negative, depending on whether the 
transformation ratio <p is greater or less than unity. 

In the latter case the negative inductance may be absorbed 
by merging it with the adjacent shunt element 2Lt so as to 
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form a single inductance whose value (iLz), Fig. 180Z), is 
given by 


i 

oZ7 


1 <p — 1 

iU <pL\ 


(20) 


The limit of merging is reached in this case when the positive 
and negative inductances thus merged are equal in magni¬ 
tude: 



and this is the smallest value of <p which may be chosen by 
this method. 

In case cp is greater than unity or less than the value 
given in (22) one of the shunt inductances in Fig. 180Z) will be 
negative. It is then often possible to secure the trans¬ 
formation ratio desired by inserting a two winding trans¬ 
former, i.e., by making use of mutual inductance to obtain 
effectively a negative shunt element. 4 The equivalence of 
transformers to T and ir networks has been discussed in 
chapters III and V and the method of application follows 
therefrom. 

The result is that in Fig. 180D we have a network whose 
image impedance at one end is <p* times the image impedance 
at the other end so that it may properly work between 
terminal impedances of this ratio. 

In the method just used we might have drawn the line 
A-A' to the right of C\ and employed the equivalent network 
which would have been appropriate. That is, we could have 
considered (1) Ci in series with one winding of the trans¬ 
former, (2) 2L2 in shunt with its other winding, or (3) C2/2 in 
shunt with the latter winding. Likewise, had line A-A' been 


4 See “Mutual Inductance in Wave Filters with an Introduction on Filter Design,” 
by K. S. Johnson and T. E. Shea, Bell System Technical Journal, January, 1925, 
Vol. IV, No. 1. 
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drawn just to the left of Li, the ideal transformer might have 
been associated with iLz or C 2 /i at the left hand end of the 
network. Thus, any element of the filter may be chosen at 
pleasure on which to operate. The last two situations would 
result, however, from merely reversing the network in 
direction of propagation, and of the four remaining possible 



44 •* 



W 

Fig. 181.— An Example of a Transformer Filter Based on a Band Pass Filter. 


arrangements, two give step-up ratios and two step-down 
ratios of transformation. In the cases where capacity ele¬ 
ments are employed in the transformation, there is of course 
no method similar to the use of mutual inductance by which 
the range of transformation ratio may be increased by using, 
effectively, negative elements. 

A second example of the transformer filter may be based 
on the simple band pass filter section of Fig. 181 A. The 
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number of alternatives is limited here to those afforded by the 
capacitance elements 2C1, 1C1 , and C2. We may draw the 
line A-A' either to the left or to the right of the shunt con¬ 
denser, with identical results except for a reversal of the net¬ 
work. As shown in Fig. 181^ we may combine an ideal 
transformer with either C 2 or iC\. Since the former combina¬ 
tion takes care of both step-up and step-down ratios, it is used 
in Fig. i 8 i 5 . Employing the corresponding equivalent T net¬ 
work (see Fig. 178), the structure of Fig. 18 iC results. Com¬ 
bining capacitance elements we finally obtain the structure of 
Fig. 181D. 

If <p is greater than unity, C 2 /( 1 — <p ) is negative, and the 
maximum step-up ratio is obtained when 

( 2 3 ) 

, ( 2 4 > 


or when 


2C1 


<p — 1 + 


<P ~ 1 

C 2 


2C1 


If <p is less than unity, Cz/[<p(<p — 1)] is negative and the 
limiting step-down ratio is obtained when 


or when 


that is when 


2C1 C 2 

<p( 1 “ <p)’ 


I , c 2 

; = I+ ^ ; 


<p = 


1C1 


2 Ci + c 2 


(2J) 

(26) 

(27) 


Dependence of Transformation Ratio on Band* Width 
The maximum ratio of transformation which it is prac¬ 
ticable to obtain in a single section is usually less than the 
theoretical maximum because certain values of inductance or 
capacity may become undesirably large or inconveniently 
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small as the theoretical limit is approached. 5 It will be 
noticed that the maximum ratio, either stepping up or 
stepping down, is the same (see formulae (24) and (26) above). 
This maximum is dependent on the ratio C2/2C1 which from 
the design formulae for this type of section is 

^ - 2 -A 2 (a8) 

aci (/.+/0(A-/.) ^ ’ 

The maximum ratio is thus dependent on the band width 
(/ 2 — /i) of the section, expressed in fractional relationship to 
other frequencies. 

This brings out a fundamental characteristic of trans¬ 
former filters; that as the band width is increased, the net¬ 
work will provide less change of impedance level, and as it is 
narrowed, the permissible transformation rises accordingly. 

For this reason, no transformer ifilter sections exist among 
low pass , high pass , or band elimination structures , because 
these possess bands extending to zero or infinity and have either 
an infinite band width or a zero frequency of reference. From a 
design standpoint , it is generally simpler to designifilter structures 
on the basis of a uniform impedance level and then secure 
transformer action by making substitutions , as above. For 
this reason, no list of transformer band pass filter sections 
is attempted here. Furthermore, while a full section has been 
taken as the design unit here, as a rule transformations may be 
made in half-sections. 

When a large ratio of transformation is desired, it may 
be apportioned among several filter sections so as to obtain 
realizable and convenient inductance and capacity values. 
Obviously, the total ratio of transformation is then the 
product of the ratios of the various sections and half-sections. 
Another use for transformer filter sections even when a 
filter as a whole works between equal impedance levels is to 
permit dropping the level of impedance of a filter internally 

6 At the theoretical limit, elements usually 4 isappear, so that economical sections 
may be obtaine4 when using maximum ratios. 
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for one or more sections so as to secure, for the overall filter, 
more desirable element values. 

The terminal reflection and interaction losses, as well as 
the attenuation of a filter, are unchanged when impedance 
transformations are made, provided the terminal impedances 
are correspondingly altered so that the image impedance at 
either end bears its original ratio to the terminating im¬ 
pedance at that end. This is an additional reason for the 
substitution of transformations after a filter has been designed 
without transforming action. Dissipation does not interfere 
with the use of transforming band pass sections, provided the 
values of d are equal in alternative filters. 

§58. Formation of Band Elimination Filters 

Band elimination filters will receive relatively small dis¬ 
cussion here, both because of their relatively infrequent 
applications and because the methods involved in their 
design should be fairly evident after a study of the sections 
above on low pass, high pass, and band pass types. 

The available types of sections and half-sections are but 
three, just as in the case of low and high pass sections. 
Their characteristics and design formulae are listed in Fig. 182. 
There are merely the constant k type and its series-derived 
and shunt-derived m -types readily available. The constant 
k type may be considered a special case of either of the latter. 
In fact, the discussion of low pass structures in Sect. 54 might 
be closely parallelled throughout. 

Fig. 183 shows the attenuation characteristics of non- 
dissipative constant k sections for various ratios of the cutoff 
frequencies. The drawing of curves for the attenuation 
constants of dissipative constant k sections, for the image 
impedances (of non-dissipative sections), and for the attenu¬ 
ation constants of m -type structures will be left to the reader, 
the necessary formulae being provided in Fig. 182. 
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CHARACTERISTICS 
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REMARRS:-(l)f m «V?iir -Vfioofaoo ( 3 ) t *“ iSr 


Fig. 182.—Characteristics and Design Formulae for Band Elimination Filters. 
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Fig. 183. —Attenuation Characteristics of Non-dissipative Band Elimination 
Sections Having Various Ratios of Cutoff Frequencies. 

§ 59. Advantages of Composite Wave Filters 

So far, in this chapter we have tacitly assumed that 
a filter formed of various kinds of sections (a composite 
filter) was usually desirable, instead of one having all sections 
alike (a uniform filter). This is in fact usually the case in 
practice, although in some instances a uniform filter will be 
satisfactory. Uniform filters have an advantage in requiring 
less design effort, but also have in an accentuated fashion the 
virtues and faults of the type of section chosen. Suppose, 
for example, the attenuation characteristic of this section 
rises but slowly as an attenuation band is entered, then a 
number of such sections will not suppress frequencies close 
to the cutoff frequency in question by comparatively large 
attenuations. On the other hand, if in certain frequency 
regions, a high degree of attenuation is afforded by the single 
section, the multi-section wave filter is likely to have an un¬ 
necessarily high attenuation in this frequency region. 

Suppose, for example, that a certain low pass filter 
section has the attenuation characteristic shown by curve {A) 





ADVANTAGES OF COMPOSITE WAVE FILTERS 337 


in Fig. 184. By use of four such sections the attenuation at 
1000 cycles per second may be raised to 5.6 nepers; but the 
loss at 4500 cycles per second would rise to 19 nepers, while 
only 4 nepers may be required. By combining one of these 
sections with a section having a characteristic like curve ( B ), 
Fig. 184, a sharp cutoff may be obtained without unnecessary 
losses at the higher frequencies. The resulting composite 
filter may be more economical than the four-section uniform 
filter. Also the attenuation in the transmission band would 



Fig. 184. —Illustrating the Advantages of a Composite Filter. 


probably be less with the composite filter of two sections 
than it would be with the uniform filter of four sections. 

In many cases, of course, this limitation is not serious 
because of the arrangement in the frequency scale of the 
currents to be suppressed, but in general, economy in the 
number of filter elements required by a given set of design 
conditions is to be secured through the use of various types 
of sections combined in such numbers as to provide sufficient 
but not excessive attenuation in the various frequency regions 
of interest from a design standpoint. 

A second and extremely important advantage of com¬ 
posite wave filters lies in the fact that they permit the use 
of such 772-type sections or half-sections—or constant k , in 
certain cases—at either end of a filter as will secure desirable 
impedance characteristics while at the same time the “body” 
or “mid-part” of the filter may be made up of such sections 
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as are desirable from an attenuation standpoint to provide 
the remaining attenuation required. 

In a composite wave filter, then, a more desirable and 
efficient distribution of attenuation over the frequency range 
is secured, the advantages of each particular type of section 
being weighed and the most suitable types chosen in sufficient 
numbers, while elasticity of design is at the same time 
preserved in the choice of image impedance characteristics for 
the multi-section filter. 

This elasticity in design with respect to attenuation and 
impedance carries with it of course difficulties of design, 
for a very large number of design alternatives are presented, 
each of which must be examined and weighed, in case it is 
important to secure a very economical design. 

§ 60. Balanced and Unbalanced Filters 

The discussion in this chapter on the formation of different 
types of filters has been entirely concerned with unbalanced 
sections. The easiest procedure is to assume that the attenu¬ 
ation, phase shift, and image impedance apply to an un¬ 
balanced structure, to decide upon the arrangement of 
sections desired on this basis, to form an unbalanced filter, 
and then to make the relatively simple changes in the filter 
that are necessary to convert it to balanced form. 

In the usual case only the series arms are made to be 
balanced. Their conversion consists of only two steps: (i) to 
arrange a like configuration of elements in either line wire, 
with an inductance element of L henries being replaced by 
two each of L/2 henries and a capacitance element of C mfd 
being replaced by two each of iC mfd (the impedance being 
halved); (2) if it is desired to have a mutual inductance of 
M henries between the coils, to choose such self inductances 

Z//2 that 2 ^ — -j- = L, assuming the mutual inductance 

to be arranged series-aiding. If a shunt arm is to be balanced, 
a symmetrical disposition of elements with respect to its two 
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terminals is necessary. Fig. 185 shows a portion of a filter 
arranged: {A) in unbalanced form, ( B ) with balanced series 
arms containing mutual inductance, and (C) completely 
balanced. 

It will be observed that balancing a filter tends to increase 
considerably the number and size of condensers required; 
this is one of the chief objections to balanced structures. 
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Fig. 185. —Illustrating the Formation of a Balanced Section Containing Mu¬ 
tual Inductance from an Unbalanced Section without Mutual Inductance. 


Both balanced and unbalanced filters have fairly definite 
fields of use in practice; whether a filter is to be balanced or 
not is usually determined by the character of the circuit in 
which the filter is used. 


§ 61. Relationships between (/) Band Pass and Band Elimination 
Filters , and (2) Low Pass and High Pass Filters 

We may note that any band filter (or band filter section) 
reduces to a low pass filter (or section) if the lower cutoff 



Fig. 186. —Illustrating the Formation of a Band Pass Filter from a High 
and a Low Pass Filter. 

frequency is made zero, or to a high pass filter (or section) 
if the upper cutoff frequency is made infinite. Conversely 
any band elimination filter (or band elimination section) 
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reduces to a high pass filter (or section) if the lower cutoff 
frequency is made zero, or to a low pass filter (or section) if 
the upper cutoff frequency is made infinite. 

This suggests that where the cutoff frequencies in the 
band pass filter are far apart, individual low and high pass 
sections connected in series as in Fig. 186 might better serve. 



Fig. 187. —Illustrating the Formation of a Band Elimination Filter from a 
High and a Low Pass Filter. 


This is in general found to be the case when the ratio of cutoff 
frequency of the high pass filter is approximately twice the 
cutoff frequency of the low pass filter. 

Again a band elimination filter may be formed by con¬ 
necting a low and a high pass filter in parallel as shown in 
Fig. 187. 
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Terminal Effects: Reflection and Interaction Losses 
—Total Insertion Loss Characteristics 

We have thus far dealt mainly with the transmission 
characteristics of wave filters when terminated in their own 
image impedances. We have seen that the degree of selec¬ 
tivity afforded by a filter is rapidly increased as the number 
of sections employed becomes greater. But the kind of 
selectivity which a wave filter exhibits , enabling it to pass con¬ 
tinuous bands of frequencies with little loss while substantially 
attenuating other bands of frequencies , is dependent for its 
existence on correct terminating conditions rather than on the 
number of sections employed , although increasing the latter 
increases the selectivity. 

Fig. 188 illustrates this point; here the characteristics show 
the measured insertion loss for a half-section filter and a two- 
section mid-shunt terminated filter (both constant k types), 
the terminating impedances being set equal to R , R /$ 3 and 
R/25, respectively. 

The process of determining the total insertion loss of a 
network has been discussed at length in chapter IV. Briefly, 
it consists of adding to the attenuation constant four other 
losses: (1) two reflection losses, one occurring at either end 
of the filter; (2) the interaction loss, and (3) the negative of 
the reflection loss corresponding to the two terminating 
impedances. If the terminating impedances are equal, (3) 
disappears. In general, from (50), chapter IV, 

L — — Lsr + L\ + Z.2 + a + Li. 
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FREQUENCY CPS 

(C) 


FREQUENCY CPS 

(F) 


Fio. 188. —-Curves A, B, C Show the Insertion Loss Characteristic of a 
Half-Section Constant k Filter When Terminated in Its Image Impedance R, 
Rl$, AND 22/25 Respectively. Curves D, E, F Show the Insertion Loss Char¬ 
acteristic of a Two Full Section Mid-shunt Terminated Filter with Termi¬ 
nating Impedances Set Equal to R, R/$ and R /25 Respectively. 
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We shall concern ourselves first with the reflection losses 
L\ and Li occurring at the respective ends of a filter. In 
determining the losses to be added to the attenuation con¬ 
stant in order to obtain the total insertion loss, we shall make 
use of chart methods. 

§ 61. Determination of Reflection Loss at Either End of a Filter 

The reflection loss at either end of a filter is, from chapter 
IV, dependent only on the ratio of the image impedance 
there to the terminating impedance. Therefore a chart 
method of determining filter reflection losses need concern 
itself only with conditions at one end of the filter. After 
the reflection loss has been determined there, the process 
may be repeated for the conditions existing at the opposite 
end in order to determine the second reflection loss. 

We shall limit ourselves to the image impedances corre¬ 
sponding to a dissipationless filter except in the vicinity of the 
cutoff frequencies and frequencies of maximum attenuation. 
This limitation is justified by the fact that except for points 
near these important frequencies , the effect of dissipation on the 
reflection losses is practically always negligible. We shall also 
assume that the terminating impedance is a simple resistance 
of that value R upon which the constant k sections and their 
derived wa-types are based. One advantage of confining the 
charts in this way is that they may then be plotted in terms 
of the parameters m and either Uk or V* of the constant k 
prototype. Another advantage is that the same charts may 
be used for both mid-series and mid-shunt terminations. 

If the method outlined in chapter VIII for the formation 
of a multi-section filter is followed, the termination at each 
end of the filter will be that of an m -type image impedance 
(the constant k type being a special case where m = 1). 
Under this condition the loss L m (used to denote either Lx 
or Li) y corresponding to the reflection factor is given in 
nepers by 
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I Zim 

■^4 Zi m R 



Zim + R 


Z lm , 

ir +I 


(i) 





R 


Zim + R 


The mid-series image impedance Zi m and the mid-shunt 
image impedance Zi m r are related by the equation 



Zi m R 



for any given value of m. 

The more important evaluations of reflection losses may 
be made directly from four charts, 1 Figs. 189 A, B, C, and D. 

A great many charts and curves useful in wave filter 
design might well be given in a book of this character; but 
since, on account of limited space, it is not possible to in¬ 
clude all of them, a selection has been made to include the 
most valuable ones, and to guide the reader in the preparation 
of his own design information. 


Value of Reflection Loss in Transmission Bands Generally 

Fig. 189^ provides a chart of the reflection loss L m , for 
various values of m and U k , throughout transmitting bands 
generally. Here both Zj m and Z Im ' are pure resistances. 
Because the dissipation is zero, V k = o. The charts are 
based on (1), substituting in the general case the expression 2 

R — Zim _ ± + U k + jV k 

Zim R i + (1 — m 2 )(U k -\-jV k ) 

1 These and subsequent charts in this chapter are given by Dr. O. J. Zobel in the 
Bell System Technical Journal, October 1924. 

2 The double sign is to be interpreted so as to make positive the real part of the 
radical. 
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which follows from (3) and (89) of chapter VII; the result is 



Vi + U k + jV k 

1 ± 1 + (I - ot'KI/j + jv t ) 

I + (1 — m 2 )(U k + jVk) 
Vi + U k + 7^ * 



( 3 ) 


When is zero, as in the present case, (3) reduces to 


Lm loge 


Vi + Uk 


1 + (1 — m 2 )U k 

1 ± i + (1 — m 2 )U k 


Vi + U k 


( 4 ) 


and the chart of Fig. 189^ may be checked by means of this 
formula. 

We observe that the reflection losses in the transmission 
bands are everywhere positive , but small. Only for a small 
area on the chart, for high values of m and Uk, does the 
reflection loss at one end of the filter exceed .05 neper. Values 
of L m for values of U k between — .90 and — 1.0 are not 
plotted in Fig. 189 A, because this region is in the vicinity of a 
cutoff frequency, where the effects of dissipation are more 
important. Values of L m for values of m below 0.2 are like¬ 
wise not plotted, because sections possessing such low values 
of m are rare in practice. 

The following features of the chart of Fig. 189^ are worthy 
of emphasis: 

(1) The value of Uk, for any value of m , at which L m = o 
is that for which Zi m and ZiJ equal R. If m exceeds 0.71 
approximately, the image impedances will equal R only at the 
mid-frequency of the transmitting band, where U k = o. If 
m is less than 0.71 approximately, there is an additional value 
of Uk for which this equality holds; for a band pass filter 
there are then three frequencies in the transmission band at 
which Zim = Zim = R- 

(2) Within the range of values of m plotted in Fig. 189 A, 
the reflection losses L m are most severe for the constant k 
termination, for which m = 1.0. 
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(3) The value of the (non-dissipative) image impedances 
Z Tm and Zi m ' for m-t ype terminations may be readily de¬ 
termined by the joint use of Fig. 189^ of this chapter, and 
Fig, 50 of chapter IV. If for any value of L mj corresponding 
to a definite value of m and U &, in the former figure, we read 3 
from the latter (using the <p — o° curve) either the ratio 



Z Im IR or RjZiJ , we may then determine the value of the 
image impedance by applying the factor R. Two reciprocally 
related values for the impedance ratio are possible, however, 
and a choice is to be made only by inspection. Fig. 189^ 
also bears a close relationship to Fig. 143 of chapter VII. 


3 Let the abscissae values of Fig. 50, chapter IV, be Z Im JR or R/Z Im ' in this case. 
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Value of Reflection Loss at Cutoff Frequencies with Dissipation 
Present 

Fig. 189Z? gives reflection losses at cutoff frequencies, where 
Uk = — 1. Dissipation is an important factor, however, and 
L m is plotted against | V k | and m. 



In letting U k = — 1, we have from (3) 


L m — log e 



.yoy^Vk + j-lol'fv'k 
m 2 +7(1 - m 2 )V k 


X 


m 2 + j(i ~ 

.yoy^Vk + j.yoyWk 



( 5 ) 


from which values of L m in Fig. 189.Z? may be verified. 

The complex character of dissipative image impedances at 
cutoff frequencies gives rise to the alternate regions of 
opposite sign for Lm in the chart. Thus, when m = 0.60, 
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within the range of the chart the loss with increasing V k (and 
therefore increasing dissipation) is successively positive, nega¬ 
tive, and positive. The negative values of L m indicate a 
reflection gain. This draws attention to a striking feature of 
insertion losses in the neighborhood of cutoff frequencies viz., 
that such losses may actually be decreased when the filter 
dissipation is increased, and vice versa. In order for these 
conditions to exist, a change in the value of the reflection 
loss L m for a change of opposite sign in dissipation d must 
counteract the changes in the other components of the in¬ 
sertion loss, and must exceed the latter. Such effects are 
particularly noticeable in constant k(m = i) terminations, 
whereas if the dissipation is increased (for small values of V k ) } 
the value of L m decreases rapidly. 

It is possible, from the character of Fig. 189$, to have 
positive and negative reflections at opposite ends of a filter 
which cancel each other. Thus, when \V k \ = .29, the con¬ 
stant k reflection loss, which is — .025, will be cancelled by 
the reflection loss for m = .52. 

Value of Reflection Loss in Attenuation Bands Generally 

Fig. 189C gives a picture of the reflection losses in the 
attenuating bands generally and differs from Fig. 189$ only 
in that \ U k \ > 1 and dissipation is neglected. Formula (4), 
as before, may be used to verify this chart. 

The shaded area corresponds to frequency regions at, 
and just above and below, frequencies of maximum attenu¬ 
ation (in each particular 772-type section). Here, because 
Zi m is very large and Z Im ' very small, Lm has large positive 
values. Dissipation becomes important in the vicinity of 
peak frequencies, however, and would affect values within 
the shaded area which might be computed from (3). 

The region to the right of the shaded area includes fre¬ 
quencies generally between a cutoff frequency and the neigh¬ 
boring frequency of infinite attenuation. As Zi m (a reactive 
quantity) changes from o to dt/o°, or Zi m ' from ±y°o to o, 
U m changes from o to — 00, and U k from o to — [1/(1 — m 2 )]. 
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The maximum negative value (— -347) attained by L m 
occurs when R = \Zi m \ = \Z Im f |. A close correspondence 
exists between the chart of Fig. 189C and the <p = ± 90° 
curve of Fig. 50, chapter IV, which is the locus of all im¬ 
pedance ratios Zi m jR or RjZiJ corresponding to the chart. 



Fig. 189C.—The Reflection Loss L m in the Attenuating Bands; Vk Neglected. 


The region to the left of the shaded area is that for 
frequencies lying beyond the peak frequencies, as we recede 
from cutoff frequencies. In these regions Z Jm retraces the 
range of values between ±7°° and o. Consequently L m 
diminishes to zero, then becomes negative, and for large 
negative values of Uk would again become positive. 

Value of Reflection Loss at Frequencies of Maximum Attenuation , 
with Dissipation Present 

Fig. 189Z) corresponds to that line in the shaded area 
of Fig. 189C for which L m would be infinite, except that in 
Fig. 189D dissipation is recognized. At these peak frequencies, 
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U k = — - -— 2 and L m is plotted against m and \Vk\- The 

chart is limited to values of m not greater than 0.95; for 
larger values, L m becomes very large and tends to become 
independent of \Vk\» For values of m between 0.95 and 1.00, 
the frequencies of maximum attenuation are very remote 



Fig. 189ZX—The Reflection Loss L m at Maximum Attenuation of the ot-type; 



from the cutoff frequencies, and the reflection loss is usually 
not of interest. 

The curves of L m — o in Fig. 189Z) correspond to the range 
of values of Z a /Z 6 in Fig. 50, chapter IV, for which the reflection 
loss is shown there to be zero. In either case, the phase 
angle of the impedance ratio varies widely. 
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§ 63. Determination of the Interaction Loss of a Filter 

The interaction loss, from section 28, chapter IV, is 
given by 

Li = loge I I — plp 2 e~ 2e \ = log e | I — Plp 2 € -2< “" MJ) |. (6) 


Expressing pi as 
and P2 as 
we have 


pi = 

p 2 = £ -«?2+itf 2 ) } 


where 


Li 


— log e | ! _ e - (<3l+J(7/l) e - ((?2+j//2) e —2 (a+j/3) 

= log e | I — 6~ ( ^i+f?2+2«)-y (H-1+H2+2/3) | 

= bge | I - €~< P +^>|, 


and 


P — Gi -f- G2 T* 2a, 


Q — + H 2 + ip. 


( 7 ) 

( 8 ) 


(9) 


(10) 

(11) 


The first step in the determination of the interaction 
loss, therefore, is the determination of P and Q. 


Determination of Exponents P and Q 
The attenuation constant a and the phase constant p 
will have been determined from the individual sections and 
half-sections before terminal losses are evaluated. Hence 
there remains, in order to know P and Q , only the determi¬ 
nation of G and H at each end of the filter (Gi and H\ apply to 
one end of a filter; G 2 and H 2 apply to the other end). That 
is, we need merely to express exponentially the reflection 
coefficient between each image impedance and the corre¬ 
sponding terminating impedance. 

The problem is simplified if we assume that the termi¬ 
nating impedance is to be made equal to R. Then we may 
use the same G and H charts for both mid-series and mid¬ 
shunt termination, since 
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and we have 


Zim _ R 
R Zim 


Zim ~ R _ Zim' — R 
Z irn. + R Zrm + R * 


(12) 


The problem is simplified by neglecting the interaction factor 
in the attenuation bands. In those exceptional cases in which 



Fig. 190A . —Values of G ' and H ' in the Transmitting Band; Value of Vk 
Neglected Since Dissipation Is Not Important. 


the interaction factor is appreciable for a short frequency 
interval, at low values of attenuation constant in an attenu¬ 
ation band, we may compute pi and P2 from Zi m (or Zim ) 
and R. 

We shall need, therefore, but two charts: (1) one which 
will show the values of G and H throughout the transmission 
bands generally, and (2) one which will represent them 
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specifically at cutoff frequencies. In the former case, we 
neglect dissipation, and plot (Fig. 190 A) G and H for various 
values of m and Uk. In the latter case, since dissipation 
has a marked influence on the image impedance, we plot (Fig. 
190 B) G and //against m and |/T|; Uk is constant at the 
value — 1. 

In Fig. 190 A, G m and H m are for mid-series terminations; 
G m ' and HJ for mid-shunt terminations. We note that 



Fig. 190 B. —Values of G ' and H' at the Critical Frequencies, Where Uk = — i. 
c — ± 1 Has the Same Sign as Vk . 


G m r = G m everywhere; this follows from the character of the 
reflection coefficients. The quantities HJ and H m = H m ' + t 
have the value o or x because the non-dissipative image 
impedances are pure resistances in transmitting bands. The 
line G m ' = G m = 00 merely means that Zi m — Zi m ' = Rj 
we note that the line is identical with that for L m = o in 
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Fig. 189/L Values above the line G m ' = G m = °o signify that 
Z Im < R <C Zim'l values below this line signify that Zj m 

> R > Zim . 



Fig. 191.—The Interaction Loss, L i} as a Function of P and Q. 

In Fig. 190 By for G and H at cutoff frequencies, G m = G m ' 
and H m = HJ + 7 r, as before. When ] V k | = o, G m = G m ' 
= o and Hm! = o, since the reflection coefficients then have 
unity magnitude. To illustrate the use of this chart, when 
Vk = — .3 and m = 0.70, G m ' + jH m ' = 1.4 —j 1.72 and 
Gm + jHm = 1.4 + 71.42. Consequently, 
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Ll -^ = e -(0.+)H„) = *— (1.4-f-j'1.72) 

Z Im + R e 

likewise 

~ Im — — = € -(<?„/+;#„/> = (1.4—yi.72) 

Z Im ' + R € 


(13) 

(14) 


Interaction Loss as a Function of P and Q 
Once the values of P and Q have been found, a single 
chart of 

Li = log e 1 1 - e -( p +J«)| (15) 

will suffice for the determination of the interaction loss Li. 
Fig. 191 is such a chart. 

Since, from (15), 

Li = loge I I - € _P |^| (16) 

we may see from Fig. 191 that the sign of Q is immaterial. In 
Fig. 192 the cyclic character of Fig. 191 is further indicated. 



Fig. 192. —Illustrating the Cyclic Character of Equation (15) Upon Which 
Fig. 191 Is Based. When the Point A Falls Within the Circle BCD the 
Interaction Loss Is Negative, i.e., a Gain. 

When P is large and e~ p is therefore small, values of Q in 
the first and fourth quadrants indicate that L* is negative; 
values of Q in the second and third quadrants indicate that it 
is positive. When P is smaller the range of Q for negative 
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losses (gains) is smaller; if P — o, Li is negative when 
Q ± 2-jrn lies between 71-/3 an d — (tt I3). 

Large values of P correspond to small values of \Li\. 
The maximum interaction loss possible is .693 nepers, corre¬ 
sponding to a current ratio of 1/2 (when | Q zb 2irn \ — it). 
Interaction gains may be very large, but for only a very small 
portion of the chart do they exceed, say, .693 nepers (when 
| Q zb hm | is near zero or 27r). This latter area is seldom 
used; since G is positive and since actual filters always have 
appreciable attenuation, P will seldom be extremely small. 
Thus, if G\ = G 2 = .30, and a = .20, then P — 1.0, an inter¬ 
action gain greater than .46 nepers, is not possible no matter 
what value | Q zb 2 im | may have. 

§ 64. Illustrative Examples of Insertion Loss Evaluations 

Case I—Low Pass Filter (Uniform Filter , Three Sections , Constant 
k Mid-Shunt Terminations). 

As an example of the use of the charts of sections 62 and 63 
in determining the insertion loss of a filter at various fre¬ 
quencies in the transmission and attenuation bands, let us 
first take the low-pass filter of Fig. 193. This is a very simple 
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Fig. 193. — Low Pass Filter Containing Three Constant k Sections. 

type of filter, containing three like sections of the constant k 
type. Its terminations are alike and provide mid-shunt 
constant k image impedances. The cutoff frequency, it is 
assumed, is 3000', R has the value 1000 ohms, and the 
dissipation constant d = .02. 

For frequencies listed in the / column, values of /// c 
are first found. Then U k and V k are easily computed from 
formulae in Fig. 159 of Chapter VIII. From the charts of 




TABLE VII 

Example of Total Insertion Loss of the Low Pass Filter of Fig. 193 


INSERTION LOSS EVALUATIONS 
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decibels 
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(7) * These values were calculated from equation (3). 
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Figs. 99-101, Chapter VI, the attenuation constant and phase 
constant per section is obtained; a and (3 are three times the 
value found in the charts because we have three full sections. 
We do not evaluate V k and j 3 for those frequencies for which 
the interaction factor is to be neglected. L m for either end 
is then found in Fig. 189^ (m = 1.0); G' and H' follow from 
Figs. 190^ and 190.6. P and Q are obtained from a and G', 
and and H ', respectively, by the use of (10) and (11). Li is 
given in Fig. 191. Adding Li and iL m to a, we have L, the 
total insertion loss, in nepers. The conversion factor 8.686 
(see Chapter II) converts L to decibels. 

Differences between a and L in nepers in Table VII show 
the effects of mismatches between Z/ and the terminating 
impedances R. The differences are most serious for intervals 
of 500 cycles above and below the cutoff frequency. 

Case II—Low Pass Filter (Composite Filter , Two Half-Sections, 
One Constant k Mid-Series and One m-Type Mid- 
Series Termination). 

The structure is that of Fig. 194. A half-section of the 
a — 00 {m — 1) type and a half-section with a = 1.2 ${m = .6) 
are joined mid-shunt by virtue of the equal mid-shunt 



Fig. 194.— Low Pass Filter Containing an m = 1 Half-Section and an m = .6 
Shunt-derived Half-Section. 


image impedances they possess. There results a mid-series 
constant k termination at one end and a mid-series m -type 
termination at the other. We assume f c = 30,000, R = 5000 
and d = .02. The insertion losses for the low pass filter are 
given in Table VIII. The attenuation constant for this filter 
will be the sum of the attenuation constants %a k for the 
constant k half-section and for the »z-type half-section. 


Total Insertion Loss of the Low Pass Filter of Fig. 194 


INSERTION LOSS EVALUATIONS 
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(3) The dissipation constant d = .02. 

(4) See notes on Table VII. 

(5) * These values are computed from equation (3). 
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Figures 99 to 101 of Chapter VI do not apply directly to the 
m -type sections, so that new curves giving a m in terms of U k 
must be used or the value of JJ m must be computed from 
equation (73) of Chapter VII in which case the value of a m 
may be determined directly from Figs. 99 to 101, Chapter VI. 
Equation (73), Chapter VII, may be written in the form of 
U m + jV m where 


__ m 2 [_U k + (1 — m 2 ) (Uk 2 + Vk 2 )~\ 

“ _ [1 + (1 - m 2 )U h J + (1 - nffVU {I7) 

and 

v - m2 ^ k 

” " [1 + (1 - « 2 )£/*] 2 + (1 - (l8) 

Figs. 195^ and 195.6 give the attenuation constant a m of the 
^-derived sections in terms of the real part U k of the ratio 



-I.IO -1.15 -1.20 -1.25 -130 -140 -150 -1-60 -L70 -1.80 

Uk 


Fig. 195^.—Attenuation Constant a m of w-derived Sections as a Function 

of Uk of the Prototype. 


Zi/ 4^2 for the constant k type section when the value of V k 
is negligible. In the transmission bands V k , of course, 
cannot be neglected and charts can be plotted which give a m 
in the transmission bands but these are not included here 
on account of the space required. 
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The sequence of numerical operations is much as before 
except that: 

(1) Uk and Vk are computed from the Z1/4Z2 formulae of 
Fig. 159 of Chapter VIII. 



Fig. 195 B . —Attenuation Constant a m of »z-derived Sections as a Function 
of Uk of the Prototype. 

(2) Li and L are different; L\ is obtained from Fig. 189 
by taking m = 1.0, and Li from the same figure by taking 
m — 0.6. 

(3) Gi and H\ differ from G 2 and H 2 , respectively, but 
are had by using values of m = 1.0 and m = 0.6 in Figs. 190 A 
and igoB (noting that G m and H m are to be used, not G m ' 
and HJ). 

Then P — G\ ~b G 2 ~b 20:, Q = H\ -j- H 2 -j- 2j8, and L% 
— a + L\ + L 2 + Li. The conversion from nepers to decibels, 
if desired, is made as before. 

We note that the sum of the terminal effects in Case II 
at fife = .80 is only .06 — .027 = .033 nep., while in Case I 
for the same frequency ratio it was .135 — .08 = .055 nep.; 
also that a substantial increase in L occurs at / w = 37,500“. 
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Case III—High Pass Filter {Fig. ig6) {Composite Filter , One Half- 
Section {a = <x>) and. One Section {a = i.io ), Con¬ 
stant k Mid-Series and Mid-Shunt Terminations). 

Case IV—High Pass Filter {Fig. igg) {Composite Filter , One Half- 
Section {a = oo) and One Section {a = /./o), m-Type 
Mid-Series and Mid-Shunt Terminations). 

The filters of Cases III and IV are high pass filters 
differing only in terminations. In Case III (Fig. 196) a mid¬ 
series section of the series-derived type is connected mid-series 
to a half-section of constant k type. The first termination 



Fig. 196. — A High Pass Filter Containing an m — I Half-Section and an 
m — .417 Series Derived Full Section, Having Constant k Mid-series and 
Mid-shunt Terminations. 


is therefore mid-series constant k , and the second mid¬ 
shunt constant k. In Case IV (Table X) a and have the 
same values as in Case III (Table IX), but the filter is 
arranged so that a half of the 772-derived section is situated 



Fig. 197.—A High Pass Composite Filter Containing a Half-Section 
(a = 00) and a Full Section (a = 1.10) Having m -type Mid Series and Mid¬ 
shunt Terminations. 

on either side of the half-section of the constant k type, 
so that the terminations are mid-shunt m-type and mid¬ 
series m-t ype, respectively. 

The difference in insertion loss characteristics which 
results may be observed by comparing the values of L for 
the two filters. 





The Total Insertion Loss of the Filter of Fig. 196 


INSERTION LOSS EVALUATIONS 


363 


L (nepers) 

VO m OO 

I | ^ ^ Q t ? ^ 

H t|- H (S 

H 

nvo Tf- 

.1 °- °‘ ~ 1 1 1 1 

d 

-H 

o? 

O <J\ o\ 

W ’ M M I I I I 

1 1 

D 

vo on d 

^ ~ 1 | | | 

Vo CO »H M 

£ 

VO 

0 0 0 ~- | | | | 


. 

N fc k ? | | | | 

d 

c5 

d 

vo d O 

°o ON cp | I | | 

VO CO M 

4 

d 

* 

VO -T O O VO 
| O 11 0 >1 ■<*■ VO VO 

H 1 1 1 1 

<Q. 

O VO Tf 

Vo Vo t'" 

' H ti 4 1 1 1 1 

1 1 1 1 


tJ- h OO VO OO d 

1 1 O Hi OO VO cj 

' ci 4 d n 

S 

a 

vo O 

, « t 00 ^ vo '£> 

1 1 O cp 00 t CJ 

' H 4 W H 

a 

H|C* 

i i h 0 ^ ci 'o 

1 1 0 q n tvo 

£ 

O ON »H HH 

n Tfoo d 

8 8 8 0 1 3 1 1 

1 1 I 1 1 

sS 

dTt-ooOfd^d 

1 1 1 V V V V T 


Vo O O 0 vo O O O 

N ^ O O »-» cl vo 

M M »-< hH t-t 


o' ocT o' o' vo I-T to o' 

0 d 0 ov 00 00 r- vo 

cl Hi HH 











































3 6 4 


ELECTRIC WAVE FILTERS 


X 


w 

« 


L (nepers) 

h n vi n co 00 

1 1 Q ’’l’ T }’ 'C* 

C* Vi CS CS 

4 

Hi hH OO 

1 °- °. 1 I I 1 

'sT 

cs 

-H 

■'J- ■'t' 

0 » 

M ' w ch 1 1 1 1 

1 1 


<s 

co co q ^ | | | | 

^6 4 4 ci 

£ 

000^11 11 

C* 

£ 

fc N N ^ I | | | 

<s 

00 co q vo 1 . . | 

\o 4 4 h * * * * 

4 

cs 

tH d SO <y-> M 3 nJ- 

. O O O O vn - so 

’ r r r 

02 . 

O vo tJ- 
Ov xo w -2 

• « ei 4 1 1 1 1 

1 1 1 1 

8 

tJ- h CO VO CO c* 

1 1 q ^ w 00 vo cj 

c 5 ^4 c 5 co 

S 

8 

Vo O 

, . d Tt-oo d VO VO 
| | Q cp 00 ■<{• On cj 

Hi 4" M Hi 

8 

iH|N 

1 I Hi t— O d VO 

1 1 0 O o-> T*- VO OV 

£ 

O ON >1 M 

Cl tJ- OO Cl 

8 8 8 0 1 0 1 1 

f r r r r 


O OV HH Q O «-< Tj-io 

C* 'tOO O h cl ThCS 

1 1 1 T T T T T 

■< 

OOO Vo OOO 


00000000 

QOOOOOOO 

0^ vq^ 0^ 0^ cq q q 

O OtT O O Vci IH VO 0 

O Cl O ON OO OO NO 

d m m 


Notes: (i) Assume f c = 90,000", and d = .01. 
(2) The reflection loss Z,i = Z, 2 . 
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Case V—Band Pass Filter 4 {Fig. 198) {Composite Filter , One Full 
Three-Element Section and One Half-Section of a Six- 
Element Type , Mid-Series Constant k and Mid-Shunt 
m-Type Terminations). 

The order of numerical operations does not differ greatly 
from those of Cases II, III, and IV. Intermediate values of 
U,k, a and j 3 are given in Table XI for convenience because 
of the greater complexity of band pass filter formulae. 



Fig. 198.—A Composite Band Pass Filter Containing a Three-element 
Full Section and a Half Section of a Six-element Series Derived ot-type, 
Presenting Constant k and Mid-shunt Terminations. 

Case VI—Band Elimination Filter {Fig. 199) {One Section , Constant 
k Type , Mid-Series Constant k Terminations). 

Uk and Vk (Table XII) are of course evaluated from Fig. 
182, Chapter VIII. The sequence of operations is then much 
like that of Case I, except that but one section has to be con- 


•- (5 

o ■ - - ~L . ■ ■ ■■ . 0 

Fig. 199.—A Band Elimination Filter Consisting of a Single Section Constant 
k Type, and Presenting Mid-series Constant k Terminations. 

sidered, and G = G m and H = H m . Pairs of frequencies, 
such as 800“ and 1875", and 1071' and 1400", have been chosen 
for loss computations with f m as their geometric mean, for 
convenience. Much of the data obtained for one such fre¬ 
quency can be used for the other frequency of the pairs; 

i This example is adapted from an example given by O. J. Zobel, in the Bell 
System Tech. Journal, October, 1924. 
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Note: (1) Assume fi = 4000", A = 7000 ~,fu» = 3500',/200 = 8000“, and zw = .7454. 
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this is only true because of the approximate symmetry of all 
the characteristics of this filter, on a logarithmic frequency 
scale, about f m . 

TABLE XII 


The Total Insertion Loss of the Filter of Fig. 199 


/ 

Uk 
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CL 
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* iL 1 

2 G 

2 H 

D 

^±27rw 

Li 

L 
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.021 
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- .82 
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Note : (1) fi = 1000",/ 2 = 1500", and d = .04. 


In general, it is to be noted with respect to the above 
examples that where the charts are considered not to provide 
sufficiently accurate interpolations, or where a check is 
desired, recourse may always be had to the formulae of 
sections 62 and 63 of this chapter, or to those of Chapter IV. 






























Part Three 

Composition of Transient Waves 



CHAPTER X 


Resolution of Steady State Waves into Frequency 
Components by Fourier Series Analysis 

Transmission network problems center largely about the 
frequency response characteristics of networks to some type 
of electromotive force (representing a signal or a disturbance) 
which is set up in a circuit and causes the propagation of 
energy through it. It has been intimated in Chapter I that 
the designer has to deal with the action of networks under the 
influence of, occasionally steady state waves, but generally 
semi-transient and sometimes transient waves. By a steady 
wave is meant one which shows steadily recurrent wave form 
with time whose features, though recurrent, never vary. 
A transient wave is distinguished by the fact that its wave 
form is not at all recurrent with time—it displays a complete 
absence in its wave form of steady-state phenomena. A semi¬ 
transient wave may be taken as one which is neither steady- 
state nor transient, but which partakes of the nature of both. 
Having important building-up and dying-away periods, it 
exhibits between these periods—in the “body” of the wave— 
an approximate steady state condition. 

For purposes of wave analysis, it is of value to classify 
waves as steady-state, semi-transient, or transient. How¬ 
ever, no definite lines of demarcation exist between steady 
state and semi-transient waves, nor between the latter and 
transient waves. Waves grade from the one extreme to the 
other. Indeed, it will be shown in Chapter XI that semi¬ 
transient and transient waves act exactly as if they were 
composed of innumerable steady state components, mostly of 
infinitesimal magnitudes, and as far as their results are con¬ 
cerned, may be considered to be so composed. 

Examples of practically steady state waves of interest 
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are: normal interference frequencies from power transmission 
circuits, control waves such as the steady “carriers” used 
in modulation and demodulation, and testing frequencies. 
Approaching the steady state form, because of the period of 
their duration, are ringing signals. Semi-transient waves 
include the general run of telephonic and telegraphic signals. 
The signal waves of telephotography are essentially transient 
in form, because they arise from light intensity variations 



Fig. 200.—Oscillogram of Vowel Sound i (as in “Tip”) Produced by a Low- 

pitched Male Voice. 


which do not ordinarily show important periodic features. 
Atmospheric (“static”) disturbances may be said to be 
practically transient in character, although occasional bursts 
may be classified as semi-transient. 

Some of the types of waves encountered in network 
problems are illustrated in Figs. 200 to 203, inclusive. An 
example 1 of the speech sound i (as in “tip”) produced by a 
low-pitched male voice is portrayed in Fig. 200. Fig. 201 shows 

1 From Crandall’s “ Sounds of Speech,” Bell System Technical Journal, October, 
1925. This is from one of a set of thirteen large-sized detailed plates which accom¬ 
panied that paper. 
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the form of telegraphic signals at various points in a voice 
frequency carrier telegraph system. 2 In Fig. 202 are shown 
steps leading to the production of a modulated signal wave 
(E) of a telephotograph system 3 on the assumption that a 
section (A) across several parallel bars is being copied. 
Finally, wave forms of typical atmospheric disturbances 4 
are given in Fig. 203. 


OUTPUT OF TRANSMITTING FILTER 



SUBSCRIBER’S SENDING LOOP 
OUTPUT OF RECEIVING FILTER 



SUBSCRIBER’S SENDING LOOP 
RECTIFIED CURRENT 



SUBSCRIBER’S SENDING LOOP 
SUBSCRIBER’S RECEIVING LOOP 



subscriber’s SENDING LOOP 


Fig. 201.—Forms of Telegraphic Signals for Transmission in Various 
Portions of a Voice-frequency Carrier Telegraph System of a Portion of the 
Word “Aloes.” The Form of the Wave in the Subscriber’s Sending Loop Is 
Given in Each Case so that the Time Lag in the Formation of Each Signal 
Element May Be Readily Observed. 

In seeking criteria by means of which the efficacy of 
designs may be judged, it is quite necessary to look for 
characteristics of networks which are not dependent upon the 


2 From photographs supplied by W. A. Phelps. See also Fig. 4 of “Voice-Fre¬ 
quency Carrier Telegraph System for Cables” by Hamilton, Nyquist, Long, and 
Phelps, Bell System Tech. Journal, July, 1926. 

3 See “Transmission of Pictures over Telephone Lines” by Ives, Horton, Parker 
and Clark, Bell System Tech. Journal, April, 1925. 

4 From “On the Nature of Atmospherics-II ” by E. V. Appleton, R. A. Watson 
Watt, and J. F. Herd, Proceedings of the Royal Society of London, Vol. 111 (A), 
p. 615, 1926. 
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form of particular waves which may be applied to them, so 
that the performance of networks may be predictable under a 
wide range of conditions once their characteristics have been 
obtained. In examining the nature of various waves en¬ 
countered and in an effort to find common relationships among 
them, it is natural to turn to such measuring methods as are 



Fig. 202.—Wave Forms of E.M.F.’s at Various Points in a Telephotograph 
(Picture Transmission) System for the Copying of a Section of Picture ( A ) 
(Parallel Bars), as Follows: ( B ) Ideal E.M.F. Wave, (C) E.M.F. Wave of 
( 5 ) Distorted by Optical Aperture “Sluggishness,” ( [ D ) E.M.F. Wave of ( 2 ?) 
Further Distorted by Reactances in the Circuit, and ( E ) E.M.F. Wave of (D) 
Modulated by Carrier Frequency. 


conveniently available and to seek expressions of network 
performance in terms of those quantities which can be readily 
measured. Such quantities are not necessarily more “ funda¬ 
mental” physically than others nor are the points of view to 
which they lead, but through them the physical significance 
of network parameters is perhaps more easily related to 
experience. 

One of the results of the advent of the thermionic vacuum 
tube has been the formation of an extensive technique of 
steady state single-frequency measurements. In its various 
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capacities as amplifier, modulator, oscillator, and detector, 
the vacuum tube has been a nucleus about which have grown 
up convenient and accurate methods for measuring impedance 
(or rather resistance, inductance, and capacitance), frequency, 
inductance balance, attenuation loss, transmission loss, cross¬ 
talk ratio, transformation ratio, reflection coefficient, phase 
shift, and similar quantities. 




Fig. 203.—Typical Oscillograms of Atmospheric (“Static”) Disturbance 

Waves. 


The theory of transmission networks in previous chapters 
has, therefore, been largely on a steady state basis. The 
properties of networks on a single-frequency basis have been 
discussed and then the varying properties of some of their 
types (filters) examined over a range of frequencies. Analysis 
of waves of partly or wholly transient form, so as to show 
their composition on a steady state basis, may be made by 
means of Fourier series and particularly Fourier integral 
analysis. The former cares for steady state features of 
complex waves, such as tend to be exhibited by semi-transient 
waves. The latter applies to transient features, and used 
together, the two methods are sufficient for the analysis of 
signal or disturbance waves of any form. 
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This chapter will be confined to certain phases of Fourier 
series analysis, the general process, however, being indicated. 
Chapter XI will be devoted to semi-transient and transient 
waves requiring Fourier integral analysis. There is no 
necessity for an extended consideration of Fourier series 
analysis here, in view of the many texts 5 which treat it. 
Only those aspects of it which are most essential to the treat¬ 
ment of transient waves in Chapter XI will be mentioned. 

We may note here parenthetically that it is not to be 
expected that any method for analyzing transient waves 
(such as the Fourier integral method) will lead to methods of 
computation that are easy. Oftentimes waves (such as those 
of Fig. 203) are complicated because they are brought about by 
some complicated set of physical causes, and will not have 
simple results. The more general the mathematical method 
used for analyzing waves, the more difficult are the computa¬ 
tions likely to be for the set of conditions which make it 
necessary. What a method of relating transient to steady 
state phenomena does do, however, is to permit those physical 
facts to which it is necessary to go back in judging designs, 
to be catalogued on a frequency basis. Thus not only is an 
examination by experimental methods of the general fre¬ 
quency content of various classes of waves permitted, but the 
contributions made to those waves by different frequency 
components may be determined. On this matter a distinct 
and large field of knowledge exists. 6 It is sufficient here to 

5 Refer to such texts as: W. E. Byerly’s “An Elementary Treatise on Fourier’s 
Series and Spherical, Cylindrical, and Ellipsoidal Harmonics,” H. S. Carslaw’s “Intro¬ 
duction to the Theory of Fourier’s Series and Integrals and the Mathematical Theory 
of the Conduction of Heat,” and R. A. Houstoun’s “Introduction to Mathematical 
Physics.” 

6 Studies of telephone quality, for example, have to do with the contents of tele¬ 
phonic waves in relation to the physical properties of the organs of speech and hearing. 
Numerical constants and graphs which sketch but a bare outline of factors important 
from this standpoint are given in Fletcher’s “Useful Numerical Constants of Speech 
and Hearing,” Bell System Tech. Journal, July 1925. The paper on “High-Quality 
Transmission and Reproduction of Speech and Music,” by Martin and Fletcher, 
A. I. E. E., March, 1924, as one of a number of possible references, contains a broad 
discussion of factors of importance in the transmission of speech and music for broad- 
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mention that the facts to be catalogued may have to do with 
such factors as: distribution of the energy of signals among 
the frequency components, relative importance of various 
frequencies from an intelligibility standpoint, limits of audi¬ 
bility of the ear at different frequencies, masking effects of 
certain frequencies on others present, effects of crosstalk and 
overloading on intelligibility, and so on. 

§65. Forms of Fourier Series 

The fact that a complex recurrent signal may be resolved 
into a number—perhaps even an infinite series—of simple 
single-frequency vibrations in harmonic ratio, is well known 
both theoretically and experimentally. Its theoretical basis 
rests on analysis by means of Fourier series. The value of 
Fourier series analysis in the resolution of complex waves 
into single-frequency components is due to the Principle of 
Superposition. By means of this principle, which was dis¬ 
cussed in chapter II, we may determine the currents of 
harmonic frequencies which flow in response to the action 
of the single-frequency components of a complex wave, and 
by their addition determine the resultant current. Now, the 
Principle of Superposition is limited by certain physical 
assumptions. It holds wherever a set of simultaneous linear 
differential equations describe the voltage and current con¬ 
ditions, and therefore it is valid only when the various electro¬ 
motive forces and impedances are independent of the current 
values. These assumptions have been stated in order that 
it may be kept in mind that the following mathematical 
analysis is useful only insofar as the assumptions on which 
it rests apply to the circuit under consideration. 

The general form of a Fourier series, which includes an 
infinite series of sine and cosine terms, may be expressed as 
follows: 

fix) = A\ sin x A 2 sin 2 x + Az sin 2x + • • • . . 

(1) 

+ Bo + Bi cos x + B 2 cos 2x + Z?3 cos 3# + • • •, 


casting purposes. Chapter I of Johnson’s “Transmission Circuits for Telephonic 
Communication ” will be also of interest in this connection. 
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where A\> A 2 , A 3, • • • are successive coefficients of a 
series of sine terms and B 0 , B 1, .§2, -S3, • • • successive 
coefficients of a series of cosine terms. The coefficients may 
be either positive or negative real numbers. The constant 
B 0 is grouped with the cosine terms because it, like them, is 
independent of the sign of x. 

Since we are here interested in instantaneous voltage 
(or current) expressed as a function of frequency and time, 
we may rewrite (1) as follows: 

e = E ia sin cat + E 2a sin loot + Ez a sin 3C0/ + * * * 

7-7- r- 7- (2) 

+ E 0 + Eib cos cat + E 2b cos lu>t + E zb cos 30 )t + • * *, 

where e is an instantaneous e.m.f. and (at is the angle corre¬ 
sponding to a frequency /. In equation (2), co corresponds 
to the sine and cosine terms of the lowest frequency in the 
series. This frequency is th z. fundamental and is determined 
by the period of recurrence of the wave as a whole. The 
terms containing 2w, 30?, • • • correspond, therefore, to 
successive harmonic frequencies of this fundamental. At 
(at = o or 2W7r, when a coefficient in the series is positive, the 
curve to which it belongs has, in the case of a sine term, its 
maximum positive slope; and in the case of a cosine term, 
its maximum positive amplitude. When a coefficient is 
negative, the curve to which it belongs has, in the case of 
a sine term, its maximum negative slope; and in the case of a 
cosine term, its maximum negative amplitude, at the instants 
of time mentioned. That is, a term having a negative 
coefficient is in phase opposition with respect to a similar 
term having a positive coefficient. 

The fact that sine and cosine terms may exist for each 
frequency of the harmonic series in (2) suggests that an 
alternative form may be obtained by combining the terms for 
each frequency. Thus, for example, we may combine 

E 2 a sin 2cot and E 2b cos 2 cat 

as follows: Let 

E 2 = ^E 2a 2 + E 2b 2 ( 3 ) 
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and 


82 = tan 1 


E 2 b 


E 2 a 


( 4 ) 


(the quadrant in which 62 lies is, of course, determined by 
the respective signs of E 2 b and E 2a ) then 

E 2 sin (2cot + 82) = E 2a sin 2 cot + E 2 b cos 2 ut (5) 

is the resultant component wave for the frequency 2f. 

Consequently, the alternative form for (2), using notation 
similar to that in (3), (4), and (5), is 

e = E 0 + Ei sin (co/ + 8 1) + E2 sin (2 cat + 82 ) 

+ E3 sin (3^/ + 83 ) + • • *• 

In this form the coefficients of the successive sinusoidal 
terms would ordinarily be positive and the phase angles 
chosen accordingly. 

The presence of both sine and cosine terms in the general 
form of a Fourier series thus expresses the fact that the 
harmonic components may have not only different relative 
maximum amplitudes, but different relative initial phase 
angles as well. 


§ 66. Evaluation of Components in a Fourier Series 

Whether analysis of steady state waves is based on the 
form of equation (2) or of equation (6) is immaterial, since 
either equation is convertible into the other. For the pur¬ 
poses of the next chapter, we shall confine ourselves to 
equation (2) which may be written, 

e e s + e C j 

where e g represents the sum of all the sine terms, and e c the 
sum of all the cosine terms including the constant term. 

If the amplitude of any steady state wave e be given as 
a function of time, and if a partial resolution of the curve 
into sine and cosine terms can be effected, separate methods 
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may conveniently be employed for evaluating the coefficients 
of these terms, e a and e c , as follows: 

Suppose a wave such as that of which the curve of Fig. 204 
is a periodic portion is to be broken up into two such com¬ 
ponent waves, one of which represents the simple sine series 
in (2) and the other the simple cosine series in (2). If this 



Fig. 204.—Illustrating the Analysis of a Steady-state Wave. 

partial resolution can be effected, the two waves may be 
analyzed without considering initial phase angles of various 
components. To accomplish it, let equal distances on either 
side of ut = ir be marked off, corresponding to an angle 0 
and the values of the amplitude of the curve at the angles 
7 r — 6 and -k + 0 thus obtained be denoted as e a and 
respectively. The angle 0 may have any value between o and 
7 r, inclusive. 

Now any simple sine component of the wave will con¬ 
tribute to eb a value which is equal in magnitude to, but 
negative with respect to, its contribution to e a . Take, for 
example, the term Em sin i<at. It becomes at the two in¬ 
stants of time 

Em sin (tt — 0) and Em sin (r + 0), 
respectively, and from the trigonometric relationship 

sin (t + 0) = — sin (t — 0) (7) 

these values are equal in magnitude but opposite in sign. 
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On the other hand, any simple cosine component of the 
wave will contribute to eb the same value as to e a . Such a 
term as E 2 b cos loot becomes at the two instants of time 

E 2b cos (7r — 0) and E 2 b cos (tt + 0). 

But the trigonometric relationship in this case is 

cos (tt + 0) = cos (x — 0), (8) 

and the two values are identical. 

By summation, it follows that whatever the curve which 
represents the simple sine series of (2), it will have a value 
at angle r + 0 which is the negative of its value at angle 
tt — 0 ; also that the curve which represents the simple cosine 
series (2) will have identical values at the two angles. This is 
described by saying that the sine series is an “odd function” 
with respect to the angle cot = ir (or any integral multiple 
of 7r), and that the cosine series is an “even function” with 
respect to the angle oot = tt (or any integral multiple of tt). 

Consequently, if we let e sa be the sum of the sine series 
and e ca the value of the cosine series when cot = ir — 0 , 
then 

6 a = 6 C a "i" 6 sa» (9) 

But when cat = tt + 0 , 
from which 


and 


Letting 0 vary over the region from o to tt and plotting 
at 7r — 0 and tt + 0 the values e ca and e 8a , and e ca and — e sa > 
respectively, we obtain as in Fig. 205 the curves which repre¬ 
sent the simple sine series e a and the simple cosine series e c of 
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equation (2). The symmetry of the cosine series curve about 
the axis cat = 71-, and the inversion of form which exists in 



Fig. 205.—Representing the Simple Sine Terms e , and the Simple Cosine Terms 
e c , of a Fourier Series. 

the sine series curve about this same axis may be noted in 
Fig. 205. 



Fig. 206.— Odd Sine Terms Symmetrical about the Axes wt = 71-/2, 37r/2, etc. 

We may go further in this direction by partially resolving 
sine series and cosine series curves into odd sine, even sine , 

7 The terms “odd sine,” “even sine,” etc. refer to the sine (and cosine) terms of 
odd or even harmonic frequencies. 
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odd cosine , and even cosine series curves, respectively, and 
observe the distinguishing characteristics of odd and even 
sine and cosine series. This resolution differs from the 
previous one in that it makes a distinction between terms of 
different frequencies and permits inspection of a wave to 
see whether certain entire related groups of frequency com¬ 
ponents are absent. 



Fig. 207. —The Sum of an Odd Sine Series Is Also Symmetrical about Axes 

«/ = x/2, 37 t/ 2 , etc. 

For the purposes of this resolution, we may notice in 
Fig. 206 that sine terms of an odd multiple of (at are symmetrical 
about the axes cat = 71-/2, 371-/2, etc. The sum of an odd sine 
series is likewise symmetrical about the same axes, as shown 
in Fig. 207 which represents the sum of the waves of Fig. 206. 
But as shown in Fig. 208 sine terms of even multiples of cat 
have values of opposite sign and equal magnitude for equal 
distances on either side of the axes cat — 71-/2, 371-/2, etc. The 
summation of these curves is shown in Fig. 209. The in¬ 
version of form characteristic of all sine terms about the 
axis cot = 7r, 27r, etc. may be noticed in Figs. 206 and 208, The 
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Fig. 208.—Inversion of Form of Even Sine Terms about Axes ut = 7r/ 2 > 
371-/2, etc. and Also about <0/ = 71-/2, 3 7r / 2 > etc. The Dotted Curve Represents 
General Sine Series to Scale o>'t — iut . 



Fig. 209.—Summation of Even Sine Terms. 
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reason for the inversion of the even sine terms about the axes 
(at = t/2, 371-/2, etc. is apparent if we consider that for an 


Kabos 2 wf 


E^bos4ujt 


E 6 co$ 6wt 


Fig. 210.—Symmetry Form of Even Cosine Series about Axes ut = 71-/2, 
371-/2, etc. Dotted Curve Represents General Cosine Series Plotted 
Scale ut = 2 ut . 



Fig. 21 i,—Summation of Even Cosine Curves, 
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even sine series, the angular frequency 2co may be taken as 
corresponding to a new fundamental frequency f — if in 
which case a general sine series exists with coV = icot = i r. 



Fig. 212.—Inversion of Form of Odd Cosine Terms about the Axes wt = 71-/2, 

371-/2, ETC. 

hr, etc . corresponding to cat = tt/ 2, 3W 2 > on the original 
scale. 

The terms of an even cosine series will exhibit symmetry 
about the axes cat = 7r/2, 3 7r / 2 > etc.just as all cosine terms show 
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symmetry about the axis cot = 7r. If a new fundamental fre¬ 
quency f' = if\s introduced, similar reasoning to that in 
the case of even sine terms will apply. Fig. 210 shows this 
symmetry in several even cosine terms and Fig. 211 the same 



Fig. 213.—Summation of Odd Cosine Terms Also Has an Inversion of Form 

ABOUT THE AXES 0)/ = 7r/2, ETC. 

in their summation. Odd cosine terms have values of opposite 
sign and equal magnitude for equal distances on either side of 
the axes cot = tt{ 2, 3^/2, etc. Fig. 212 shows a number of odd 
cosine waves and Fig. 213 their summation in an odd cosine 
series wave. 
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The resolution of a sine series wave into odd sine and 
even sine series waves, and of a cosine series wave into odd 
cosine and even cosine series waves, may be made on the basis 
of symmetry or lack of symmetry by methods similar to that 
used for the separation of the complete sine series and cosine 
series waves, using cot = 71-/2, 371-/2, etc ., instead of cot = 7r, 27r, 
etc., as axes from which to measure off distances corresponding 
to the exploring angle 9 . 

When sine and cosine terms of various frequencies have 
been selected by partial resolution and inspection, evaluation 
of the coefficients of individual terms may be made by a 
method of integration. 

We shall make use of the following relationships: 

(1) sin x cos y = \ sin (x + y) + § sin {x — y ), 

(2) cos x sin y = £ sin (at + jy) — \ sin (a; — y), 

(3) sin x sin y = J cos (x — y) — J cos (# + y), 

(4) cos x cos y = \ cos {x — y) + ^ cos (x + y), 

(5) sin 2 x = \ — \ cos 2x, 


(6) cos 2 # 

= | + \ COS 2X, 

(13) 


s*2ir 

1 sin mx dx = 0, 

Jo 

(H) 


/» 2 jt 

I cos mx dx — 0. 

Jo 

( 15 ) 

Among the 

relationships of (13), it is 

in those cases 


where a sine or cosine term is multiplied by itself that we 
obtain a constant term. In other cases only sine or cosine 
terms involving the sum or difference of the variables x 
and y result. We may use this peculiarity in conjunction 
with integration processes to evaluate the coefficients of a 
sine or cosine series. 

Evaluation of the Coefficients of the Sine Terms of a Fourier Series 
Let any periodic wave be represented by the complete 
Fourier Series 
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e = E\ a sin ut + E ta sin 2 ut + E Za sin 30;/ + • • • 

+ Ena sin nut + • • • + Eq + Eib cos ut 
+ Em cos 2c ot + E Z b cos 3<at +••• 

+ Enb cos nut + • • •. (16) 

Now multiply both sides of this equation by sin nut , where n 
is any positive integer, and we have 

e sin nut = E la sin ut sin nut + E 2a sin 2 ut sin nut 
+ • • • + Ena sin 2 nut + • • • 

+ E 0 sin nut + Eu cos ut sin nut 
-j- E 2 b cos 2c ot sin nut + • • • 

+ E n b cos nut sin nut + • • •. (17) 

The electrical equivalent of this operation is to modulate 
the wave by a unit sine wave voltage of frequency nf . Equa¬ 
tion (17) gives the instantaneous value of such a modulated 
wave. Each term of (17) may be separated into two single¬ 
frequency terms by means of (13), except that the term for 
the «th harmonic will yield a constant term and a single¬ 
frequency term. The constant term corresponds to a direct- 
current component in the modulated wave. Thus 


• E\ a , x E\ a . 1 \ • 

e sin nut — -cos \n — 1)00/ -cos (n + i)co/ 

2 2 

E 2 a , N E 2 a , . 

-f-cos \n — 2 )ut -—cos (n + 2 )ut 

+ E na Ena . 

. . . j - cos 2 nut + • • • 

2 2 


+ E 0 sin nut H-sin (n + i)co/ 

2 

Eib . . N E 2 b . . . N 

+ -^-sin (n — i) (fit +-^-sin \n + 2)co/ 

E 2 b . . x 

H-sin (n — 2 )ut + • • • 

2 

Enb . 

H-sin mut + • • •. 

2 


( 18 ) 
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If both sides of (18) be integrated between the limits 
o)t = o and tot = 27 t, the result will be 

“»2ir 


e sin ntotd(tot) = TrE na . 

n 


(19) 


For, by (14) and (15)5 the result of integrating each sine 
and cosine term on the right-hand side of (18) between the 
limits o and 2 ir will be zero. 

From (19), 


1 r 2r . 

Ena = — I e sin ntotd(cot). 
X Jq 


( 20 ) 


Thus to obtain the coefficient of any component in the 
Fourier series it is necessary to (1) multiply the instantaneous 
voltage e at any point on the curve by the value of sin noot, 
using the n corresponding to the component desired, (2) 
determine the net area of this modulated wave from o to 27r, 

(3) reduce this area by the 


E 

2 

LJ 







tj 

2TT 

3TT 

4TT 

5TT 

6TT 7 IT 


-U/t 


Fig. 214.—Example of Wave Which Can 
Be Partially Represented by a Simple 
Equation. This Wave Can Be Formed 
by Adding E[i to Fig. 220. 


factor 1/7r. The modu¬ 
lated wave whose area is 
to be taken may be found 
approximately in a graph¬ 
ical manner, by taking 
points on the curve at 
close intervals, multiply 
ing the voltage by the cor¬ 
responding values of sin ncot, and connecting the points so ob¬ 
tained by a continuous curve. 

If the curve of the complex wave is of such a form that 
it can be represented in various portions by mathematical 
equations, these equations may be used in the integration 
process. An example is the rectangular wave of Fig. 214, 
where, between the limits o .and 7r, 


e = E, 

and between the limits x and 27r, 


(21) 


e = o. 
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Here, of course, the integration must be made not singly over 
the complete range from o to hr but separately over the ranges 
o to x, and x to 2x, respectively. 

Evaluation of the Coefficients of the Cosine Terms of a Fourier Series 
In order to evaluate the coefficients of the cosine terms, 
it is necessary to multiply the wave represented by equation 
(16) by cos nut instead of sin nut as before. When this is 
done we have 


e cos nut = E Xa sin ut cos nut + E 2a sin 2 ut cos nut 
+ • • • + E na sin nut cos nut + • • • 

+ E 0 cos nut + E\b cos ut cos nut 
+ E 2 b cos lut cos nut + • • • 

+ E nb cos 2 nut + • • •. (22) 

The electrical equivalent of the process followed in (22) is 
the modulation of the wave by a cosine wave of frequency 
nf and of unit maximum amplitude. Each term in (22) is 
composed of two single-frequency terms, according to (13), 
except that the term for the nth. harmonic contains a constant 
term and a single-frequency term. The constant term corre¬ 
sponds, as before, to a direct-current component in the 
modulated wave. Using (13) and (22), 


Ela • / , \ E xa . , « 

e cos nut — -—sin \n + 1 )ut -— sin (n — 1 )ut 

E 2a . . , \ . E 2a . . 

+ -^-sin (n + 2 )ut -— sin \ n ~~ V 0 * 

Ena . 

+ • • * H-sin inut -+-••• 

2 


b 

+ E 0 cos nut + cos (n — 1 )ut 
1 Eib . E 2b 

+ ~~ff cos (n + i)ut + —cos (n — 2 )ut 

. ^26 . . . 

H-cos {n -p 2) ut -j- • • • 


. E n b . E n b 

H-1-cos inut + 

2 2 


( 23 ) 
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Integrating both sides of (23) between the limits (at — O 
and cat = 2tt, 

/»2 T 

I e cos nwt d{yai) = xE n b , (24) 

Jo 


since by (15), the result of integrating each cosine and sine 
term on the right-hand side of (23) between the limits (at = o 
and cat = lx is zero. Whence 


1 p 2x 

Enb = - I e cos ri(atd{<at). (25) 

x Jo 

An exception for the cosine series is to be made in 
evaluating the constant term Eq , since cos neat is in this case 
equal to unity and relationship (6) of equation (13) does not 
apply. The result is therefore to be had by direct integration 
that is, 

E 0 = —- f e d(cat), (26) 

lx Jo 

which is the average height of the curve throughout the 
interval between cat = o and (at = lx. 


§ 67. Example of a Wave Represented by a Fourier Series Saw- 
Toothed Wave 

As an example of a wave which requires an infinite series 
of components for its formation, let us consider the saw¬ 
toothed wave of Fig. 215* As will appear in section 68 of this 
chapter, it bears a close relationship to a telegraphic wave 
composed of a series of dots separated by time intervals each 
equal to the period of duration of a dot. Physically, it would 
be produced approximately by a potentiometer contact 
(Fig. 216) revolving at uniform angular velocity around a 
ring of uniform resistivity containing a slight air-gap, pro¬ 
vided that a constant d.-c. voltage E is applied across AB. 

Considering the wave of Fig. 215, we see, from the fact 
that for equal distances on either side of the ordinate (at = x 
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the instantaneous voltages are equal in amplitude but opposite 
in sign, that the voltage wave is represented by a simple 
sine series. There is no constant, or direct-current, term. 



Fig. 215.—A Wave Which Requires 
a Fourier Series of an Infinite 
Number of Terms for Its Forma¬ 
tion. 



Fig. 216.—Potentiometer Contact 
Revolving with Uniform Angular Ve¬ 
locity Will Produce the Saw-toothed 
Wave of Fig. 215, Approximately. 


To evaluate the successive coefficients Ei a , E 2a , E 3a} etc. 
in terms of E y we have but to integrate as follows: 

j /»2 t 

E na = — I e a sin ncotd(u)t). (27) 

TT Jo 


Since the equation of a straight line is given by j y = mx 
+ b y where m is the slope and b is the intercept on the y 
axis, we see that the wave e between the abscissae o and Itt 
comprises the straight line 


E EE 

e =- cot 

hr 


Hence 


E EY c otl 

+ r = r[ I -7j- 

I r 2r Er cotl . 

Ena — J —I 1 -I sin ncotd{aot) 

E r 2 * . E r 2r 

= — I sin ncotd{oot) -- I at sin ncotdicot). 

hr Jo I'll 2 Jq 


(28) 


But by (14), 


J f» 2 w 

sin natd(at) — o, 
0 


(29) 

( 30 ) 
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The series which represents the saw-toothed wave of 
Fig. 125 is, therefore, from equation (16), 

Er . 1 . 1 . 

e — — sin cot H—sin 2co/ —sin 300/ 

7 T L 1 3 

+ * ‘ * + ~sin nut + • • 1 , (33) 


with terms carried 
to infinity. The suc¬ 
cessive terms of the 
infinite series de¬ 
crease in maximum 

Fig. 217.—The Maximum Amplitude of the amplitude inversely 
Components of an Infinite Series, Represented as the ratios of their 

by Equation (35), Decreases Inversely with frequencies, as shown 
Frequency. . 2 ,. 

in Fig. 217. 

It is significant that a wave of this type, established in, 
and persisting in, steady state, contains effectively an infinite 
number of component frequencies, separated in the frequency 
spectrum by equal finite intervals. A voltage wave of this 
kind acting on an electrical network establishes and main¬ 
tains currents and voltages in accordance with the steady-state 
properties of the network at an infinite number of isolated 
frequencies. And that these components have a real existence 
is shown by the fact that each individual component of a 
steady-state wave may be selected out of the wave by 
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apparatus, such as a wave filter, whose steady-state trans¬ 
mission characteristics show it to transmit efficiently that 
particular frequency and to attenuate all others. 

We may notice in passing that the wave is sharply built 
up, in a differentially short time, at ut = o, from e = o 
to e = E by the aggregation of an infinite number of differ¬ 
entially small instantaneous voltages , all in phase. Letting 
cot = 0, in (33), where 0 is a small angle, we have for small 
values of w0, 

sin nut = sin nd = nd (34) 

and 


e = — ( 0 )(i + 1 + 1 + • • •) 

TT 

E , x 

= —nd, (35) 

7r 


taking n terms. 

But the approximation sin nd = nd does not hold for large 
values of n (i.e., nd will not be small) unless 0 becomes differ¬ 
entially small. Hence 

e=-Nd 6 , (36) 

TT 


where N is indefinitely great. 

The peculiar and significant thing here is that all fre¬ 
quencies contribute equal ( differential ) amounts to the slope 
of the suddenly built-up voltage e at time t = dt , even though 
the coefficients of the high frequency terms in the series 
become smaller in inverse ratio to the values of their fre¬ 
quencies. The greater rate of change of phase in the high 
frequency component voltages balances the diminution in 
their maximum amplitudes. 

Again, the form of the infinite series (33) shows how the 
cancellation of the entire voltage wave takes place at ut = tt. 
Substituting this value of ut in the series, each term separately 
becomes zero. Why then, is there no discontinuity in the 
curve, no sudden increase or decrease of voltage, as at ut — o, 
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where all sine terms are also zero? If we examine the series 
at a differentially short distance prior to the time at which 
cot — 7r, we see that when cot = tt — dd , 


sin n(jr — dd) — — cos mr sin n dd 
= ± n dd, 

depending on whether n is an odd or even integer. 

E 

e = —dd{ i — i + i — i + • • •)> 

7T 


Hence 


( 37 ) 


the even sine terms contributing differentially small amounts 
of voltage in opposition to those contributed by the odd 
sine terms, and keeping to a finite value the rate of change of e. 
An inspection of the series at cot — 71-/2 would correspondingly 
show 


e 



E 7 T E 

X 4 4 


1 o 1 


—I-1-h 

3 4 5 



( 38 ) 


The even sine terms contribute nothing to the value of e and 
the alternate odd sine terms are in opposition. Yet at this 
point on the curve the even sine terms are alone determining 
the slope of e, while the odd sine terms have zero rate of 
change. 

In general, we may say that the coefficients of an infinite 
series determine the maximum values, positive or negative, 
which e may have, but that with given coefficients the form 
of the curve e is determined by the relative phases of the com¬ 
ponent frequencies, at any particular instant of time. 

In vector form, the series which expresses e is (partly) 
illustrated in Fig. 218 where a spiral whose radius is inversely 
proportional to the angle of rotation, forms the locus of 
rotating vectors of successive wave components, at any 
particular instant of time. The spiral itself, of course, goes 
through cyclic changes. The projection of the resultant on 
the Y axis, for any instantaneous angle cot (of the fundamental 
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frequency component), gives the instantaneous value of e. 
For values of at equal to o, • • *, the particular vector 

locus (Fig. 219) is the X axis (positive direction) and the 
instantaneous value of e is zero. 



Fig. 218.—Equation (35) Illustrated Fig. 219.—Showing Relative Value 

in Vector Form. of the Vectors When = o, 2ir, etc. 

§ 68. Representation of a Series of Telegraph Dots 

An interesting and important example of Fourier series 
representation of a steady state wave is that of a succession 
of telegraphic dots (Fig. 214) with duration of spacings equal 
to the duration of the dots. Taking the interval for a dot 
and a space as corresponding to 271-, we see that the wave 
may be resolved into a steady direct current voltage of 
value E 1 1 and a sine series of maximum amplitude jE/ 2, 
the latter being shown in Fig. 220. 


e 



Fig. 220.—Series of the Tele- Fig. 221.—Illustrating the Forma- 
graphic Dots Resolved into a Steady E 

D.-C. Voltage of Value E/i and a Sine tion of ^ ig * 2I4 ’ e ° = ~ F v* ~ eB >- 

Series of Maximum Amplitude E/ 2. 

This Wave Can Be Formed from 
e a — es of Fig. 221. 

We may determine the coefficients of the sine series by 
integration methods but they are also readily obtainable 
from the series already derived for the saw-toothed wave of 
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Fig. 215. If we subtract from the solid line saw-toothed wave 
of Fig. 221 the dotted line wave which is identical with it 
except for an angular displacement amounting to x, we 
obtain the rectangular sine series wave of Fig. 220. 

The solid line curve 6 a of Fig. 221 we know to be represented 
by the series of (33) and the dotted line curve eB of Fig. 221 is 
obtained by substituting cot + x for cot in this expression: 


E r . 1 

6 b — —I sin ( cot T - x) — sin 2(c ot -(- x) 


vL 


-J—sin n{oot + x) + 


E r 1 . 1 . 

— 1 — sin cot H—sin loot -sin Vcot 


1 . 

d— sin Acot -{- • 
4 

Hence the voltage curve of Fig. 220 is given by 


] * ( 39 ) 

iE r 1 . 1 . 1 

6 a — 6 b = — sin cot H—sin 3w/ H—sin 5c ot • • • I, (40) 

* L 3 5 J 

and only odd sine terms are present in the wave, these terms 
diminishing in amplitude in inverse ratio to their frequencies. 



Fig. 111. —Saw-toothed Wave of Fig. 215 Crudely Represented by Funda¬ 
mental Component Alone {A), but More Nearly Approached When Second 
and Third Terms Are Added ( B ). 


The telegraphic wave en is thus (Fig. 214), adding the direct 
current voltage Eji, represented by the series 


6 D 


E iE r . i . i . 

= — -|-1-sin cot + - sin 301/ + jsin $cot + 
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The manner in which a series of, the types discussed 
approaches the complex wave as successive terms are taken 



Fig. 223.—Illustrating How Complex Waves Are Built Up as Successive 
Terms of a Series Are Added. ( A ) Fundamental Frequency, Third and Fifth 
Harmonics (Sum Is Dotted). ( 5 ) Residue of the Square Top Wave above 
Fifth Odd Harmonic. (C) First Fifteen Odd Sine Terms of a Fourier Series. 

into account is brought out in Figs. 222 and 223. The saw¬ 
toothed wave of Fig. 215 which is but crudely represented in 
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Fig. 111A by the fundamental component alone, is more closely 
approached in Fig. 111B , in which the second and third terms 
have been added. Again in Fig. 223^, the fundamental 
frequency and the third and fifth harmonics (whose sum is 
shown by the dotted line) afford a fair approximation to the 
rectangular wave of Fig. 220. This shows why the trans¬ 
mission, in telegraph practice, of the third and fifth harmonics 
usually leads to a satisfactory approximation to a series of 
telegraphic dots. The residue of the rectangular wave above 
the fifth harmonic is expressed by 

lE r 1 . 1 . , 1 

— - sin 7 «/ + - sin out +•••!, 

7T l_7 9 -I 

and is plotted in Fig. 22 3B. Obviously, the high frequencies 
which are not ordinarily essential for satisfactory telegraphic 
transmission, determine almost entirely the sharp changes in 
slope, and would have to be transmitted if steep wave fronts 
were required. Fig. 223C shows the form of the wave given 
by the fundamental of the series and the various harmonics 
up to and including the fifteenth. 

A more exact analysis of telegraphic waves which are not 
of steady-state form may be had by means of Fourier Integral 
Methods. The wave of Fig. 220 is merely an approximation 
to certain possible combinations of telegraphic signals. 



CHAPTER XI 


Resolution of Transient Waves into Frequency Com¬ 
ponents by Fourier Integral Analysis 

The discussion in Chapter X of waves which may be 
resolved by means of Fourier series has assumed a perfectly 
steady state to exist, i.e., it has assumed the voltage or 
current waves to have persisted in their regular recurrences 
for an indefinitely great period, so that all transient effects 
due to starting impulses might completely die out. It has 
furthermore assumed that decay of the signal has not yet set 
in so that, so far as can be told from the portion of the wave 
available for examination, the wave is likely to persist for an 
indefinitely great period. Only under these circumstances 
can a Fourier series exactly express the composition of a 
voltage or current wave. Yet waves must start up and 
eventually die down, so that Fourier series analyses do not 
tell the complete story. On the other hand, they afford us a 
basis for approach to a treatment of the transient state. 
By means of this approach to transient waves, we shall find 
that transients are themselves composed of numerous com¬ 
ponent steady state waves. These will generally be in¬ 
finitesimal in magnitude, but there may be present a com¬ 
ponent for every conceivable frequency. That is, the energy 
of the waves will reside in continuous frequency bands of 
possibly great width, instead of residing in individual > isolated 
frequencies. This conception of transient waves as containing 
continuous bands of steady-state frequency components is 
important in connection with the theory of transmission net¬ 
works used in earlier chapters, and justifies the steady-state 
character of the theory given there. 

Consider first the sudden application to a circuit of a 
steady-state direct-current e.m.f. The voltage (Fig. 224) act- 
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ing on the circuit is zero (or non-existent) until the time of 
application of the voltage (used here to locate the origin 
of coordinates) and for all subsequent moments has a steady 
value E. As far as resulting currents and voltages in the 
circuit are concerned, the circuit is subjected to a transient 
voltage wave. If now an expression for this wave can be 
obtained in terms of steady-state e.m.f.’s of various fre¬ 
quencies, a solution of the current and voltage conditions in 
the circuit may be had in terms of these steady-state e.m.f.’s 
and of steady-state parameters (such as impedances) of the 
circuit. 

§ 69. Method of Analyzing Suddenly Applied D.-C. Voltage Wave 

The suddenly applied e.m.f. of Fig. 224 may be resolved 
into two component waves, one a perfectly steady-state 
direct-current e.m.f. of value + Eji and the other - an e.m.f. 



Fig. 224.—A Suddenly Applied Fig. 225.— Fig. 224 Is Composed of 
D.-C. E.M.F. This Wave Plus a D.-C. Voltage of 

Value El 2. 

which has had the steady value — Ej 2 for all moments 
prior to the time t = o and which for all subsequent moments 
will have the value + Eji . According to this division, all 
of the transient properties of the wave of Fig. 224 reside in 
alternating-current components. This is to be expected from 
the nature of the direct-current component. 

As one method of analyzing the wave of Fig. 225, let us 
go back to the rectangular (telegraphic dot) wave of Fig. 220 
of Chapter X. The Fourier series for this wave was given by 
(42) of that chapter. We may more briefly write the series in 
a summation form, denoting instantaneous values of the e.m.f. 
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by e' and the fundamental angular velocity by co 0 as follows: 
, iE 1 . 

e — Xj — — sin ncj °* ( n 15 an °dd integer ), (1) 

indicating the summation of an odd sine series in which the 
coefficients are inversely proportional to the frequency of the 
components. The magnitudes of the coefficients, relative to 
that of the fundamental , are plotted in Fig. 226. 



Fig. 226.—Magnitudes of the Coefficients, Relative to the Fundamental 

of Equation (i). 

If the fundamental period of the wave be T 0 , then 


and therefore 



(2) 

( 3 ) 


Now suppose the time T 0 to grow longer. The funda¬ 
mental frequency f 0 = i/T 0 becomes correspondingly smaller, 
and the frequency of each component of the series also decreases , 
but the relative amplitudes of the components remain unaltered . 
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With To considerably increased, the frequency spectrum 
changes from that of Fig. 226 to that of Fig. 227 but, while the 
amplitude of any wth component is undiminished, the com¬ 
ponents in the neighborhood of any arbitrarily selected value of 
frequency diminish in amplitude in the same proportion as fo 
is reduced. On the other hand, the components become more 
and more closely packed together in the frequency spectrum, 



Fig. 227. —Same as Fig. 226 but with the Fundamental Period 
Considerably Increased. 


the interval 2/0 between them growing smaller as / 0 grows 
smaller. The wave form of the rectangular wave for lengthen¬ 
ing values of To is shown in Fig. 228. (Here the curves are 
plotted against t rather than against coot, because co 0 is being 
decreased.) As To is indefinitely increased, the time interval 
T0/2, prior to time t = o, which has elapsed since the last 
change in e occurred, and the equal interval which will be 
required subsequent to time t = o before the wave will 
reverse itself, become indefinitely large. For finite periods 
of time, therefore, such as those required for signal trans¬ 
mission, the wave will simulate that of Fig. 225. In the limit, 
when To is infinitely great, the two waves will be identical. 

But from equation (1) the maximum amplitude of the 
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nth component is always 


2 E 
7r n 


When T is infinitely large, f 0 is differentially small and 




(4) 


(The differential df is taken as 2/0 because that is the 
interval between successive component frequencies.) 


^ s. 

-tr— — — -1 

" ~i — — — -----■-— - L FIRST VALUE OF T 0 

— J -E - - - 


-n 


—ip? 


-To. 
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I_MULTIPLIED BY 2 



e' 

To 
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t 
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MULTIPLIED BY 4 


MULTIPLIED BY 6 


Fig. ii 8.—Wave Form of a Rectangular Wave for Lengthening Values of T 0 . 


Since any harmonic frequency / is 


we have 


/ = n U 

n f if 


( 5 ) 

( 6 ) 


Substituting ( 6 ) in the expression for the maximum 
amplitude of the wth component. 
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The summation of the components now becomes the 
summation of the lengths of an infinite number of lines spaced 
infinitesimal distances apart and infinitesimal in height. 



Fig. 229. —Maximum Amplitude of wth Component of Equation (i) Is Given by 

E 1 

the Differential Area df Wide and-High. 

*■ / 


The value of each coefficient may equally well be represented 

1 E , 

by a differential area df wide and -- -7- high under a curve of 

7T J 

Ei 

— j plotted against frequency (Fig. 229). The instantaneous 
amplitude of each component is, on this basis. 


, . Edf 
(sin (at) -— 

* J 


and the sum of all the components—the instantaneous voltage 
e '—is given therefore by 



(8) 
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Expressing (8) completely in terms of co, the wave of 
Fig. 224 is given by 

E z'* 00 1 

e' — — I — sin cot dca. (9) 

t Jo co 

This integral (9) is called a Fourier integral . Note that 
it is not integrated with time as a variable but, for any instant 
of time , integrates the contributions to the wave e r which are 
made by components of all frequencies acting in concert , the 
coefficients of the latter varying as in (7). Note also that 
in any unit distance along the frequency scale there are an 
infinite number of frequencies and that along the frequency 
scale there are an infinite number of such unit distances, 
but that each frequency component has an amplitude differ¬ 
entially small: 

E 1 

die') =-sin oitdo3. (10) 

7T 03 


Since Fig. 224 is composed of Fig. 225 superposed upon a 
steady d.-c. voltage of value E/2 the complete expression 
for the suddenly applied e.m.f. of Fig. 224 is 


E E r 1 . 

e -- 1 - I — sin ootdoi. 

2 IT Jo 03 


(11) 


The significance of this expression is that in a network 
to which e is applied, the infinitesimal currents (or voltages) 
of each particular frequency may be found from the steady- 
state properties of the network at that frequency, in the 
usual manner, and the total voltage between any two points, 
or the total current at any point, obtained by summing up 
the infinitesimal currents (or voltages) of all frequencies by 
an integration. 

In order to transmit the wave of Fig. 224, maintaining an 
extremely sharp wave front, we should have to transmit a 
very wide band of frequencies extending, in general, from zero 
upwards. The matter of transmitting the transient wave of 
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Fig. 224 is thus a matter of the transmission of a continuous and 
perhaps wide band of frequencies. On the other hand, we 
notice that no physical system can be constructed with sufficient 
selectivity to select any one component 1 out of the frequency 
spectrum for Fig. 224. and that if this were possible , the system 
would abstract only an infinitesimally small voltage. The most 
that any sharply selective network can do in this direction is 
to select out of the frequency spectrum a narrow band of 
frequencies , which includes an infinite number of components 
because of the finite width of the band. 

We may observe how the voltage wave of Fig. 224 suddenly 
changes its value at time t = o. The change, of course, is all 
included in the portion of the wave (Fig. 225) represented by the 
Fourier integral equation (9). The amplitude of each com¬ 
ponent wave at time t = dt is, from (10), 

E 1 

[d(e')~]t=dt — -sin (co dt)dw, 

7r co 

but since the sine of a small angle is equal to the angle, 

E 1 

rd(e')l t =dt — - wdtdfti 

7r co 

E 

= —dtdw (12) 

7r 

and is independent of frequency. That is, all components in 
the wave of Fig. 225 contribute equally to the suddenly built up 
voltage at time t = dt, the greater rate of change of electrical 
angle of the high frequency components offsetting their smaller 
maximum amplitudes. This is very similar to the situation 
for the building-up process of the rectangular wave of Fig. 220, 
Chapter X, where all components were similarly in phase 
(zero phase angle) at the time of building up and contributed 
equally to the sudden change in voltage value. 

1 By a component frequency is now meant the differential frequency range from 
f — df, to/ 4- df. 
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An alternative method of analyzing the voltage wave of 
Fig. 224, which leads to the same results, is the following: 


§ 70. Alternative Method, of Analyzing a Suddenly Applied, D.-C. 
Voltage Wave 

The saw-toothed wave (Fig. 230) of maximum amplitude 
E y is expressed by 

EE/ 1 1 \ 

e =- 1 -( sin co(/ + ~ sin 2 coo/ + ~ sin 3 <o</ +•••), (13) 

2 TT\ 2 3 / 

using/o = icq/itt as the fundamental frequency. 


e 



Fig. 230. —Saw-toothed Wave Composed of a Direct Current Component Eli 
and the Alternating Component Expressed by (14). 


The wave is composed of a direct-current e.m.f. £/2 
and the recurrent voltage wave 


E / . 1 . 1 . 

e' = — ( sin coot + ~ sin 2cd</ + - sin 3«</ + 

TT \ 2 3 

which may be more briefly written 


), (14) 


p n=cc j 

e' — — Y) - sin (all harmonics included). (15) 

TT n =in 


If, as before, we let To be the fundamental period, then 

2ir 


co 0 = 2irf o = 


To’ 


(16) 


t 


03 (jt — 2 IT 


To 


(17) 


and 
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Suppose the time To to grow longer. The frequency 
becomes smaller, the frequency of each component decreases 
and the amplitudes of the individual components remain 
unaltered. With increasing values of To, the wave of Fig. 230 



VALUE OF To IN FIG. 230 
MULTIPLIED BY 2 

MULTIPLIED BY 4 

MULTIPLIED BY 16 

MULTIPLIED BY 64 


Fig. 231. Showing the Form Which Fig. 230 Takes as To Grows Longer. 


changes as shown in Fig. 231. When T 0 is infinitely large, the 
wave becomes that of Fig. 224. In this latter case. 


— =/ 0 = dj 

and the value of n is given by 

£ = /o = #. 

n f f * 

The amplitude of the nth. component is 

E_ _Ed£ 
irn 7r f ’ 5 


(18) 


(19) 


(20) 


which is the same value as that obtained in (7). The presence 
of the even sine terms, doubling the number of frequency 
components and halving the differential frequency interval, 
offsets the smaller coefficient {Ejv as compared to iE/t) of 
the whole series. The amplitude (20) may be represented by 
E 1 

an area df wide and-7 high, as before. The instantaneous 

T J 
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amplitude of each component is 

(sin at)—-y, 

* J 

and the instantaneous value e’ of the summed series of com¬ 
ponents is 

Jo 7T 


7 


A f 00 I . 

= — I 7 sin atdf 

7T Jo / 

E r™ 1 . 

= — I — sin at da 
it Jo a 


(21) 


Hence the entire wave of Fig. 224 is, by this method, 

E E r» 1 . , . . 

e = -j- — I — sm at da. (22) 

2 7r Jo a 

which is the expected result. 


§71. Physical Aspects of the Fourier Integral Method 

We may pause a moment here to consider some physical 
aspects of the expression (11) for a suddenly applied voltage. 
The wave illustrated is of extremely common occurrence 
(although idealized here). Waves of this type are engendered 
merely by the sudden closing of a switch in a circuit. Yet it 
is a striking fact in connection with expression (11) that it 
postulates a static condition, prior to time / = o, during 
which the effect of a steady voltage EJi is counterbalanced 
by the sum of the effects of infinitesimal electromotive forces 
of every conceivable frequency, in definite phase relationships. 
This would seem to mean that a foreknowledge of the fact 
that the steady voltage was to be applied at time t = o must 
have been available in order that the infinitesimal voltages be 
set up in the proper phase relationships. 

The answer lies in the fact that the static balance exists 
for all finite values of negative time, and consequently the 
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components would have to be set up at an infinitely distant 
time in the past in order to insure this balance as well as 
the abrupt change at time t = o. In other words, steady- 
state e.m.f.s are not things which may be “set up.” Speak¬ 
ing exactly, they do not exist physically. Those waves 
which we are accustomed to regard as steady state waves are 
merely approximations which it is permissible to idealize due 
to the fact that considerable time has elapsed since transient 
effects were readily observable in them. It is extremely 
convenient to regard them as steady-state waves, par¬ 
ticularly where methods of measurement or computations are 
facilitated, but sight of this approximation should not be lost 
in interpreting analyses of transient waves into steady-state 
components. 


§ 72. D.-C. Voltage Wave Suddenly Applied at Time Other than t = o 

When a wave is similar in form to that of Fig. 224 except 
that its sudden assumption of the value E takes place at 
time t = T rather than at the arbitrary time t — o, the 



Fig. 232.—Suddenly Applied E.M.F. Taking Place at t = T. 


expression for the wave is but slightly different from (11). 
If we substitute in the latter the value t — T in place of 
/as a variable, we move the origin of coordinates, resulting in 
the wave of Fig. 232. We have then 


r rL t * 00 I 

= —|-I —sin <a(t — T)dca 

2 7 r J 0 ca 

E E r™ 1 

--1-I —sin (cat — 6 )dca • 

2 t J 0 ca 


(23) 
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The angle 0 in (23) is independent of time, but is proportional 
to frequency and to the period T elapsing after time / = o and 
before the wave builds up. That is, 

8 = coT = iir/T. ( 2 4) 

Therefore each component of the wave must be retarded in 
phase by an amount given in (24) in order that the wave shall 
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Fig. 233. —Portion of Wave of Fig. 232 Given by the Integral in Equation (23). 

suddenly build up at time t = T. The portion of the wave 
of Fig. 232 given by the integral in (23) is shown in Fig. 233. 

§ 73. Sudden Decay of a D.-C. Voltage Wave 

When an e.m.f. which has been forcing current into 
and through a network ceases to act, the curves expressing 
the decay of the e.m.f. and the currents and voltages it has 
established, follow the same laws as the curves expressing 
their rise. We may regard the sudden cessation of an e.m.f. 
as having the same results as the introduction into the circuit, 
at the time of cessation, of a subsequently equal and opposite 
e.m.f. By the Principle of Superposition , the currents and 
voltages during the period of decay will be the sum of the 
respective currents and voltages which the e.m.f. (if con¬ 
tinued in time), would have caused, and the respective 
currents and voltages which would have been due to an equal 
and opposite e.m.f. 

For example, the e.m.f. of Fig. 234 which, having had 
the steady value E prior to time t = T, suddenly ceases, is 
equal to a perfectly steady state e.m.f. of value + E\i minus 
a wave which, having had the value — Ej 2 prior to time 
/ = T y subsequently has the value + Eji. But the latter 
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wave is the varying portion (23). Hence for the wave 
of Fig. 234, 

E E r*> 1 . 

e = T “ ~ I —sin ((at — d)doo > (25) 

^ TV */q C 0 

where 

6 = cot = iirfTy (26) 

as before. Or we may obtain (25) directly by regarding the 
wave as made up of a steady state e.m.f. E /2 added to an 
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Fig. 234.—Wave Represented by Equation (25). 


a gg re g at i°n of infinitesimal waves all of which come into 
phase at the opposition angle tt at time t = T. That is, 
^ from (25), 

£ E r*i . 

e =—|— I —sin (to/ — 0 ± kir)dco } (27 

2 ttJq co 


r~T=r 


:C where k is any odd integer. 


p IG _ Branch § 74- Transient Current through a Resistance 

ComposedofResistance and* Condenser in Terms of Steady—State Im~ 
in Series with Capac- pedances 

ity to Which a Wave e ' il¬ 
ls Suddenly Applied. As an example supporting the fore¬ 

going methods of analyzing suddenly ap¬ 
plied voltage waves, let us suppose the direct current voltage 
of Fig. 224 to be applied to the network of Fig. 235, and de¬ 
termine the resulting current flow. 
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The admittance of the network at any frequency is given by 

]_ 

i_i R t co*? 

= 4- 


(28) 


R-j 


coC 


R 2 + 


CO' 


<? 2 


£ 2 + 


co 2 *? 2 


Because of the infinite impedance of the network at 
zero frequency, the d.-c. term of equation (11) will cause no 
steady-state current to flow. We may therefore neglect it in 
determining the transient current. 

The infinitesimal current which at any frequency / will 
flow through the impedance of the network, due to a voltage 

E 1 

d(e) =-sin co/c/co 

7r co 

is (taking the operator j to require the use of cos co/ instead 
of sin co/, i.e. to involve a phase shift of x/2 radians) 


d(i) = = 


R 


E 1 . . 

-sin co/czco 


R 2 + 


T CO 


CO 2 *? 2 


+ 


I 

coC 


E 1 


R 2 


X CO 


cos co/c/co. (29) 


co 2 *? 2 


The two component differential currents in (29) are simply 
those which, at any frequency /, would flow through the 
equivalent parallel resistance and condenser network. 
Integrating, 


T 


r 

t/0 


R 


R 2 


— sin co/c/co 
co 


co 2 *? 2 


+ 


J /»oo 

0 


I 

coC 


R 2 


-COS co/c/co 

I CO 


(30) 


co 2 *? 2 
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The first integral may be put into the form 


£ 00 


RCo) 


I + (RC co) 2 
which is of the type 


sin 




i r™ x . 

— I —-—- sin mx ax, 
RJo i + x 2 


where m = t/RC and x = RCu, and as a definite integral from 
o to oo it will be found (see bibliography for tables of integrals) 
to have the value 


T 

2 R' 


2 R e 


—tIRC 


(30 


Hence the first term of the current i\ is 

E 


11 2 R e 


-t/RC 


(32) 


Similarly, the second integral may be put in the form 


1 

R, 




/»oo l 

Jo i + ( RCo j ) 2 

which is of the type 

I -- cos rnxdx, 

Jo 1 + 


1 

R, 


where m = t/RC and x = RCco and as a definite integral 
between o and 00 has the value 


7T 

2 R' 


—tlRC 


Therefore the second term of the current equal to the 
first, is 

E 


H 2 R e 


— t/RC 


( 33 ) 


and the total current is 


E 
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Now, this is the well-known expression for the current 
through a condenser and resistance due to a suddenly applied 
direct-current e.m.f. However, it has been derived in terms 
of the steady-state properties of the network and the applied 
voltage. It has involved, in varying degree, the steady-state 
impedance of the network at every conceivable frequency. 

It may be added that (34) holds only for positive values 
of time t y subsequent to the sudden change in applied voltage. 
There is a particular significance in the addition of two 
equal currents i x and i 2 of (32) and (33) to obtain the total 
current. For, the current i x is obtained by the integration 
of a sine function and necessarily has for any time — / a 
value equal and opposite to that possessed by it at time t. 
On the other hand, i 2 is obtained by the integration of a 
cosine function and its values at times t and — t are identical. 
Consequently the static condition of zero current at times 
prior to time / = o is accounted for by the mutual cancellation 
of the two currents, i\ and i 2 . 

§ 75. Composition of a Single D.-C. Pulse Wave 

The analyses in sections (72) and (73) of suddenly started 
and suddenly stopped d.-c. voltage waves provide the relation¬ 
ships required for expressing 
the frequency content of a 
single d.-c. pulse wave such 
as that of Fig. 236. 

The wave contains no 
direct-current component but is 
the sum of two varying waves 
of the types of Fig. 233 and 
the variable portion of the 

wave of Fig. 234, respect- Flo . ^.-Single Pulse Wave. 
ively. One wave changes 

from the values - Ej 2 to + El2 at time t = TV The other 
changes from + Ej 2 to - Ej2 at time t = 7 V Therefore 
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we have 
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T ' +T y«. 

(37) 


This leads to a conclusion which could have been partly 
anticipated. If the origin of coordinates had been set corre- 

T -f- T i 

sponding to the time / = the wave would have 

been symmetrical about the voltage axis and so must have 
been composed of cosine components. However, the coeffi¬ 
cients of the components are altered, with respect to those of 
(23) or (25), in that they are multiplied by the factor 

T 2 - Ti 

2 sin to-- 

2 

Suppose we take as a reference frequency that for which 
T t — Ti is a half-period. If this be called/ 0 , then 



1 

^ ~ 2 (r 2 - to ’ 

(38) 

or 




1 

II 

<1 - 
O 1 

(39) 

whence £ 

1 factor obtained by substituting this frequency in 

( 37 ) is 

# - 



.7 r / . tt co 

2 sin — 7- = 2 sin — — • 

( 4 °) 


2/0 2 co 0 
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This factor is plotted in Fig. 237, and if its value at each 
frequency be multiplied by the factor Eduliro) we obtain 
in Fig. 238 the curve of the product of the two factors, 

E doi ( .7 r a) \ 

-( 2 sin-|, 

7 T W \ 2 0 ) 0 / 

which is an expression of the coefficients of the cosine com¬ 
ponents of (37). (Fig. 238 is for a particular value of E and 



shows only relative magnitudes.) The product may also be 
written 



We see then that, strictly speaking, the transmission of a 
d.-c. pulse wave (such as a telegraphic pulse wave or similar 
waves in telephotography) is a matter of transmitting a 
continuous band of frequencies. The relative magnitudes of 
the frequency components present in a series of dot and dash 
signals will of course differ from those in (37), since each 
pulse will by its length and time of occurrence fix the relative 
magnitudes and phases of its components. If/ 0 be taken as 
the fundamental signalling frequency (this will vary with 
the length of the pulses) we see that it is in the neighborhood 
of those harmonic frequencies which were important in the 
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Fourier series rectangular wave (Chap. X) that the larger 
components are found. At ifv, 4/0, etc., the even harmonic 
frequency components which were absent in the steady- 
state wave become zero. In the vicinity of/ 0 , 3/0, 5 /o> etc -> 
the components are relatively large. A circuit whose steady- 



Fig. 238. —Curve Showing the Maximum Amplitudes of the Cosine Terms of 

Equation (37). 

state characteristics indicate that it transmits /o, 3/0, and 
5/0 efficiently in a band, but attenuates 7/0, when subjected 
to a single pulse of the type of Fig. 236 will ordinarily transmit 
the three continuous bands of components shown in Fig. 238, 
although perhaps not entirely without distortion. 


§ 76. Distribution of Frequency Components for a Series of Telegraphic 
Dots 

Having secured expressions which indicate the frequency 
content of single d.-c. pulses, through the medium of a 


rh 




Fig. 239.—Steady-state Rectangular Wave. 


Fourier series expression for a steady-state rectangular wave, 
it is interesting to consider a train of such pulses and to see 
how the continuous bands of frequency components required 




















FREQUENCY CONTENT OF TELEGRAPHIC DOTS 421 


for a single pulse tend to revert to isolated finite harmonic 
components characteristic of a Fourier series wave. 

We shall use as a basis of comparison the rectangular 
wave of Fig. 239. By the methods used in Chapter X, its 
Fourier series expression may be -derived with the following 
results: 

EE 

e — —I—(cos \ cos 3coo/ + i cos 5coo/ +•••)> (41) 

2 ^r 

where/ 0 = gj 0 / 27 t is the fundamental frequency. 
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Fig. 240.—Displaying the Magnitudes of the Coefficients of (41). 


The coefficients of the components at the frequencies o, 
/o> 3/0, 5/oj etc. are 


E E 


E_ 

3 71 " 



and are plotted in Fig. 240. We may note that these coeffi¬ 
cients are in the same ratios as those of the infinitesimal 
components, at the same frequencies, in a single d.-c. pulse 
(see Fig. 238). 
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Consider now a single d.-c. pulse timed to occur as shown 
in Fig. 241. From ( 37 ), it is given by 


E r* 1 / . T\ 

e = — I - 1 2 sin 03 — J cos o3tao > 

7T Jo 03 \ 4 / 

E r* 1 / . x / \ . 

= — I — I 2 sin 7- I cos o 3 tao 3 

IT Jo 03 \ IJo ) 


( 4 2 ) 


(where T/2 = Tt — T\ is the period of duration of the pulse) 



e 

E 

C 

— 



1 

T 

5 "^ 

t 


Fig. 241. —Single D.-C. Pulse Timed to Occur as Shown. 


e 

E 



Fig. 242. —Number of Pulses of Fig. 241 Increased to Three. Equation of 
This Wave Is Given by (43). 


and the components of the pulse are, of course, distributed 
as in Fig. 238. 

Suppose the number of pulses to be increased to three, 
spaced as shown in Fig. 242. This train of pulses has the 
instantaneous amplitude 



X [cos C*>(/ + T) + COS 03t + COS 03(t — T)’]do3 y 


( 43 ) 


since the factor of ( 37 ), 

T 2 - Ti .7r/ . T 

= 2 sin - 7- = 2 sin «—, 
2/0 4 


2 sin 03 


2 


( 44 ) 
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is the same for each pulse of the train, and the instant 

T2 d - T\ 

---°f (37) for each pulse corresponds to — T, o, and 

+ Ty respectively. 

From (13) of Chap. X we may write 

cos «(/ + T) + cos «(/ — T) = 2 cos cat cos wT, (45) 
and thus (43) becomes 


E r * 1 / . 7 r / \ 

e = — I — ( 2 sin — 7- ) (1 + 2 cos wi) cos coww 

ttJ 0 di\ 2/0/ 

E r*> 1 / . x / \ / / \ 

= — I — I 2 sin — 7- ){ 1+2 cos 2x7- ) cos wraco. 

xJo 2/0 /\ /o/ 


(46) 


This expression for the train of three pulses differs from 
(42) for one pulse in that the coefficients of the components 
are, for each frequency, multiplied by the value of the factor 


1 J 

1+2 cos 2x— • 

7 ° 

A graph of this factor plotted against frequency is given 
in Fig. 243^. If we multiply the amplitudes in this graph 
by those in Fig. 238, we obtain the relative frequency dis¬ 
tribution of components in the train of three pulses. This 
is done in Fig. 244, where the dotted line curve indicates 
the frequency distribution for a single pulse and the solid 
line the frequency distribution for a triple pulse. It is 
quite evident from Fig. 244 that the components in the 
vicinity of o,/ 0 , 3/0, 5/0, etc. stand out much more strongly 
than in Fig. 238, and that the components in other frequency 
regions are generally decreased. 

We may continue to increase the number of pulses in 
the train, with similar results. One more example will be 
used. Suppose the train to contain nine pulses instead of 
three, and assume the pulses to be spaced like those of Fig. 242. 
This will mean that 4^ pulses occur prior to time t = o and 4^ 
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pulses subsequent to it. We may regard the nine-pulse 
train as made up of groups of three, the central group being 
given by (46) and the others differing only in that we must 
substitute / + 3T for t in the first train, and t — 3T for / in 


the last. We have 



E r* 1 / . tt f \ 

e = — I -(2 sin- - ) 
ttJo co\ 2/0/ 

^ 1+2 COS ^ 

( 47 ) 

X [cos co(/ + 3T) + cos wt + cos oo(t — 3T)~\du. 


But 



cos oi{t + 3T) + cos «(/ — 3T ) = 2 cos cat cos «(3T); 

(48) 

whence 

£ fir . tt fi 

e = — I - 2 sin — 7 - 

tJo co L 2/0 J 

£1+2 COS 



X [1 + 2 cos go(3 T)] cos wtdco 


E r* 1 r . *■ /1 1 
= — - 2 sin - - 

TT Jo 0) L 2 /oJ 

£ I T* 2 COS 27 rjr J 

( 49 ) 


X 1 + 2 cos Sir ~ J cos co&/co, 

and the frequency distribution of the components differs from 
that of the three-pulse train only in that the components are, 
for each frequency/, multiplied by the factor 

1+2 cos 6irj- • 

J 0 

This factor is identical with that illustrated in Fig. 243^ for 
a three-pulse group, except that it alternates three times as 
rapidly with changes in frequency (Fig. 243 B). Applying the 
factor to the graph of Fig. 244 we obtain the graph of Fig. 245, 
which shows the frequency distribution of components in a 
nine-pulse wave. 

There are two important observations which may be 
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made concerning the curve of Fig. 245. First, the greater 
amplitudes of frequency components in the vicinity of odd 
multiples of/ 0 , as compared with those of the single pulse, 
are made possible by the larger amount of energy contained 
by the nine pulses (the amplitude of the pulses having been 



Fig. 245. —Frequency Distribution of Components in a Nine-pulse Wave. 


kept constant as their number increased). The increase in 
amplitudes of components takes place, practically speaking, 
only in those bands grouped about the odd harmonic fre¬ 
quencies. The maximum amplitudes of such bands are 
proportional to the number of pulses. As a general rule, 
amplitudes at other frequencies are decreased as the number 
of pulses is increased. 

Second, comparing Figs. 238 and 245, we see that the 
width of each frequency band becomes smaller in the same 
proportion that the number of pulses is increased. Therefore, 
in the limit, these bands will become infinitesimal in width 
and the amplitudes of components at the odd harmonic 
frequencies become finite instead of infinitesimal. Thus, in 
the limit, a steady-state wave composed of such pulses is repre¬ 
sented by a Fourier series , and the Fourier integral expressions 
revert in form to a Fourier series. 
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§ 77. Example of Fourier Integral Analysis—the Aperture Distortion 
Effect in Television and Telephotography , and its Correction 
by Means of Networks 

As an illustration of the uses to which Fourier integral 
analyses of the distribution of frequency components in 
transient waves may be put, let us consider a type of distortion 
of transient waves which occurs in the optical portions of 
systems of television and telephotography. 2 This defor¬ 
mation is caused by the fact that the aperture, through which 
a photoelectric cell receives illumination, must have a finite 
width. In view of our previous knowledge of the steady- 
state characteristics of various types of networks, we may 
observe how this type of distortion is corrected. In Fig. 202 
of Chapter X, it was shown that when light reached a photo¬ 
electric cell, the e.m.f. generated by it, when a sudden change 
in illumination occurred, was built up less suddenly and the 
wave form was changed. While the optical arrangement used 
may be of various kinds, in each case where an aperture is 
used, there exists an effect similar to the following: 

The voltage produced by the cell is proportional to the 
total illumination passing through an aperture from an 
illuminated scene. If the scene be fixed in location and the 
aperture moving, a change in illumination at the portion of 
the scene being “scanned” will not cause as sudden a change 
in the total illumination of the aperture. The complete 
change in intensity will be shown only after that interval of 
time has elapsed which is required for the aperture to pass 
completely by the line in the scene at which the change in 
intensity occurs. For a square aperture, the total illumi¬ 
nation will build up uniformly during this interval and the 
photoelectric cell will produce an e.m.f. similar to that shown 


2 This type of distortion is thoroughly discussed in a group of five papers com¬ 
prising a symposium on television published in the Bell System Tech. Journal, October, 
1927. The effect was also pointed out in the paper “Transmission of Pictures over 
Telephone Lines” by Ives, Horton, Parker and Clark, Bell System Tech. Journal, 
April, 1925. 




COMPOSITION OF TRANSIENT WAVES 


428 

by the solid line of Fig. 246, instead of the desired ideal e.m.f. 
shown by the dotted line of that figure. Here, T' is the 
interval between the times at which the front and rear 
edges of the aperture pass by the line on the scene marking 


< 

£ 

»—T^-*J 

7 

Fig. 246. —Illustrating How the ] 

t 

E.M.F. Builds Up when a Square Aperture 


Passes before a Photoelectric Cell. 


the change in illumination intensity. The effect of this 
distortion of wave form is: (a) to lessen contrast in the 
reproduced scene and (b) to cause a slight delay in formation 
of this reproduced scene. 

Subtracting a direct-current component of value Eji from 
Fig. 246, we have Fig. 247, and we notice that a delay of Tj'i 
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Fig. 247. —Result after Subtracting a D.-C. Component of Value E / 2 from 

Fig. 246. 

seconds occurs in the formation of the distorted wave, if we 
have reference to the point at which the distorted wave 
reaches half of its maximum amplitude. Displacing back the 
distorted wave by this constant time interval (Fig. 248), 
since a small delay in picture formation is not inherently 
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objectionable, we may compare the rates of building up of 
the two waves. 

We have now to compare the frequency distribution of 
components of the two waves so as to interpret the distortion 



Fig. 248.—Fig. 247 Displaced Back by an Interval of T'/i . A Small Delay 
in Picture Formation Is Not Inherently Objectionable. 

from a steady-state point of view. We have the distribution 
of the ideal wave from equation (21). We may obtain that of 
the distorted wave of Fig. 248 from the steady-state Fourier 
series wave of Fig. 249 by letting the fundamental period of the 



Fig. 249.—Steady-state Fourier Series Wave from Which Fig 25 Is Derived 

wave become infinite, while maintaining the interval T'(i 
constant. 

The value of the coefficient of any nth component, E na) 
of this wave is given by (20) of Chapter X. The components 
are, by inspection, odd sine terms and we may write, using w 0 
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for the fundamental angular velocity, 

4 C* 12 

E na = — J e sin ncoot d(coot). (50) 

y-, wo T r 

rrom coot = o to coot = ——— the value of e is given by the 

• , Et co o r 7r 

straight line e = and from co 0 T =-to cod = - the 

1 22 

value of e is Ej'i. Inserting these values and separating (50) 

into two integrals 

2 E r^T'12 2 1 . 2 £ 

Ena — — I 7=7Sin»coo/^(wo/) H-I sin ncorfd{coot). (51) 

TT Jo t IT Ju^ T >j 2 

Multiplying the numerator and denominator of 2 tjT' by w 0 , 
and since f x sin xdx ~ sin x — x cos x 

iE r 2 / 1 . 

Ana = — I —^71■ -= sin moot 


T \_(OoT'\n 2 


iE 2 1 . T' 

-T/ “1 sm WW 0- 

7 T COqT' n 2 2 

T' 

„ sin n w 0 — 

Q.E coo 2 


j \ u 0 t'/2 

— <o 0 t cos moot ) 

n A 

- (^c°s »io<A 1 


( 52 ) 


7T »W 0 T' 

»w 0 — 

2 

As the fundamental period of the wave is increased in¬ 
definitely, w 0 becomes dco/2 , because only odd harmonics are 
present in this Fourier series, and also since <0 = nco 0i the 
component at any frequency/ is, in the limit, for the wave of 
Fig. 248, 

T' 

„ sin co — 

27 _ E 1 2 , 

Ana “ 777) dco. 

IT CO 1 

•- CO — 


(53) 
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The instantaneous values of this wave are given by 


e 




sin cat d w. 


(54) 


This differs from (21) only in that the magnitudes of the 
frequency components are multiplied by the numerical factor 
within the parentheses. This is merely a case of amplitude 
distortion with frequency, since the phases of the com- 



Fig. 250. Showing How the Ratio of Output to Input Current in a 
Transmission Line Varies with the Frequency of the Current when (i) There 
Is Aperture Distortion at One End of the Line (4) There Is Distortion at 
Both Ends of the Line (3) an Equalizing Network Having the Characteristic 
Given by Curve (2) Has Been Inserted in the Line to Correct for Aperture 
Distortion of One End. 


ponents are relatively unchanged. The effect is the same, for 
the system, as if an ideal wave shape had been produced and a 
distorting network then inserted in the electrical portion 
of the system whose frequency characteristics were such that 
it reduced components at various frequencies by the numerical 
factor mentioned (Fig. 25o, curve 1), and which introduced 
no phase distortion of components. Because this is so, the 
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distortion may be corrected by inserting in the electrical 
circuit a network which reduces frequency components by an 
additional factor such that all are transmitted with equal 
efficiency (Fig. 250, curve 3), i.e., the system is equalized; 
provided such a network does not introduce considerable 
phase distortion. Assuming, in the illustration, that fre¬ 
quencies above an empirical value of 20 kilocycles need not 
be considered, we may obtain the current ratio characteristic 
of the equalizing network by dividing the ratio at any fre¬ 
quency into that, say, at 22 kilocycles, a frequency allowance 
being made for network design purposes so that some re¬ 
duction of current is permissible throughout the entire 
equalized frequency range. The current ratio characteristic 
required is shown by the curve 3 of Fig. 250. By the use of an 
equalizer having this characteristic, all frequency components 
are reduced alike to .56 of the value they would have if 
neither distortion nor equalization existed, but the pattern 
will be corrected. By the use of amplifiers, if necessary, 
the amplitude of the entire signal may then be increased as 
desired. Equalizers with approximately the desired electrical 
characteristics may be designed. 3 The degree of improve¬ 
ment in picture resolution which may be secured by correction 
of aperture distortion depends, of course, on the value of the 
interval T and the required frequency range of transmission, 
under any given conditions. Finally, similar aperture dis¬ 
tortion may occur at the receiving end of the system, as 
well as at the transmitting end, and may be similarly corrected; 
or if desired, both distortions (shown by curve 4, Fig. 250) 
may be corrected by the use of a single equalizer. 

We have in this method of aperture distortion correction 
a breaking down of a barrier due to physical limitations of an 
optical arrangement by a modification of the electrical circuit 
with which it is associated. 

3 See Chap. XVIII, “Transmission Circuits for Telephonic Communication,” 
by K. S. Johnson. Also see “Distortion Correction in Electrical Circuits,” by O. J. 
Zobel, Bell System Technical Journal, July, 1928. 
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§ 78. Wave Envelopes 

In the case of alternating current waves which exist for 
a limited period, we shall have occasion to make use of wave 
envelopes. These existed, in fact, with the direct-current 
forms we have discussed. The single d.-c. pulse, for example, 
had an envelope within which it acted like a steady state 
direct-current wave. The envelope, throughout the duration 
of the pulse coincided with the steady-state wave it modified. 
If the period of the pulse is lengthened, the envelope changes, 
but the steady-state wave does not. The train of nine d.-c. 
pulses, however, had an envelope similar in form to that which 
a single pulse existing for the duration of the train would 
have, and within this envelope, the train of pulses acted like 
a steady-state rectangular alternating-current wave. The 
envelope of a transient wave thus expresses its transient 
properties which require continuous band transmission. 4 

§79. Suddenly Applied^ Single-Frequency A.-C. Wave 

With regard now to the suddenly applied single-frequency 
alternating-current wave of Fig. 251, we may regard this 



Fig. 251.—Single Frequency A.-C. Pulse Wave of Maximum Amplitude. 

wave as formed by the modulation of a steady-state single¬ 
frequency wave of maximum amplitude E by a suddenly 
applied unit d.-c. voltage. If, subsequent to time t = o, 

4 It is frequently the case that any one of a number of curves might each be 
regarded as an envelope of a transient wave, assuming that within each of them the 
transient wave behaves like a steady-state wave. The same frequency distribution 
of components will in such cases be-obtained regardless of which wave is considered 
to be the envelope. 
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e = E sin «</ (/ > o), 

then for all moments of time the wave is given by 

e = EYsin co 0 /) ( - H— f —sin wtd coV (55) 

\ 2 7T Jo « / 

This expression contains three factors: the coefficient E which 
determines its maximum amplitude, the quantity sin 
which determines both its frequency and its initial phase angle 
within the envelope, and the expression 

1 1 r x 1 . 

—1— I —sin cotdco, 

2 tt J Q a) 

which determines the pattern of the envelope and the time of 
its occurrence. This expression we shall call the envelope 
factor . This envelope factor is a pure numeric but if multi¬ 
plied by a unit d.-c. voltage, expresses a d.-c. wave suddenly 
applied (at time t = o). 

e 

-w^ wwwv 

~ 2 

Fig. 252. —Difference Wave Given by the Two Integrals of Equation (57). 

The expression (55) for the suddenly applied a.-c. wave 
may be rearranged as 

E E p 00 1 

e — — sin oj(/+ —sin c c Q t I — sinco/^co, (56) 

1 TT Jo OJ 

in which form it evidently contains a perfectly steady single¬ 
frequency wave whose maximum amplitude is one-half the 
maximum amplitude of the complete wave and a difference 
wave which must have the form of Fig. 252. Note the corre¬ 
spondence between these component waves and those of a 
suddenly applied d.-c. wave. There is an important change, 
however, in the difference wave. It is now an even function 
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about the axis t = o, that is, it has identical values at corre¬ 
sponding positive and negative times. This indicates merely 
that it is made up of cosine components. If we rearrange 
(56) as follows: 


E E r® 1 

= — sin coo t 4-I —sin co</ sin wt dw 

2 7T Jo W I 

E E /*°° 1 

= — sin coo t 4-I —cos (co 0 — w)t dw 

2 ITT Jo CO 


( 57 ) 


E r™ 1 

-I —cos (co 0 4" w)tdw, 

27 t Jo co 


the fact is apparent. Had we assigned an initial phase angle 
to the steady a.-c. wave, we should have had some other 
sudden change (at time / = o) of a half cycle than that of 
Fig. 252. 

We may picture the terms of (57) by considering first, 
that a single frequency wave is modulated by a steady 
rectangular dot wave (see Fig. 214 and equation (43), Chapter 
X) and second, that the period of the dot wave is then made 
very long. We have for the single-frequency modulated wave 


[ 12/ 1 . 

—[— ( sin wit 4 - - sin 3001 / 

2 t r \ 3 

I . 

4 —sin Ccoi/ 4- • • • 
5 

EE E 

= —sin wot 4-cos (coo — w\)t -cos (coo 4“ &i)t 

2 7T 7T 

E E . 

4- — COS (co 0 — 3 CO 1 )/ — — cos (co 0 4- 3 W + 

E . 

= — sin coo t 
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)] 


4 -I" cos (co 0 — COI)/ 4 " - COS (co 0 — 3 w lV 4 - • • • 1 

7 T L 3 j 

- r cos (co 0 4 “ wi)/ 4- - cos (coo 4 - 3 uit) 4 - • ‘ *1 • 

7 T L 3 j 


(58) 
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The modulated wave thus consists of: 

(1) A perfect steady-state alternating-current e.m.f. of 
the impressed frequency and half the maximum amplitude 
of the impressed wave, corresponding, so to speak, to carrier 
wave modulation (see Chapter I). 

(2) An aggregation (infinite in number) of finite steady- 
state waves of frequencies which start at angular frequency 
03 q — coi and go down the frequency spectrum at intervals of 



2g>i, the positions being described by a > 0 — (in — 1)6)1, until 
(in — i)o)i exceeds o) 0 , when the frequencies (considered posi¬ 
tively) 5 increase by the same definite intervals of angular fre¬ 
quency until infinite frequency is reached. The amplitudes of 
the components of this spectrum decrease as the order of the 
modulating frequency; and these frequency components corre¬ 
spond to a lower sideband . 


6 In Figures 253 and 254 the continuation of the lower side-band below zero fre¬ 
quency has been “folded over” and is shown on the positive frequency scale. This 
is for the purpose of avoiding “negative frequencies.” It may be done because the 
cosine of a negative angle is equal to the cosine of a positive angle of the same magni¬ 
tude. If the terms had been sine terms, a minus sign would have been required when 
a negative frequency was replaced by a positive frequency for each term. 
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(3) An aggregation (infinite in number) of steady-state 
waves of frequencies which start at angular velocity co 0 + coi 
and go up the frequency spectrum at intervals of 2cui, the 
positions being described by co 0 + (in — i)coi, until infinite fre¬ 
quency is reached. The amplitudes of the components of this 
spectrum decrease as the order of the modulating frequency. 
These frequency components correspond to an upper sideband 
of modulation. 

Fig. 253 shows the maximum (positive) amplitudes of the 
three groups of components plotted on a typical frequency 
scale. 6 

Now suppose the time of duration of each train of waves, 
and the intervals between trains of waves, to grow longer. 



Fig. 254. —Relative Amplitudes of Components of (57) for Infinite Trains 

of Waves. 

i.e., the frequency of f x to grow smaller. The interval 
between components on the frequency scale of Fig. 253 grows 
shorter, and the components crowd together. The nth. 
component of either aggregation remains unaltered in ampli¬ 
tude but the amplitudes of the components in the region 
near any chosen finite frequency somewhat distant from / 0 
become smaller. 
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With the first train of waves infinitely long, coi = diaj 2 . 
The two infinite series of waves crowd close upon co 0 and 
the amplitude of the components at any finite frequency 
interval away from co 0 is only differential but every differential 
interval df = d^ji-K in the frequency scale is occupied by 
such a component. Fig. 254 shows the relative amplitudes 
of these components in a typical frequency spectrum, and it 
corresponds to expression (57). 

In Fig. 254 all components of the lower sideband have 
zero phase angle (considered as cosine terms) and all com¬ 
ponents of the upper sideband have opposition phase angles. 
We have so far used c0 for the components of the envelope 
factor. If we change (57) so that w corresponds to the 
actual frequencies of the components of Fig. 254, we have 6 


E , E r u ° 1 

e = — sin w 0 / H-1 -cose otdu 

2 1ttJ 0 w 0 — w 

E r* 1 E r*> 1 

H-I -;—cos atdo> -I -cos w/ dco 

ITJq W 0 -+- W 27T Juq w — w 0 

E . £ r w 0 

= — sin W(/ H-I —--- cos w/«w. 

2 7T Jo Wo — W 2 


(59) 


Considering the components summed under the integral 
sign, these differ from the components of the variable portion 
of a suddenly applied d.-c. wave in that they are cosine, 
instead of sine, terms and are multiplied by the factor 

WWo 

Wo 2 — w 3 



6 If we let 

— u>' = w 0 — w represent the lower side band frequencies below / = o 
but shown “folded over” on positive frequency scale, 

w' = w 0 — w represent the lower side band frequencies above/ = o, 

w" = wo + w represent the upper side band frequencies, 

then w = wo — w', wo + w', w" — wo and du = — </w', doe', do>" for the three parts of 
the curve. Putting these values in (57) and then dropping the primes we have 
equation (59). 
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The distribution of components of a suddenly applied 
single-frequency a.-c. wave is illustrated in Fig. 255 with the 
opposition components of the upper sideband indicated by 



Fig. 255.—Distribution of Components of a Suddenly Appued Single 
Frequency A.-C. Wave, with Opposition Components Indicated by Negative 
Coefficients. 


negative coefficients instead of positive coefficients as in 

Fig- 25 3 - 

§ 80. Sudden Single-Frequency A.-C. Pulse 

A sudden d.-c. pulse, starting at time t = 7 \ and ending 
at time t — was studied in section 75; its envelope factor 
is given by (35), 
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— f —[sin o)(t — Ti) — sin co(/ — Ti)~\d co. (61) 

IT Jo 0) 

We may obtain the expression for a sudden single-frequency 
a.-c. pulse (Fig. 252) lasting from t = T x tot= Ti and which 
within its envelope follows the curve 

e = E sin (coc/ + 0 ) (62) 

by multiplication, as follows: 

E /*°° 1 

e =— I —sin (co</+0)[sin co(/— Ti) — sin co(/—• T2)]c/co 
X Jo 03 

E /*°° 1 

= — I —cos [(co 0 — a )(t ~ Ei) + <pi\doa 
It Jo co 


--J 

p 00 I 

— cos 

[(««, 

+ 

co)(/ - 

- Ti) 

+ 

<Plld 03 (63) 

It J 

0 
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p 00 I 
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1 —1 
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_ 

03 ) {t ~ 

~ Ti) 

+ 

<pE]do 3 

It J 

0 « 






+ — I 

poo J 

— COS 

[(coo 

+ 

03 ) (t ~ 

~ Ti) 

+ 

^2j|<^C0, 

It J 

0 « 







where <p x = 6 + co 0 Ti, and ^2 = 0 + CO0T2. 

There are thus present two pairs of sidebands, one pair 
(involving Ti) causing the initial rise of the pulse and the 
other (involving T2) causing its cessation. 

If we wish to let co correspond to the actual frequency 
of a component of the wave,/ 0 — / or/ 0 +/ as the case may 
be, instead of a component of the envelope, we have 


= — r 

2 X Jo 


C0 0 


03 O' — CO 2 


cos [co(/ — 7 \) + <pC\do 3 


r 

It Jq 


(64) 


or 


E p°° co 0 . T 
= - I —- - 2 sin co 

TTJq 03q Z — 03* L 


0 COS [ 03(t — Ti) + <Pi~\do3 

] 


COq — CO 2 

Ti — Ti , <fi — tpi 


X sin 


K T 2 + ii\ 

'——] 


Ti + T\ \ , (pi + <P 2 


4 - 


2 J 


1 d03. 


( 65 ) 
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Here the magnitudes and signs of the infinitesimal fre¬ 
quency components obviously depend on the relation of the 
period of duration of the pulse T% — T\ to the period of 
the wave within the pulse envelope T 0 = iffo. The relative 
magnitudes of the components for a case where four complete 
cycles of the latter wave occur in the pulse are shown in 



Fig. 256. —Frequency Distribution of Components for Typical A.-C. Pulse 

Wave. 


Fig. 256. We see that in this particular case there happens 
to be only a differential component at the exact frequency/ 0 . 

§81. Alterations of Phases of Components—Delay in Envelope For v- 
mation 

Two simple cases of general changes of component phases 
in a transient wave may be mentioned here, because they 
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approximate conditions which are frequently encountered in 
comparing waves in various portions of an electrical circuit. 

(i) If all of the components of a wave are altered in 
phase by an angle proportional to frequency, the pattern of 
the wave is unchanged but the wave is delayed in formation 
by a definite time interval. If the angle by which the 
phases are altered is 

B = Tu >, (66) 


where T is a constant, then 


B dB 



( 67 ) 


is a period of time which, in this simple case, is equal to the 
envelope delay. 

This may be illustrated by referring to (59), the case of a 
suddenly applied single-frequency a.-c. wave. 

If we add (66) to all components, we have 

E . 

e — -sin w 0 \t + T ), 

2 

a delay of T in the formation of the envelope occurring. The 
wave within the envelope is shifted in time also, since all 
values of the wave are reached after a definite time. Relative 
to the envelope, the wave within it is not dislocated. 

(2) In a second simple case if all components of a wave are 
altered in phase by a constant phase angle 0, the envelope is 
unchanged but the wave within it is altered in phase or 
character. If the wave within the envelope is a single¬ 
frequency wave it is merely shifted by an angle 6 relative to 
the envelope. If it is a multi-frequency wave, each of its 
components is similarly shifted. 

(3) As a more general case, if the components of a wave 
are shifted by an angle 

B = Tw + 9 , (68) 

where 6 is a constant, the effects described in (1) and (2) both 
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occur. But in this case the time of delay is given by the 
slope of the phase curve, i.e.. 


but rather 


T 




03 


dB 

do) 


( 69 ) 

( 70 ) 


This third example, as a matter of fact, is typical of 
practically all important cases and for this reason the slope of 
a phase shift curve is to be taken as the time of delay of envelope 
formation. When distortion occurs so that the envelope pattern 
is not exactly reproduced it is still true that the slope of the 
phase shift curve in the important frequency range is approxi¬ 
mately equal to the time of delay of envelope formation. 

§ 82. Composition of an Entirely Transient Wave 

We come finally in our series of illustrations of transient 
wave compositions to the most general case. If a wave has 
an entirely transient form, as shown in Fig. 257, it may be 



Fig. 257. —Wave Entirely Transient in Form. 

considered as a single pulse of what, if recurrence existed, 
would be a steady-state wave expressible by a Fourier series. 
This is illustrated in Fig. 258, where the wave form of Fig. 257 
is repeated in steady-state fashion, the dotted line curve 
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indicating the envelope of the pulse. If the Fourier series 
wave is written briefly as 

* =/(') ( 7 i) 

(and its composition may be obtained by the methods of 
Chapter XI, its components being multiples of the funda- 


e 

E 



Fig. 258. —Wave of Fig. 257 Repeated in Steady State Fashion. 


mental frequency 1 /To) then from (37), the envelope factor 
of the “pulse” of Fig. 257 is 

1 f*°° 1 / • T 2 ~ Ti\ / T 2 +Ti\ 

— I — I 2 sin co- I cos co ( /-I aw (72) 

ttJo C0\ 2 / \ 2 / 

and the transient wave is completely given by 

1 r 1 ( • T 2 - Ti\ 

e — — fit) I — I 2 sin co- I 

ir J Jo co\ 2 / 


2 

X cos 
T 2 - Tt 


( T 2 + Ti\ 
•('——) 


c/co 


i r 10 1 / . 1 2 — 1 1 \ 

= — I — { 2 sin co- I 

TV JO 2 / 


( 73 ) 


( y __ y \ 

t -^-- jc/co. 


For each of the components of the Fourier series a com¬ 
plete “pulse” frequency spectrum will exist, as discussed in 
Section 80. The component of the transient wave at any one 
frequency will be the resultant of all the various components 
contributed to it by the various Fourier series terms. Which 
of these components are most influential in the resultant will 
depend on (1) the magnitude of the corresponding Fourier 
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series term and (2) the proximity of the frequency under 
consideration to the harmonic frequency of the Fourier series 
term. Such transient waves are an aggregation of waves 
which are special cases of the single frequency pulses of 
section 80 in that the period of duration of the pulse must 
be harmonically related to the (Fourier series) component 
waves within the envelope. 

§ 83. Example of Fourier Integral Analysis—Transient Current into 
a Line—Line Having No Dissipation but with Reflections at 
Both Ends 

We may now consider an example of the application of 
Fourier integrals to the expression of transient currents 
containing reflections. Let 
us determine the instanta¬ 
neous current which flows 
into the line of Fig. 259. 

Assume the distributed se- 
ries resistance and shunt "o w™. m ™ n™™. 

. rtf AT Both Ends 

conductance or the line to 

be negligibly small. Assume the generator impedance also 
to be negligible. The line is terminated at its distant end in a 
resistance R. We know (Chap. VI) the input impedance of 
such a line (between terminals 1-2) to be 

^ ^ R + Z K tanh P 

Zl2 = Zk Zk + R tanh P y (74) 

Z K being the characteristic impedance and P = A + jB the 
propagation constant of the line. Because there is no dis¬ 
tributed series resistance or shunt conductance, the attenu¬ 
ation is zero and 

P = jB = >VZC, (7 5 ) 

where L and C are the total inductance and total capacitance 
of the line. To simplify, we shall let 

VZc = T, 



Fig. 259. —Transmission Line with 


(76) 
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a constant, and later observe the meaning of T. 
with no dissipation. 



Likewise 


( 77 ) 


which is a constant resistance, independent of frequency. 
Now in (74), 


tanh P = 


p —p 

e — e 


+ €' 


( 78 ) 


Expanding (74), in terms of e p and and rearranging, we 
obtain 


Z 12 = R } 


R — Rk _ 2P 

R + Rk 6 

R Rk _ 2p 

R + Rk € 


(79) 


and the admittance Y12 is the reciprocal of (79). 
equation (79), 


R — Rk G — G k 
R + Rk G + Gk 


But in the 


(81) 


where G ~ — and G K = - 5 — , and p is used to simplify 
R Rk 

later expressions, p has the form of a reflection coefficient. 
Therefore the admittance may be written 

I _2P 

Yu — Gk -Z 2 p * (8 2 ) 

I — pe 

The fractional expression on the right in (82) may be 
expanded in series form as follows: 

= 1 + ia + id? + 2a 3 + * * *• (83) 

1 — a 
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Therefore 


Y12 = Gk + iGjtpt 2P + iGkp 2 £^ f 

+ 2Gxp 3 €" 6P + • • • 

= Gk + lG K pe- j2aT + lG K p 2 e-^ T 

+ 2 G K p 3 e-^ T + • • •. 


(84) 


If a voltage wave 


e = E sin cot 


be impressed upon the line at time / = o, we have from (59) 
the instantaneous values of the input voltage. To obtain the 
instantaneous current we must multiply the voltage com¬ 
ponents at each frequency in (59) by the admittance at that 
frequency, and integrate the component currents so obtained. 
Hence the input current i is 


i = — ( Gk “1" 2 .GkP* 32uoT H“ 2.G/cp 2 e j4 "° 2, 

2 

“h 2Gkp 3 ^~ 3&woT “h • * *) sin coot 
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tt J 0 w 0 — or 

-\-2Gkp 3 e~ j6<aT + • • •) cos cotdco 


or rearranging, 
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The first group of terms in (86) reduces simply to 

EG k sin coo/; t > o (87) 

and is zero for negative times. It is a current which differs 
from the applied wave in form and magnitude only by the 
factor Gk . 

The second group differs from the first in two ways. 
(1) it is reduced by the factor 2p. (2) The currents, finite 
and infinitesimal are retarded in phase, because of the factors 



Fig. 260. Instantaneous E.M.F. Corresponding to the First Three Groups 

of Equation (86). 


e ]2mT and € j2a,T y respectively, by the angles iB = 2c o 0 T and 
iB = 2 c oT, because using the identities e^ 2aT = cos 2 wT 
— sin 2 o)T and also cos cat = j sin cat 


f 

J 0 


COo 


CO 0 


CO 


€ j2uT cos cat dca 


= f 


COo 


C0 0 


( 88 ) 


CO'' 


cos co(/ — 2 T)d(a. 


The phase retardation, proportional to frequency in each case, 
causes the infinite number of infinitesimal components, as well 
as the single finite wave, to come into those phase relationships 
at time t = 2T which would have existed at time t = o had 
there been no phase shift. 
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Thus comparing the first and second groups of (86) in 
Fig. 260, the total instantaneous current corresponding to the 
first group (curve A) has an envelope wave sharply rising from 
zero to the value unity at time t = o whereas the total 
instantaneous current corresponding to the second group 
(curve B) has an envelope wave which rises sharply from zero 
to the value ip at time t = iT. 

The total instantaneous current of the second group is 

ipEG K sin coo (t — 2Y); t > iT. (89) 

Likewise the third group of terms in (86) is reduced, in 
comparison with the first, by the factor ip 2 and its envelope 
is formed at the time / = 4T (curve C, Fig. 260). This 



Fig. 261.—Summation of the Series of Equation (90). 


process continues indefinitely, or until the “group” currents 
become small enough to be negligible. The entire input 
current is therefore ultimately 

i = EG k sin W(/ T" ipEG K sin 0)0(/ 2T) 

T ip 2 EGk sin coo (t — 4T) (90) 

-f - ip z EG K sin 0)0 (t 6 T) -b • • 

The summation of the series for a particular case is 
illustrated in Fig. 261 where the built-up current is shown 
increased nearer and nearer its ultimate value as each interval 
of time iT passes. 

Note that the current enters the line initially with a 
magnitude determined by the characteristic impedance of the 
line. This is reasonably to be expected, for since time is 
required to store energy in the inductance and capacity of the 
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line and establish the steady state current, the line can only 
act initially as an infinite line would act and the characteristic 
impedance is a measure of its natural rate of absorption of power 
for storage purposes. Had we derived expressions for the 
receiving-end currents of the line, they would show that the 
envelope of the received current is zero, until time T has 
passed, from the moment of closing the sending circuit. An 
infinitesimal instant of time later the envelope of the receiving 
current has altered by a finite amount, as if a portion of the 
wave were returned to the source upon striking the junction 
at which the mismatch between terminal and iterative im¬ 
pedance occurs. This phenomenon is called a reflection and 



Fig. 262. —Initial Portions of the Wave of Input Current of a Network with 
Reflections Alternately Decreasing and Increasing the Total Current. 

the ratio is the corresponding reflection coefficient, for it is 
the proportion of the original wave which is reflected back 
to the source. After another period of time T has passed, 
the sending current is increased by twice the value which the 
reflected wave , as judged by the reflection coefficient , would in¬ 
crease the sending-end current. This is due to our assumption 
that the generator has zero impedance , for the reflection coeffi¬ 
cient between generator and line is thereby made unity and 
the reflected wave is re-reflected in its entirety. At any 
moment of time between t = iT and t = 4 T the first two 
groups of current terms, containing a steady forced wave of 
the value of the initial sending current, a reflected wave, and 
a complete generator reflection of the reflected wave, comprise 
the sending current. At times t = 4T, 6 T , etc., successive 
reflections add to these groups and steady-state current 
conditions are more and more nearly approached. 

The reflected waves may or may not, of course, come 
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back to the generator in phase with previous groups of 
current components, as has been assumed in Fig. 261. In case 
B = me (n being any integer) at the frequency / 0 , the 
reflections will return in phase. Under these conditions the 
steady-state current may, with no dissipation, become quite 
large. Fig. 262 on the other hand, shows the initial portions 
of the wave of input current of a network with reflections 
alternately decreasing and increasing the total current, 
assuming p = 0.25 at a frequency for which B = 71-/2. 

Where B = tt/i and p = 1.00, a continued series of 
uniform pulses would result. 
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APPENDIX B. RELATION BETWEEN DECIBELS 
AND CURRENT, VOLTAGE, AND 
POWER RATIOS 


The decibel (db) is one-tenth of the “bel” and is the 
exact equivalent of the obsolete term “transmission unit” 
( TU ). The number of decibels, Ndb, by which two values of 
power Pi and P 2 differ is expressed by 

Ndb = io logio Pi/P 2 . 


If the absolute magnitude of the ratio of currents or voltages 
is known, and if the impedances into which I\ and / 2 are flowing 
(or across which V\ and V 2 are impressed) are identical, 

Ndb = 20 logio I/1//2I 
= 20 logio | Pi/P 2 1 • 

The relation* between the decibel and the neper is given by: 

1 decibel = .1151 neper 
or 


1 neper = 8.686 decibels. 

The following facts may serve as an aid to the use of 
table XIII f giving the relations between decibels and 
current, voltage, and power ratios: 

1. I/1//2I = € ±a , where a is (the attenuation constant) in 

nepers. 

2. \hth\ = logic -1 (i^) = IO*< OTWM ». 

3. The number of decibels corresponding to a definite 
value of |/i// 2 | is the same as that corresponding to the 

* See page 47 Chapter II. 

t This table has been furnished by Mr. K. S. Johnson. 
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reciprocal |/ 2 //i|, but the sign of the number is different. 
This follows from the fact that 

N d b = 20 logio I/2//1I = 20 logio \hlh\~ 1 
= — 20 logio \h/Ii\. 

For example, the number of decibels corresponding to 
\I i /I 1 \= 2 is 6.021 and the number for |/ 2 //i|= 1/2 is 
— G.oiidb. Negative values of decibels are implicitly ex¬ 
pressed when it is said that |/ 2 | is 6.0'iidb down from |/i|. 



4. To find the current (or voltage) ratios corresponding to 
decibel values over 20 multiply the current ratio for the 
values of ]/ 2 //i| in excess of 20 db by the factor 10. For 
example, to obtain the ratio |/ 2 //i| corresponding to 20.1, 
multiply the ratio corresponding to .1 (which is 1.012) by 
10 and the result is 10.12 or the current ratio corresponding 
to 20.1 decibels. To obtain |/ 2 //i| corresponding to 44.2^ 
multiply the ratio corresponding to 4.2 (1.622) by 100. For 
decibel values over 60, 80, 100, etc., the multiplier is io 3 , 
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io 4 , io 5 , etc. To illustrate again, the ratio I/2//1I corre¬ 
sponding to 86.3 is io 4 times that for 6.3 or 

2.065 X io 4 = 20,650. 

5. Conversely, the number of decibels corresponding to 
any number such as 5248 is the number of db corresponding 
to 5.248 or 14.4 plus 60 (since we divided by io 3 ) or 74.4 db. 

6. For ratios corresponding to values of decibels from 
o to .3, greater precision will be obtained by using the chart 
shown in Figure 263, page 460, than by interpolating in the 
table. 

7. Above .3 db or the corresponding ratio 1.035 given in 
the table, the maximum error introduced by interpolating 
between consecutive values of decibels is less than .3 per cent, 
while the maximum error introduced by interpolating between 
consecutive values of ratios is less than .01 per cent. The 
maximum errors due to interpolation result when values at 
the beginning of the table are used. These deviations de¬ 
crease as the end of the table is approached. 

8. For values of decibels below .5 the number of decibels 
may be computed from the formula. 



with an error of less than .001^. For values of db below .1 
the factor 8.6 (instead of 8.5) gives the number of db with 
still greater precision. 



TABLE XIII 


Relations between Decibels and Current ( 7 ), Voltage (V), or 
Power (P) Ratios from o to 20.0 Decibels 


Deci- /1 Pi Px h P 2 P 2 
bek / 2 °V 2 P 2 7 i ° r Vx Pi 


Pi 4 P 2 ft 
P2 7 i ° r Pi Pi 


5559 -309° 
5495 - 3 ° 2 ° 
5433 -295 1 
5370 .2884 
5309 .2818 


5248 .2754 

5188 .2692 




































































































































TABLE XIII —Continued 
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Admittance 

from elements to ground, 39 
of complex arms, 132-134 
“Aging” 40 

Amplifier, in type C carrier system, 21 
Amplitude , 11 

Angular frequency, 127 (note) 
Anti-resonant arms 

in “confluent” band pass filter, 230 
series groups of, 145 
Anti-resonant frequency 

in three-element reactance arms, 129, 
139 

in two-element reactance arms, 127 
Arm , 44 

anti-resonant, 145, 230 
inverse, 124-127, 143, 231 
resonant, 145, 230 
Artificial lines, 7 
Attenuation 

in band elimination filters, 240 
in band pass filters, 235, 322-325 
in constant k high pass filter, 230 
in constant k low pass filter, 227 
in four-element sections, 321 
in m-type sections, 252-258 
in multi-section high pass filter, 307 
in low pass filter, 302 
Attenuation 

in symmetrical six-element sections, 322 
in unloaded telephone lines, 12 
in wave-filters (general), 177-194, 214- 
220 

Attenuation bands 

Criteria for in reactance networks, 

I 77 “ I 9 ° 

vector diagrams for determining, 214 
Attenuation constant, 80 
image, 87 

relation to series and shunt impedances, 
194-208 


Attenuation constant ( continued) 
of “constant k” sections, 224 
in sections related through reciprocal 
frequency ratios, 313 
Attenuator, 14 

Balanced networks 
defined, 58 
as filters, 338-339 
Band elimination filters 
constant k type, 235-240 
evaluation of insertion loss of, 365-368 
formation of, 334-335 
Band pass filter, 33 
confluent constant k type, 230-235 
double-m-type, 270 
evaluation of insertion loss of, 365 
relation to band elimination filter, 
339-340 
Blackwell, 1 
Branch, 45 

Bridged-T. network, 72 

Cable, 1 
Campbell, 1 

Carrier telephone system 
illustration of, 20-36 
Carson, 1 

Characteristic impedance 
of a line, 13 (note) 

Charts, for filter design, 198-208 
Compensation Theorem, 56-58 
Circuit, 45 

Complex quantities, 61 
Complex m-type sections, 263-264 
Composite networks, 65 
advantages of for wave-filters, 336-338 
as multi-section filters, 286-338 
formed on an image basis, 84 
formed on an iterative basis, 79-80 
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INDEX 


“ Confluent ” band pass filter 

application of equivalent transformer 
filter to, 328-332 
constant k type, 230-235 
“Constant k" type filter section , 221-243 
band elimination, 235-240, 334 
“confluent” band pass, 230-235 
high pass, 228-230, 305 
low pass, 225-227 
Cosine terms of a Fourier Series 
evaluation of coefficients, 391-392 
Cutoff frequency, 186, 192-193 


Decay of d.c. voltage wave , 413-414 
Decibel, 23 (note), 46, 47, 459-461 

equivalent current or voltage ratios, 
table XIII 
De Forest , 1 

Demodulator, in type C carrier system, 
21 

Derived m-type filter section , 244-285 
series derived m-type, 244-247 
shunt derived m-type, 248-251 
low-pass filter, 290-297 
Determinant , 53 (note) 

Directionalfilter sets 

functions of in type C carrier system, 
29-33 

Dissipation 


constants: “d”l — or wCR J, 286-289 


‘Q 


{~ 

\wL 

(wL 

U' 


*)■ 


286-287 


WCR y 

effects of in wave filters, 286-289 
in low pass filter sections, 294-297 
in typical structures, 319-322 
Dissymmetrical network, 73 

equivalent to symmetrical network and 
ideal transformer, 89 
impedance transforming action of, 84 
Distortion, 10 
in amplitude, 11 
in phase, 11 

connected by equalizers, 16 
Distributed impedance 

Effects of in network elements, 38 
Distributed reactance structures, 148-154 


Double-m-type sections, 264-269 
characteristics of band pass type, 270 
Driving-point impedance, 124 

Electrostatic coupling, 18 
Electromagnetic coupling, 18 
Element, 44 
Envelopes, wave, 433 
Envelope delay, 442 
Envelope factor, 434 
Equalizers, 7 

functions of, 12, 20, 36-37 
Equivalence of networks, 72, 134, 309-311, 
325-328 
Equivalent, 

filter sections, 290 

four-element reactance arms, 140-144 
networks, 67-74, 90-99 
three-element reactance arms, 137-140 
T-network, 67 
Exponentials, 61 

External Performance of networks, 64 
Factor 

interaction, 116-118 
reflection, 100-109 
Five-element sections 

equivalent to simpler sections, 310 
relation to constant k section, 312, 313 
Four-element reactance arms 
equivalence of, 140-144 
Four-element sections 

relation to three-element sections, 311- 

3 12 

w-types, 313 

Fourier integral analysis, 401-451 
Fourier series analysis, 375-400 
Frequency, angular, 127 (note) 

Frequency 

anti-resonant, 129 
fundamental, 9, 378 
resonant, 129 

Full series impedance, 190 (note) 

relation to transfer, attenuation, and 
phase constants, 194-208 
Full shunt impedance, 190 (note) 

relation to transfer, attenuation, and 
phase constants, 194-208 
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Fundamental frequency, 9, 378, 387 
Gain 

insertion, 49 
interaction, 118 
reflection, 102 

Generalized, transformer , 72, 73 

Half-sections 

in filter design, 176 
phase constant of, 181 
Heaviside, 1 
Helmholtz , 1 
# 7 ^ 

constant £ type, 228-230 
example of insertion loss evaluation, 
362-364 

multi-section, 304-306 
relation to low pass filters, 339-340 
Hybrid, coil, 14 
Hyperbolic functions, 63 

Ideal transformer, 50 

transformation of impedance by means 
of, 88 

Image attenuation constant, 87 
Image impedance, 81-84, 100 

in terms of series and shunt impedances, 
190 

mid-series and mid-shunt, 191 
of 02-type sections, 261-263 
of low pass filters, 298-302 
of reactance networks, 178 
pure resistance and pure reactance, 
183-184 

relation to attenuation, 180, 182-183 
use of in design of composite filters, 176 
Image phase shift constant, 87 
Impedance 
balance, 16 
characteristic, 13 
deviations, 158-169 
distributed, 38 
driving-point, 124 
image, 100, 81-84 
iterative, 76-77, 100 
level, 90 
product, 126 


Impedance (< continued) 
terminal, 60, 100 
transformations, 84, 88-90 
Impedance transforming filters, 325-334 
Impedance transformation ratio 
of an ideal transformer, 88 
Infinite attenuation 

in “constant k" type band elimination 
filter, 238 

in five-element confluent band pass 
sections, 277-279 
in four-element sections, 279-281 
Insertion loss, 49, 107-112, 120 
evaluation of for: 

band elimination filter, 365-368 
band pass filter, 365 
high pass filter, 362-364 
low pass filter, 356-361 
of network terminated in iterative 
impedances, 78 

method of determining total, 342 
Insertion Phase Shift, 107, 120 
Interaction 

factor, 116-118 
loss, gain, 118, 351—356 
Phase shift, 118 
Interference, 10 
Inverse arms, 126 
complex, 130-134 
in band pass filter, 231 
potentially inverse, 124-5, I2 7> *43 
Iterative impedance, 76, 77, 100 

Kennelly, 1 

Level, impedance, 90 
Linear network, 43 
Line balancing networks, 7, 14 
Line filter set, in type C carrier system, 
21-29 

Loading coil, 1 
Longitudinal currents, 17 
Long distance telephony, 1 
Loss 

defined, 48, 48 
insertion, 49, 107, 109-124 
interactions, 118, 351-356 
reflection, 100-109 
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Low and high'pass filter, 235 
Low pass filter 

constant k type, 225-227, 290-291 
derived w-types, 290-297 
evaluation of insertion loss, 356-361 
multi-section, formation of, 290-304 
relation to high pass filters, 339-340 
L-type network, 13 5-1 37 

formulae for attenuation and phase 
constants, 197 

halfi-sections in wave-filter design, 175— 
177 

Maxwell, 1 
Mesh, 45 

Mid-series image admittance, 191 
for constant k sections, 222-223 
Mid-series image impedance, 191 
for constant k sections, 222-223 
Modulation, 2 (note), 11 

in filter of type C carrier system, 27 
Multi-section filters, 286-340 
Mutual impedance 

consideration of in compensation theo¬ 
rem, 57 

Mutual inductance 

in reactance arms, 154 

inserted in three-element arms, 155 

inserted in four-element arms, 157 

Negative 

capacitance, 97-99 
inductance, 97-99 
resistance, 97-99 
Neper, 46, 47, 459-461 
Networks 
defined, 45 

equivalence of, 67-74, 90-99 
external performance of, 64 
parameters, 75 
transmission, 6, 7 
Non-linear distortion, 43 

Open-circuit impedance, 75 

relation to attenuation, 179, 180, 184- 
186 

relation to image impedance, 82 
Open wire facilities, 2 (note) 


Oscillogram 

of atmospheric disturbance waves, 375 
of telegraph signals, 373 
of vowel sound, 372 

Parallel impedances, 130-131 
Parameters 

determination of, 75 
image, 100 
iterative, 100 

network: determination of, 75 
Passive networks, 43 
Phantom circuit, 2 (note) 

Phase constant, 80 

in attenuating bands, 181 
in sections related through reciprocal 
frequency ratios, 313 
of constant k sections, 224, 227 
relation to series and shunt impedances, 
194, 208 

Phase distortion, 11 
Phase shift 

determined by vector diagrams, 215- 
220 

insertion, 107, 119, 120 
interaction, 118 

for band elimination filter, 240 
for constant k low pass filter, 227 
for constant k high pass filter, 230 
for confluent band pass filter, 235 
for w-type sections, 259-260 
reflection, 102 

when considered positive, 102 (note) 
Potentially inverse arms, 124-5, I2 7 > *43 
Principle of superposition, 50, hi, 377 
Propagation constant 
defined, 77 
formula for, 79 
of symmetrical networks, 87 
Pupin, 1 

Tr-type network, 72 

formulae for attenuation and phase 
constants, 196-197 
in wave-filter design, 175—177 

Radio telephony, 2, 3 
Reactance arms 

equivalent four-element, 140-144 
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Reactance arms ( continued) 

equivalent three-element, 137-140 
types, 124-144 

Reactance frequency characteristic 

of resonant and anti-resonant arms, 
126-128 

Reciprocalfrequency ratios , 313 
Reciprocity theorem , 52-5 
Reflection , 450 

Reflection coefficients , 18, 120 (note), 450 
for open and short-circuit conditions, 
180 

relation to attenuation, 181 
“Reflection current’' 112 
Reflection factor , 100-109 
Reflection gain, 102 
Reflection loss, 12, 100-109 

at cutoff with dissipation present, 347- 
348 

at ends of filter, 343-344 
at frequencies of maximum attenuation 
with dissipation present, 349-350 
charts, 103-106 

in attenuation bands generally, 348-349 
in transmission bands generally, 344- 
346 

Reflection phase shift, 102 
Repeaters 

in type C carrier system, 20 
Resonance 

of two-element arms, 126 
in three-element arms, 129 
Resonant arms 

parallel groups of, 145 
in “confluent” band pass filter, 230 
Resonantfrequency 

in “constant k” band pass filter, 231- 
233 

Sections 

in filter design, 176 
more common types of, 22i-(27o) 
Semi-transient waves, 371-372 
Series arm, 44 

relation of impedance of to attenuation, 
184-194 

relation of impedance of to attenuation 
and phase constants, 194-208 


Series derived m-type section, 244-247 
band elimination filter, 334 
high pass section, 305 
Series impedance 

relation to transfer, attenuation, and 
phase constants, 194-208 
relation to shunt impedance in attenu¬ 
ation bands, 184-194 
Short-circuit impedance, 75 
relation to attenuation, 179, 180, 184-6 
relation to image impedance, 82 
Shunt arm, 44 

relation of impedance of to attenuation, 
184-194 

relation of impedance of to attenuation 
and phase constants, 194-208 
Shunt derived m-type section, 248-251 
band elimination filter, 334 
high pass section, 305 
Shunt impedance 

relation to transfer, attenuation, and 
phase constants, 194-208 
relation to series impedance in attenu¬ 
ation bands, 184-194 

Signals 

distortion of, 11 

ideals of transmission of, 7 

telegraph, 373 

types for different purposes, 8 
volume, 10 
Sideband 
lower, 436 
upper, 437 
Six-element sections 

dissymmetrical, 271-277 
equivalent to simpler sections, 310 
relation to constant k section, 312, 
313 

Simple resonant arm, 94 (note) 

Sine terms of a Fourier Series 
evaluation of coefficients ofi, 388-391 
Singing, 28 

Single-element reactance arms, 125, 126 
Single sideband transmission, 20 
Speech 

wave properties of, 9, 10 
oscillogram of, 372 
Steady state, 7 
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Steady state ( continued) 

resolution into frequency components, 
Chap. X 

Suddenly applied voltage , 402-411, 412- 
413 

d.c., 402-413 
a-c., 433-441 

Superposition,principle of, 50, ill, 377 
Suppressed carrier transmission, 20 
Symmetrical section 

attenuation constant, 197 
formed from half-sections, 189 
phase constant, 181, 197 

Trnetwork 

equivalent, 67 

formulae for attenuation and phase 
constants, 197 

in wave-filter design, 175—177 
Telegraph, 2, 7 
form of signals, 373 
dots, Fourier integral analysis of, 420 
Telephone transmission theory, x 
Telephony, 7 
Telephotograph, 374, 427 
Television 

correction of aperture distortion in, 
427-432 

Terminal impedances, 100 
effects of in wave filters, 341-368 
relation to insertion loss of networks, 60 
Thermionic vacuum tube, 1 
Thevenin s theorem, 55-56, 106, 110 
Three-channel carrier system, 6 
illustration of, 20 

Three-element reactance arms, 129, 130 
Three-element sections 
relation to constant k sections, 312, 
3 J 3 

relation to four-element sections, 311- 

3 12 

Transfer constant 
defined, 82 

of composited network, 86 


Transfer constant{continued) 
of “constant k” confluent band pass 
section, 312 

of “constant k" sections, 225 
relation to series and shunt impedances, 
194-208 
Transformer, 7 
ideal, 50, 88 

principal functions of, 13 
Transformer filters, 325-334 
Transient e.mf.s. 

application of reciprocity theorem to, 

55 

Transient state, 8 
Transient waves, 371 
Fourier integral analysis of, Chap. XI 
Transmission bands 

Criteria for in reactance networks, 

I 77 ~ I 9 ° 

vector diagrams for determining, 211 
Transmission efficiency, 102 
Transmission loss, 49, 50 
Transmission networks, 45 
place in communication, x 
principal functions of, 11 
secondary functions of, 15 
theory, 7 

Transmission unit {TUI), 46 
Two-element reactance arms, 126-129 

Unbalanced networks, 58 
for filters, 338-339 

Vacuum tube, 1, 374-375 
Vector Diagrams 
for wave-filters, 209-220 

Wave filters, 7 

balanced and unbalanced, 338-339 
in type C carrier system, 20 
principal functions of, 11 
requirements of ideal filter, 173-4 
series and parallel operation of, 19 
theory and design of. Chap. VI-IX 



